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§1 Tuesday, September 3, 2013

o Course website: www.math.mcgill.ca/~jaksic/MATH354-2013.html

o Assignments once per week; late work not accepted (because solutions are posted).
e Optional tutorials for advanced topics

e Working seminar in mathematical physics: every Wednesday

o Talk to Jaksic in February if you want a job in analysis this summer

o Will start following book closely after a week or two
o Will be very difficult

§1.1 ‘Ch. 9: Metric Spaces General Properties‘

115
116

117

119
119
120

121
122

123
124

124
124
124
125
125
125
126
126
126
126

127

Definition 1.1 A metric space is a pair (X, d) where X is a nonempty set and d is a function (called

the metric), [ :
d: X xX — 10,00

such that the following holds for all z,y,z € X:

1. d(z,y) >0

2. d(x,y) =0 < z =y
3. d(x,y) = d(y, x)

4. d(z,y) <d(z,z) +d(z,y)


www.math.mcgill.ca/~jaksic/MATH354-2013.html

1 TUESDAY, SEPTEMBER 3, 2013 1.1 Ch. 9: Metric Spaces General Properties

A consequence of (4) and elementary induction is that for z1,...,2z, € X,
d(x1,xp) < d(xy,22) + ...+ d(Tp—1,2Tn)

(Exercise)
Examples
1. Analysis LII: X =R, d(z,y) = |z — y|
n 1/2
2. X = Rna T = (1‘171‘2, s 7xn)7 Y= (y17 .. 7yn) d('r7y) = (Ek:l('xk - yk))Q) /
3. X =R", d(z,y) = maxi<k<n |Tk — Y|
4

. C([a,b]) is the vector space of all continuous functions

fila,b] = R
where
(f +9)(x) = f(x) +g()
(af)(z) = af(z)
Then max, ¢, | f(2)] is a finite number, and Jz¢ € [a, b] such that max,c(q | f(2)] = [f(20)]
Let
d(f,9) = max |f(z) = g(2)]
1/2
5. C([a,b), d(f.9) = (I 1/ (2) — g() > dz)
6. (Discrete metric). Let X be a non-empty set. Let
1 ife#y
d(z,y) =
0 ifx=y

Then d is a metric on X: Is d(z,y) < d(x,2) + d(z,y)? If x = y, obvious. If  # y, we have
three cases:

1. z=x,then z+y; 1 <1
2. z=y,then z+z,1<1

3. 24w,z Ay, 1<2
Examples 1 through 5 come from a metric that is induced by a norm. And in examples 2 and 5,
the norm is induced by an inner product.

Definition 1.2 Let X be a vector space over R. A function
X =z ||z| €[0,00)
is called a norm on X if the following holds for all z,y € X and o € R:
L [zl =0
2. ||z =0 < x=0x
3. ezl = [alll]|
4z +yll < llzll + [yl

For vector spaces over complex numbers, the only thing that changes is |a| is the norm of the
complex number .
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Metric induced by a norm: Given normed space (X, || - ||), the function
d(z,y) = [lz -yl

is a metric on X. d is called a metric induced by a norm.

d(z,y) =z —yll = I(=1)(y — 2)[ = [ = Ully — z[| = d(y, z)
and
dz,y) = lz =yl = llz —z+ 2 =yl < llz = 2l + |z =yl = d(z, 2) + d(z,v)
Example 1.3 X =R, |z| is a norm on R
Example 1.4 X =R", |z| = (Zk 1T ) 1z , then d(x,y) (Zk 1 (Tk = k) )1/2~
Example 1.5 R", ||z|| = maxj<g<p |rx| This is a norm on R™. Then d(z,y) = |z —y| =

maxi<p<n |Zx — Yk| is a metric.
Triangle inequahty: T = (1‘1, cee axn>7 Y= (yl? v ayn) T+Y = (xl +Y1,.- T+ yn)

[zl = max |zx| = |zw|
1<k<n
for some k' € {1,...,n} (we know this).
Similarly,
lyll = max fye| = |y|
for some k" € {1,...,n}.
So
lo+yll = max o +yel = owr + e | < Jowe] + lyer] < Jowl + gl = el + llyl

Example 1.6 C([a,b]). |[f]| = maxgefap | f(2)]-

d(f,9) = IIf —gll = max |f(z) = g(2)]
1. || fIl = 0 obvious

2 £ =0 = max,eq
so f(x) =0 for x € [a,b].

3. lafll = maxgeay laf ()] = maxeiop al|f(@)] = |al[f(zo)| = [a|maxzeian [f(z)] =
lae] || f]

4. Triangle: f,g € C([a,b]),

|f(z)] = 0. So 0 = max,eqp | f(2)| > |f(21)] > 0. True for all z;

171 = ma 72| = |f o)

lgll = max [g(y)| = [g(vo)|
y€la,b]

If+gll = Jmax [f (@) + g(x)] = [f(zo)| + lg(yo)| < |f (o) + [9(yo)l = [lz] + llyll

§2 Thursday, September 5, 2013

§2.1 ‘Review and introduction to metric spaces‘

If || - || is a norm on a vector space, then d(x,y) = ||z — y|| is a metric induced by the norm. Examples
1-5 from last day are metrics induced by norms.

1/2
Example 5 C([a,b]), |f| = (f |f(z)]? dx) . This is a norm; we will check after introducing

inner product spaces.
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Example 6 If X is a nontrivial vector space and d is the discrete metric on X,

1 ifx#y
d(z,y) =
0 ifz=y

then d is not induced by a norm.
To see this, assume d(z,y) = ||z — y||.
If x # y, d(z,y) = 1. For any scalar « # 0, ax # ay. But

d(az, ay) =1 = |laz — ay|| = |af[lz — y|| = |ald(z,y) = |of

Thus, |a| =1 for all «; contradiction.

§2.2 ‘ Induced norms ‘

There is a special class of norms that have Euclidean geometry. These are norms induced by an inner
product.

Definition 2.1 Let X be a vector space over R. A function (-,-) : X x X — R is called an inner
product on X if the following holds for all z,y,z € X and all o, € R:

1. (z,z) >0
2. (z,2) =0 < 2 =0x
3. (z,ay + Bz) = alx,y) + B{z, 2)
4. (z,y) = (y, )
Remark

<0¢y+ﬁz,x> = <x,ay+ﬁz> = oz(y,m} +B<JJ,Z> = a(y,x> —|—ﬁ<Z,1‘>

Remark. If X is a vector space over C and (-, -) is a complex inner product, then (4) changes.

4): (z,y) = (y,2)

so then

(ay + Bz, z) = (x,ay + Bz) = alz,y) + Bz, 2) = alx,y) + B(z, z) = aly, z) + 5{z, x)

i.e. the complex inner product is anti-linear in the first argument.

Conventions: In pure math, the complex inner product is linear in the first argument and anti-linear
in the second; in applied math and physics, the reverse is true.

Proposition 2.2 Cauchy Schwarz: Vz,y € X, [(z,y)] < v/ {(x,2)\/(y,y)

Proof. If x = 0x or y = Ox, the statement is obvious as both sides are zero.
<1‘,0x> = <93,0 : Ox> = O<I,Ox> =0

So we can assume x # Ox and y # Ox.
Define
ft) = {x+ty,x + ty)

for t € R. Then f(t) > 0 for all ¢.
By linearity,
F(8) = (@, 2) + tly, x) + tlz,y) + >y, y)
(@, ) + 2t{x, y) + *(y, y)
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We'll find the minimum:
f(t) = 2(z,y) +2t{y,y) = 0

SO
P 7Y )
(y,9)
And hence,
(z,y) (z,9)
tmin) = Z,T -2 ) + ’
f(tmin) = (2, ) < 7y>< y) <y’y>2<y y)
2
= (x,x) — (@) >0
(y,y)
from which follows the inequality. O

Proposition 2.3 Induced norm: If (X, (-,-)) is an inner product space, then the function
]l = v/ (z, z)
is a norm on X. We say this is the norm induced by the inner product.

Proof. Clearly, our function ||z|| > 0 and that ||z|| =0 < (z,2) =0 < z =0x.
Next,

laz| = V/{az, ax) = /o (z,z) = |af ||z
and finally,
o +yll*> = (@ +y,z+y) = (z,2) + 2z, 9) + (y,9)
< (z, ) + 2|(=, y>|+<y y>
<A(z,z) +2v/(z,x) (y,9)

= ll2ll* + 2[lll 1yl + IIyH2

= (llz]| + lIyll)®

Another consequence: angle between vectors Let x,y be two nonzero vectors. Then HSTI’\?I/) €
[—1,1].

Hence, 3! € [0, 7] such that
cosf = o)
[l ([{ly

By definition, @ is the angle between x and y.

Also, (z,y) = ||z||||lyllcos . x and y are called orthogonal if § = 7/2 < (x,y) = 0. We write
zLly.
Theorem 2.4  Pythagorean theorem: In any inner product space, we have P.T.:

Ifz Ly, then ||z +yl* = [lz|* + [lyl1*.

Proof.
lz +ylI* = (z,2) + 2 (2, 9) +(y,9) = l|=[I* + llyl®
——"
=0
O
n 1/2
Example 2: X =R", o= (z1,...,2,). ||z = (i ;23) "
Notice that (z,y) = > ,_; Txyx is an inner product on R”, and || - || is induced by (-,-), so || - | is
a norm.

Also, if z,y € C", then

n
) = kayk
k=1
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83

b /2
Example 5: C([a,b]), || f]| = (fa (f(x))? dx) is a norm.
Check that (f, g) = ff f(x)g(x)dzx is an inner product.

LAfif) = [ fPayde =0 v

2 (f,f)= [l f22) =0 <= f2(x) =0 < f(&)=0 v

3. (foag + Bh) = [V f(x)(ag(e) + Bh(z))de = a [0 f(2)g(x)de + B [ f(2)h(z)dz = a{f,g) +
B{f,h) v

4. (f,9) = ) f@)g(z) da = [P g(2) f(x)de = (g, f)

Thus, || f|| = v/{f, f) is a norm induced by an inner product.

This is cool! This is an infinite dimensional vector space of functions, but we still have notions of
angles.

For example, sinz, cosz € C([0, 27]).

27
(sinzx,cosx) = / sinzcosxdx =0
0

i.e. sinx L cosx. This is the basis of Fourier analysis.
Exercise 2.5 Find the angle between f(z) = z and g(z) = 2% in C([0,1)).

Theorem 2.6 (Parallelogram law) If (X,{-,-)) is an inner product space, || - || = \/{-,) is the
induced norm. Then

lz +yl* + llz = ylI* = 2([l=[* + lylI*)

Remark. This has the geometrical interpretation of the left hand side being the sum of the length
squared of the diagonals of a parallelogram formed out of x and y, and the right hand side being the
length squared of the sides.

Proof. The proof follows just by expanding the left hand side:

lz+yl* + [l =yl = (z +y, 2 +y) + (z —y,z —y)

=2 (ll2)* + Iyl

Friday, September 6, 2013

End of last class: In any inner product space the parallelogram law holds. In other words, if
(X, {-,-)) is an IPS and
]| = /{z, z)

is induced norm on X, then
2+ ylI* + [l = ylI* = 2(|l=]1* + [ly[I*)

for all x,y € X. This result has an important converse.

Converse to parallelogram law:



3 FRIDAY, SEPTEMBER 6, 2013 3.1 Holder and Minkowski inequalities

Given a normed space (X, || -||), when is there an inner product on X that induces the
norm || -||? In other words, given the norm || - ||, when can we find an inner product (-,-) so that
the norm is induced by the inner product?

- = Vs (%)

This can be done very rarely.

Theorem 3.1 Let (X,||-||) be a normed space. Then there exists an inner product {-,-) on X that
induces || - ||, i.e. () holds, if and only if the norm || - || satisfies the parallelogram law: Y,y € X,

Iz +yl* + llz = yl* = 2([l=[* + lyll*)

One direction is obvious. The other direction is non-trivial.
If the parallelogram law holds, then there exists an inner product that induces || - || (non-trivial).
This inner product must be

2.9y =% (lz+ 9l = llz = y))?)

This will be proven in the first tutorial (and a proof that 7 is irrational).

Example 2:

o]l = max fay|

where x € R", z = (21,...,%,).
Is this norm induced by an inner product?
The answer is “NO” if n > 2. The easiest way is to show that the parallelogram law fails for two

vectors x,y.
Take z = (1,1,0,...,0) and y = (1,—1,0,...,0). Then

x+y=1(2,0,...,0)

and
r—y=1(0,2,0,...,0)
So that oLyl = 2, Jr—yll = 2, 2]l = 1, ly]| = 1. Then -]+ lz—y|2 = 8 but 20l 2+ []2) = 4
Exercise 3.2 C([a,b]),
Ifll = max |f(2)|

Show the parallelogram law fails for two functions f, g € C([a,b]).

§3.1 ‘Holder and Minkowski inequalities‘

If you want to show A = B, you often do so by showing A < B and B < A.
Lemma 3.3  Let a,b > 0 and let p,q > 1 such that

,_|_,:]_
P q

(p,q are “indicies”, and if they satisfy the above relation, they are “conjugate”).
Then

1 1
ab < —af 4+ b7
p q

If p=¢q=2,then (a —b)?>0 < a®>+b>>2ab = %a2+%b22ab.

10
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Proof. If a = 0 or b = 0 then the inequality is trivial. Let ¢ > 0,b > 0 and «, 8 € R be such that

i.e. a =ploga and 8 = qloghb.
Then .

Let f(z) =e*, f"(x) =" > 0.
So f is convex.
Notice any secant line is above the function:

— 0T

—— Secant line

Convexity is defined as

for all ¢ € [0, 1].
Lett:%,sothatlftzlf%:a
Then

1 1 1 1 1
fla)+ = f(B) = —e* + —¢ = —aP + ~b!
q b q p q

Proposition 3.4 Let x = (z1,...,2n), ¥y = (Y1,.-.,yn) € R™ and let p,q > 1 be such that
1 1

4+ =1
p q
Then
1/p 1/q
n n n
> lwl - lyel < | D el > il
k=1 k=1 k=1

If p = g = 2 then Holder Inequality follows from Cauchy Schwarz.

1 1
Proof. Let A= (Y, lexl?)""", B = (Spey lul?) .
If A=0 or B =0, the inequality is trivial.
So we can assume A > 0, B > 0.

11



3 FRIDAY, SEPTEMBER 6, 2013 3.1 Holder and Minkowski inequalities

o L O 7 O
" p AP q Ba

apply Lemma
Now we’ll sum over k.

Z |$kL;yk| <1 Z |$k|p Z |yk\

k=1 pk:l
=1 =1
because N N
> k=1 |kl _ > k=1 |kl _
Ap ket |klP
So,
S ol _,
AB
which yields the Holder inequality. O
Proposition 3.5 (Minkowski Inequality:) Let © = (x1,...,2n), ¥ = (Yy1,.--,Yn) € R™, and p > 1.
Then
n 1/p N 1/p N 1/p
Z (lzk] + lyxl)” < Z |z | + Z |y |”
k=1 k=1 k=1

Proof. Case p =1 is obvious. Assume p > 1.

n n
S (el + lwel)” = 7 (el + )" (el + )
k=1 k=1
- -1 - -1
(lzk] + lye)* ™ ow| + Z (lzel + ll) " lynl
k=1 k=1

We now apply Holder inequality

n n 1/q " 1/p
—1 —1
S (wl + lye)™ el < [ 3 (el + ) 7@ > faxl?
k=1 k=1 k=1
n n 1/q n 1/p
—-1 -1
(e + o)™ el < | D (ol + ) > fusl”
k=1 k=1 -
,+,:1
p q
So
1yt
q p
and hence
glp—1)=p
So, summing up,
1/q 1/p 1/p
n

n n n
ST (el + lye)” < {2 (lewl + [yel)” STla” ]+ D el
k=1 k=1 k=1 k=1

12
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Dividing,
1-3 1/p 1/p
n n n
Dozl +lwe)” | < (Do lal” )+ D Il
k=1 k=1 k=1
Done! O
02
R™ = (z1,...,2,) € R™,
1/p
n
lzll, = D leel?
k=1
For p>1, || - ||, is a norm on R”.
[zlly =0, [[zll, =0 <= @ = 0x, [[exl, = |afllx],.
1/p 1/p
n n
oyl = D low+uwl” | < D (il + )"
k=1 k=1
1/p 1/p
n n
= DI I DA
k=1 k=1
= [lzllp + llyll»
Consider 0 < p < 1. then || - ||, is not a norm for n > 2.

The triangle inequality fails. Take z = (1,0,...,0) and y = (0,1,0,...,0). Then |z|, = |lyll, =1
and ||z +y|b = 2.
But 217 > 2if 0 < p < 1, so
lz+ylp > llzllp + llyllp

and hence || - ||, is not a norm.

§4 Tuesday, September 10, 2013

p = ||zl

assignment problem
gim flzllp = max far] = e
Exercise 4.1 For x,y € R", set
n
y) = |k —yil?
n=1
for 0 < p < 1. Show that d is a metric on R™.

Which of the norms || ||, is induced by an inner product? The answer is: only p =2 (n > 2).
To show this, one verifies that the parallelogram law fails if p # 2.
Take z = (1,1,0,...,0) and y = (1,—-1,0,...,0). Then ||z + y|l, = 2, [z — ¥, = 2, ||z, = 2"/,
Iyl = 21/7.
lz + w3 + llz = w7 =

and equality holds only
2(|z[l7 + lyll;) = 4-2°7 = p=2
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4 TUESDAY, SEPTEMBER 10, 2013 4.1 Some basic definitions in metric spaces

§4.1 ‘Some basic definitions in metric spaces

Definition 4.2 Take (X, d) a metric space, and Y C X. The restriction of d to Y x Y satisfies all
properties of a metric. So (Y, d) is a metric space with respect to (X, d), and (Y, d) is called a metric
subspace of (X, d).

Definition 4.3 (Xj,dx), 1 < k < n, metric spaces. Then

n n
= >< X = HXk:{x: ($1,...,$n),$k EXk}
k=1 Ee1

with
1/2
2
d(z,y) = Z (de(zr, )
k=1
(X,d) is called a product of metric spaces (X, d), 1 <k <n
Let z,y,z € X
1/2 1/2
2 2
Z i (zk, Y1) < D2 (dn(@r, z) + die(zi, m8))
k=1 k=1
1/2 1/2
n 9 n
< D (di(aw, ue) + [ D dilyr, )
k=1 k=1

By the Minkowski inequality.
So d(z,y) < d(z,z)+d(z,y)
Definition 4.4 Two metrics dy and dsy of a set X are called equivalent if ACy,Cy > 0 s.t. Vo,y € X

Cldg(ﬂj,y) S d1(x,y) S 02d2('ray)

dy ~ dy <= di,ds are equivalent metrics
is a relation of equivalence on the set of metrics on X:

Transitive: dy ~ dy and da ~ d3 = dy ~ d3 (Exercise)
Symmetric: dy ~dy = do ~ d;
Reflexive: d; ~ d;
If dq ~ da, then
~di(a,y) < dafay) < o-di(,y)

So dg ~ dl.
If X is a vector space and || - ||1,| - ||z are two norms on X, then these two norms are called
equivalent if 3¢y, co > 0 such that
allzllz < flzfly < coflzll2

for all x € X.
If two norms are equivalent, then the induced metric are equivalent.

Fact. If dim X < oo, then then any two norms are equivalent. This is not true for infinite dimensional
metric spaces.

14



TUESDAY, SEPTEMBER 10, 2013 4.1 Some basic definitions in metric spaces

Example 4.5 R" x = (z1,...,z,) € R™
n
2y =) |kl
k=1

e = max |a

[2]loo < |zl < nll2floo

Back to product spaces. Equivalent metrics.

doo(z,y) = Jmax di (T, yi)

doo is equivalent to the product metric d we introduced before.

Definition 4.6 Consider a set X, a function
p: X x X —[0,00)

That satisfies:

L p(z,y) =0

2. fx=y= p(z,y) =0

3. plz,y) = p(y,z)

4. p(z,y) < p(x, 2) + p(2,9)

Then p is called a pseudo-metric on X, and (X, p) is a pseudo-metric space.

The difference between a metric and a pseudo-metric is that for p it is possible that

r #y, but p(z,y) =0

In many constructions in analysis, one arrives first at a pseudo-metric space. There is a natural
and canonical way to construct a metric space out of a pseudo-metric space.

We introduce a relation ~ on X by z ~y < p(z,y) =0.

This is a relation of equivalence: z ~x, 2 ~y = y~x,and z ~y, and y ~ z < p(z,y) =
0 and p(y,z) = 0. This implies that 0 = p(x,y) + p(y, 2) > p(x,z) > 0 = p(x,z) = 0. That is,
T~ z.
X/ ~ classes of equivalence. [z] class of equivalence that contains x. Set

d([z], [y]) = p(z,y)

We have to check that d is well defined.
‘We have to check that if
[7] = [2'] and [y] = [y/]
Then d([z], [y]) = d([2'], [y'])
Suppose that 2 ~ ' ([a] = [¢/]) and y ~ ¢/ ([y] = [¢/])

plx,y) < pla,z') +p@',y') + py', y) = pla’,y)
T Hif)_/

But we can do the same thing for p(a’,y’) :

p(’,y') < p(a', ) + p(x,y) + p(y,y') = p(z,y)

So p(x,y) = p(z',y’), and d is well-defined.
Now we have to check that d is a metric:

15



5 TUESDAY, SEPTEMBER 10, 2013: TUTORIAL 1

L d([z],[y]) = 0

2. d([z],[y]) =0 <= p(z,y) =0 <= z~y <= [z] = [y]
3. d([z], [y]) = plz,y) = ply,x) = d([y], [2])

4. If [2], [y], [2] are in X/ ~,

d([z], [y]) = p(z,y) < p(x, 2) + p(z,y) = d([z], [2]) + d([2], [v])

So (X/ ~,d) is a metric space.

Definition 4.7
(Xk,dr), k=1,2,...

a countable sequence of metric spaces. We have the Cartesian product
%) [e%e]
= X Xp = [[ Xi = {z = (@)iZr ok € Xi}
k=1 k=1

and we define -

ZQ_k di(Tr, Yr)
1+ di(zk, yr)
~—_——

<1

Then (X, d) is a countable product of metric spaces.
Note. d(z,y) < oo Vz,y

Proposition 4.8 d is a metric on X:

L. d(z,y) >0

(to be continued)

§5 Tuesday, September 10, 2013: Tutorial I

§5.1 ‘TI' is irrational‘

Define 7 as the smallest positive zero of the sine function

ot l,2n+1
sin(f) = Z%(_mm

Theorem 5.1 7 s irrational

Proof: Niven, 1947. Assume 7 € Q, i.e. 7 = ¢ for some a,b € N (we already defined 7 to be positive).

Define
x™(a — bx)™

n!

fz) =

for some fixed n € N.

16



5 TUESDAY, SEPTEMBER 10, 2013: TUTORIAL I 5.1 7 is irrational

Observation: f(z) > 0, for z € [0,7].
Define

F(z) = f(z) = fP(2) +...+ (=1)"f*"(2) =) (D))

Claim. F(0)+ F(m) is an integer
Proof.

with ¢, = 0 for all kK <n

and hence, f*(0) € Z for all k, and so F(0) is an integer.
(Exercise): Show F(m) = 0 using that F(m — x) = f(z) (prove this too).
With this, the claim is proven. O

Claim. [, f(z)sin(z)dz = F(0) + F(r)
Proof.

(@) = 3 (-1)! ()
k=0

n

F//(x) + F(m) = Z(_l)k[f%(x) + f2k+2(:£)] _ f(x) + (_1)71 f2n+2(x)
k=0 \:,O—/

Substituting into the integral,

! i dr = 7TF” inxd ﬂF inzd
/o f(z)sin(x) dz /o (x)sinz x—i—/o (x)sinz dx

= F'(z)sinz|] —/ F'(z)cosxdx + — cos o F(z) —|—/ F'(z) cos(x) dz
0 0

The integrals cancel, and sin(7) = 0 by definition of 7, so we are left with
= F () cos(m) + F(0) cos(0) = F(0) + F(m)
O

Note that we also know that both f(x),sinz > 0 in the the interior of the interval, and so
F(0)+ F(m) >0, ie. F(0)+ F(m) > 1.

Now define g(z) = z(a — bzr). This is a parabola facing down, with zeros at 0 and 7. Also note
that 22" — fx).

n!
We know that Va € [0, 7], g(x) > 0, and the maximum occurs at 7, and g(7/2) = 7 < ma.
This implies that

0 < g(z) < ma for z € [0,7]

We also know that
0 <sinz <1 for z € [0,7]

17



TUESDAY, SEPTEMBER 10, 2013: TUTORIAL I 5.2 The converse to the parallelogram law

Thus,

(ra) de — m(ma)
n! n!

< 1 for n large enough

L < F(0) + F(m) :/Owg(ac)sinxdxg /07r

§5.2 ‘The converse to the parallelogram law‘

Exercise 5.2 Complexify this next proof.
Theorem 5.3 Let (V)| -||) be a normed vector space (over R or C). T.F.A.E.

1. 3(-,-) an inner product on V such that || - || = \/{-,")

2. The parallelogram law
2]le|? +2llyl* = llz +ylI* + [|l= — yII?

holds for all x,y € V.

Proof. (1) = (2) was done in class.
So assume (2) and show (1): We will assume V' is over R. Set

(w.) = % (o +l? - = — yl?)
1) (z,y) = (y,z): obvious, exercise

2) Linearity: Va,8 € R and z,y,z € V, {(ax + By, z) = a{x, z) + B{y, z): First we will show that
for x,y,z € V that (x +y,2) = (z,2) + (y, 2).
By the parallelogram law,
2]l + 212 + 20|yl = llz +y + 2l° + |z —y + 2|
So
= |lz+y+ 2] =2z + 2> + 2||yl* ~ llz —y + 2|
but also, by another parallelogram law,
=2lly + 2> + 2[z|* — |y — = + 2|
combining the two
= |l +20% + lly + 2l + l|2lI* + [lylI* = 3z -y + 21> = 3lly — = + 2|
now doing z — —z,
lz+y = 2l* = llz = 2> + lly — 21 + ] + yl1* = 3lly — =+ 2[* = 3|z —y + 2]
Now,
w+y,2) =% (lo+y+ 20— llo+y— I

so by using the relations above,

3l + 202 + lly + 202 =y — =12)

3 (e + 212 = o = 202) + & (Il + 212 = lly - 2I1?)
= (@,2)+ {5,2)

18



6 THURSDAY, SEPTEMBER 12, 2013

So we have Vz,y,z € V, we have
(r+y,2) = (z,2) + (y,2)

And so for n € N,
(nx,y) = n(z,y)

by applying this additivity property many times.
Also,
(0,9) = (0+0,y) = (0,) +(0,9)

and hence, (0,y) = 0.
Additionally,

0= (0,y> = <l‘ - x,y} = <.%',y> + <—x,y> = <_‘T7y> = —(m,y)

so for a € Z, (ax,y) = a(z,y).

Next,
<I7y> = <niay> = n<%ay>
= <%>y> = l<ﬂc,y>
So VA € Q,
(Az,y) = Ary

by combining the fact for integers with denominators.
Fact. As defined, the function f, : V — R given by f,(z) = (z,y) is continuous.

(exercise)
Because the rationals are dense in the reals, and the inner product is continuous, we have

VA eR, (Az,y) = XMz, y)

Hint for the complex case: Define

3
(@) =4 (2 + 9l = llz = 91?) + i (e + iyl = llz = igl) = 1D llo + )P
k=0

§6 Thursday, September 12, 2013

Office hours: Friday’s 11:30-13:30, Burnside 1018.
Last class: products of countably many metric spaces.

(Xp,di), k=12 ...
metric spaces.

o
X = HXk:{x:(xk)z":l:xkeXk}
k=1

with
o (T, yk)
d(z,y) = E g~k AT IR
(@) Pt 1+ di(2k, yr)
= ~—_——
<1

Note. d(z,y) < oo Vz,y
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6 THURSDAY, SEPTEMBER 12, 2013 6.1 Ch. 9.2: Open sets, closed sets, Convergence

Proposition 6.1 d is a metric on X
Proof.
1. d(z,y) > 0 clear
2. d(z,y) =0 < z=yp,Vk < z =y
3. d(z,y) = d(y,z)
Fact. If a,b,c > 0 such that

a<b+c
Then
a b c
< +
a+1 7 1+b 1+c¢
Proof:

a b c
< 1 1 < (1 1 1 1
a+1_1+b+1+c <~ a(1+b)(1+c)<b(1+a)l+c)+c(l+a)(l+b)

< a(l+b+c+bc)<b(l+a+c+ac)+c(l+a+b+ab)
< a<b+c+2bc+ cab
which is true. Hence,
4. f z,y,z € X, then di(zg, yr) < d(zg, 21) + di(2k, yx ), and so

di(Tk, Yr) < di(Tk, 2k) di(2k, Yr)
1+di(xk,yr) — 1+di(ar, z) 14 de(2x, yx)

and so we can multiply both sides by 27* and sum up.

§6.1 ‘Ch. 9.2: Open sets, closed sets, Convergence‘

Let (X, d) be a metric space.
Definition 6.2 Let z € X and r > 0. The set B(z,r) = {y € X : d(z,y) < r}. Then B(x,r) is
called the open ball centered at a point x of radius r > 0.

Definition 6.3 A set O C X is called open if for any x € O, there exists an r, > 0 such that
B(z,r;) C O. Any open set that contains x is called a neighborhood of z.

Claim. Any open ball is an open set.

Proof. Consider B(xz,r). Let ' € B(xz,7). We need to show that there exists an r,, > 0 such that
B(a',ry) C B(z, 7).
Take 7y =r—d(z,2') > 0. Let y € B(2/,7y), then d(z,y) < d(z,2')+d(z',y) < d(z,2')+ry =7
So d(z,y) < r, and so y € B(x,r). O

Note. “Geometry” of open balls depends on metric.

R2, ||2|| = /22 + 2. Then B(0,1) is the unit disc.

Or ||z|| = max(|z1], |z2|). Then B(0,1) = {z € R? : max(|z1], |z2|) < 1}, i.e. B(0,1) is the square
with sides of length 1 centered at the origin.

Consider the discrete metric
1 ifx#y

d(z,y) =
0 ifx=y

on a set X. Then
B(z,r) ={y € X :d(z,y) <r}

Ifr<1, B(z,r)={a}. Ifr > 1, B(x,r) = X.
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6 THURSDAY, SEPTEMBER 12, 2013 6.1 Ch. 9.2: Open sets, closed sets, Convergence

Note. X itself is an open set. The empty set is also an open set by definition.

Proposition 6.4
1. If {O};cr is a family of open sets in (X, d) then
o
iel
is an open set.
2. If Oy,...,0, are open sets (finitely many), then
O1N...N0O,

is also open.

Proof. Let x € |J;c; Oi. Then x € Oy, for some ig € I and since O;, is open, 3r, > 0 such that
B(z,ry) C Oy,. and so
B(x,r.) € | O
iel
To prove (2), let
reO1N...N0O,

Then z € Oy, for 1 < k < n and because Oy, is open, Hrgk) > 0 such that
B(z, ) c Oy

Take
r, = min rg(ﬁk)
1<k<n
Then 7, > 0, and for any k,

B(x,r,) C B(x, 7)) c Oy
and hence

B(z,r:) C ﬂ Oy,
k=1

Remark. We require only finitely many Oy for the intersection case, because otherwise the T;S;k)’s
infimum may be 0 even though each one is positive, and so the proof does not hold. In fact, it is not
true: take R with d(z,y) = |z — y|, and B(0, ) = (—+, 7). The intersection of such balls for all k is
just the set {0}, which is not open: for any r > 0, B(0,r) = (—r,r) is not contained in {0}.

Proposition 6.5 TFAE:
1. O is an open set in (X, d)

2. O = UieIB(xi7ri)

Proof. (2) = (1) : because of last proposition and the fact that B(x;,r;) is open.
To prove (1) = (2), note that for every z € O, 3r, > 0 such that B(x,r;) C O.
Then

OcC U B(z,r;) C O

€0

And hence
0= B,r)
z€0

Proposition 6.6 Let (X,d) be a metric space (Y, d) a metric subspace. Then a set U C Y is open in
(Y,d) if and only if

U=vnyYy

where V is an open set in (X, d).
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7 FRIDAY, SEPTEMBER 13, 2013 6.2 Closed sets

Proof. By (z,r) denotes an open ball in Y Bx (x,r) denotes an open ball in X.
Then

By(z,7)={y €Y :d(z,y) <r}={y € X :d(z,y) <r}ﬂY:BX(x,r)nY
So By (z,7) = Bx(z,r)NY forz €Y.

Let U C Y be an open set. Then by the previous proposition,

U=JBy(r)=JBx(@ir) Y = |JBx(@ir) | (Y

iel iel i€l

v

where V' = (Uiel BX(xi,ri)> is an open set in X.
To prove the opposite inclusion, let V' be open in X.

Then
V = UB)(({L‘Z',T'Z')
iel
and
VY = Bx(@i,r) (Y
iel

If x; € Y then Bx(x;,7;) (Y = By (x;,7;) and is open in Y.
If 2; € Y it is left as an exercise to prove that Bx(z;,7;)(|Y is either empty or open in Y so
V'Y is union of open sets and hence open. O

s6.2

§7

Let (X,d) be a metric space.

Definition 6.7 Let A C X. A point z € X is called a closure point of A if every neighborhood of x
contains a point of A.

The collection of all closure points of A is denoted by A or cl(A) and is called the closure of A.

x is a closure point <= for any open set O that contains z, ON A # @ = {}.

Note that A C cl(4) as ¢ € A, x € O, means {z} € ON A.
Definition 6.8 A set A is called closed if cl(A4) = A.

Friday, September 13, 2013

Proposition 7.1  cl(A) is a closed set. Moreover, cl(A) is the smallest closed set that contains A. In
other words, if F' is any other closed set that contains A, cl(A) C F.

Proof. To prove that cl(A) is closed, we need to show that
cl(cl(A)) = cl(A)

We already know that
cl(4) C cl(cl(A))

So we need to prove that cl(cl(A4)) C cl(A).
Let = € cl(cl(A)) and let O be a neighborhood of . Then we know O N cl(A) is non-empty.
Let 2’ € ONcl(A). Then O is a neighborhood of 2’ and z’ is a closure point of A. So

ONA#w

Then z € cl(A). Our inclusion holds.
To prove the second statement, let F' be any closed set that contains A. Let 2 € cl(A4) and let O
be a neighborhood of x.
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7 FRIDAY, SEPTEMBER 13, 2013 7.1 Interior and boundary of a set

Then
ONA#£y

Since ACF,ONF # @.
This is true for any neighborhood O of z, and so € cl(F). Since F is closed, cl(F) = F. So
x € F. This proves that
cl(A) C F

O

Exercise 7.2 In the proof of the second statement of the last proposition, we have effectively shown
that
ACB = cl(A) Ccl(B)

Write down the details.
Proposition 7.3 A subset A C X is closed <= its complement A° is open.

Proof. Suppose that A is closed, that is, A = cl(A). We want to show that A€ is open. Let = € A°.
Then = ¢ A and since A = cl(A), = & cl(A) i.e. x is not a closure point of A.

It is not true that every neighborhood of z has a nonempty intersection with A, i.e. 3 a neighbor-
hood O of z such that O N A = @, i.e. O C A°. Then there exists an open ball B(z,r;) with r, > 0
such that B(x,r,) C O C A°. This is true for any x € A¢, so A° is open.

We now prove the converse statement: suppose that A€ is open. Let x € cl(A). Then for any
r >0, B(x,r)N A # @&. So B(x,r) ¢ A°. Since A° is open, we cannot have that x € A¢, so z € A.
Hence, cl(A) C A, then A = cl(A), i.e. A is closed. O
Proposition 7.4

1. If {A;} is a family of closed sets in a metric space (X, d) then

ﬂ A; is a closed set
iel

2. If Ay,..., A, are closed, then
A UAU...UA, is closed

Proof. (1) Since A, is closed, A¢ is open. Then
Then, (Uiel Af) is closed.

ser A 1s open by previous proposition.

c

UAf :ﬂ(Af)c:ﬂAi

i€l icl icl

is closed.
Similarly for the other part. O

§7.1 ‘Interior and boundary of a set ‘

cl(A) is the smallest closed set that contains A. Hence

cl(A) = N F

F,ACF,F closed

Definition 7.5 The interior of a set A, denoted interior(A), is the largest open set contained in A.

interior(A) = U 0
O,0CA,O open

interior(A) could be @, but always exists.
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7 FRIDAY, SEPTEMBER 13, 2013 7.1 Interior and boundary of a set

Definition 7.6 The boundary of A, 0A is
0A = {z € X : for every neighborhood O of z, ONA # @&, ON A° # @} = cl(A) Ncl(A°)
0A is a closed set as it’s the intersection of two closed sets.

OA Ninterior(A4) = &

x € interior(A) = 3Jr, > 0 such that B(x,r,) C interior(A) C A. Then B(x,r;) N A° = &, so
x & 0A.

Proposition 7.7 cl(A) = interior(A) U 90A
Exercise: (Midterm problem in 2007) Let (X, d) be a metric space, A, B C X. Prove the following:
1. 9(AUB) C )AUIB

2. Find an example of X, A, B such that

O(AUB) #0AUOB

3. Find an example of {A4,}7°; , and X such that

(Joa,co (fj )
n=1

n=1

Solution:

1.
(AU B) = cl(AUB)Ncl((AU B)°) = (cl(A) Ucl(B)) N (cl(A° N B°))

using homework problem that cl(A U B) = cl(A) U cl(B).
= (cl(A) Ncl(A° N B)) U (cl(B) Ncl(A° N BY))
using an exercise that S C D = cl(S) C cl(D)

C (cl(A) Necl(A9)) U (el(B) Nel(B€)) = 0AU OB

2. Just take A = (0,1), and B = (3,2), where X =R, and d(z,y) = |z — y|.
Then 0A = {0,1} and 9B = {1,2}. And AUB = (0,2), so (AU B) = {0,2} # {0, 1, 1,2}.

3. Take X = R, d(z,y) = |z — y|. Consider {r,}$2,; enumeration of Q. Let A, = {r,}. Then
0A, = {r,}.

OQ in R is all of R. Let € R be any real, and B(r,e) = (r — e, 4 €) contains a rational and
an irrational number, so B(r,e) NQ # & and B(r,e) N Q° # &, so r € 9Q); hence, R C dQ and
of course Q C R, so 9Q = R.
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8 TUESDAY, SEPTEMBER 17, 2013 7.2 Convergence in metric spaces

§7.2

88

§8.1

‘Convergence in metric spaces‘

Definition 7.8 A sequence (z,,)22; in a metric space (X, d) is said to converge to a point z € X if

lim d(z,z,) =0

n—oo

or in other words,
Ve > 0,3IN > 0,Vn > N, d(z,z,) < &

x is called the limit of the sequence (x,) and one writes

lim z, =x or z, > T asn — 0o
n—oo

Fact. The limit is unique: if lim,_ o T, = x and lim,_, o x, =y, then, Vn,
0 <d(z,y) < d(xz,x,) + d(xn,y) = 0

So d(z,y) =0 and so x = y.
Proposition 7.9 x € cl(A) if and only if there exists a sequence (2,)52;, 2, € A, such that
lim z, =x
n—sco
Proof. Suppose z € cl(A). Then, for any n > 0,
Bz, ) NA# @
Let x,, € B(z, )N A. z, sequence in A and

d(z,x,) <2 = 0asn— o0

lim z, =z
n—oo

Tuesday, September 17, 2013

‘Convergence in metric spaces‘

(X,d), ()22, limy 00 &y, = @ iff lim, o0 d(z, 2,) = 0, x - limit point of the sequence (the limit is
unique).
li_>m Ty =2 <= (Ve >0)(3N > 0)(Vn > N)d(z,z,) <€

Remark. A sequence (z,,) in a metric space is called bounded if for some y, |d(y, z,)| < M, for some
M > 0. This does not depend on y, since

d(z,xn) < d(z,y) + d(y, zn)
so if d(z,x,) is bounded for one y, its bounded Vy.
Proposition 8.1 Convergent sequences are bounded.
Proof. We know
lim d(z,z,) =0

n—oo

Take e = 1. Let N be such that Vn > N, d(z,z,) < 1. Let M = max{d(x,x1),...,d(z,zn)}.
O

Proposition 8.2 x € cl(A) if and only if there exists a sequence (z,,)5% in A such that lim,,_, o z, = .
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Proof. — proved last class.

+ Let € X and suppose that there exists a sequence (z,) in A such that lim,, o, z, = . We
want to show that € cl(A).

Let O be a neighborhood of z. Let ¢ > 0 be such that B(x,e) C O. Since z,, — z, IN > 0
such that for n > N, x,, € B(x,¢). Then O N A is nonempty since z, € A, and x,, for n > N, is in
B(z,e) C O.

O

Two metric spaces dy,ds in set X are equivalent if 3C1, Co > 0 such that for all z,y € X,
Crdy(z,y) < di(z,y) < Coda(z,y)

So sequence (z,) converges to x in (X, d;) if and only if (z,) converges to = in (X, ds).
So, if d; and dy are equivalent metrics, then (X, d;) and (X, d3) have the same open/closed sets.
If AC X, then cl(A)y, denotes the closure of A in (X,dy).

x € cl(A)g, <= F(z,) € A, li_>m dy(xp,z) =0
< J(z,) € A, lim do(xy,2) =0 <= z € cl(4)qg,

n—oo

So if A is closed in (X, d;), then A =cl(A)g4, = cl(A)g, so A is closed in (X, ds).
Exercise: show this directly.

§8.2 ‘Convergence in product spaces‘

Let (Xg,dr) k=1,2,... be a sequence of metric spaces,

X:HXk:{x:(xk)g":lzmkeXk}

k=1
iTk di (T, Yr)
1+ dg(zk, yx)
Let ™ = (x ,(Cn))k 5, n =12 .. bea sequence in X. (™ — x = (24), if and only if each

component of the sequence z(™) converges to the corresponding component of the sequence .
In other words,
lim d(z™,z) =0 <= VE, lim dk(ac,(cn),xk) =0
n—oo n—oo
Proof. Suppose first that Vk, limg_, o dg (x;n), xg) = 0.
Let € > 0 be given. Choose K| such that

22*k<%

k> Ko

Kot di(x )x)
lim 22 LG SO ’)k =0
ey L+ dy (mk s Tk)
(to the n?)
So, ANy > 0 such that Vn > Ny,
PRI RN
1 14 dyg (a:,c xg) 2

Therefore, for n > Ny,

Ko—-1 (n) oo (n)
d d
A, a) = 3 ok It g g dilne ),
k=1 L+ d(z), ", ) 1+ dy, (xk xy) 2 2

=K,
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So z(™ — z in (X, d).
To prove the converse, suppose that lim,, ., d(z, (™) = 0.

Then, since

d (n)
Z*k—k(gjk (’?k) < d(z™, z)Vk
1+ d(z)”, zr)

We have that -
d n
lim —k(xk (;fk) =
n—oo ] dk(a:k ,fk)

(n)
hm (1o %@ (;‘f’“) -1
n—oo 1 +dk(xk , k)

1 (n) (n)

lim — = lim 1+d(z,",2) =1 = lim dy(z)"”,25) =0
n—)ocl+dk(xk ’xk) n—oo n—00
O
§8.3 ‘Remarks on /P and LP spaces‘
R™, &= (1,....a0), [ally = (T, [eal?)"”, 2lloe = maxichen [eal- Forp € [1,00], |- [ is a norm

on R, (R™, || - H ) is denoted ¢P(R™). The norms | - ||, are equivlaent,
I oo < I+ Ml <l - M1y

and this is true in any finite dimensional vector space X. Any two norms on X are equivalent.
¢P(N) is the vector space of all sequences of real numbers x = (x,,)52; such that

o0

Z |z, |P < 00

n=1
1/p

[e%S)
Izl = | D lzal?
n=1

Then || - ||, is a norm on ¢?(N) for 1 < p < oo.
So £>°(N) = ? space and all bounded sequences.
(Zn), |Z|looc = sup |zy|, || - || is @ norm on £*°(N).
C([a, b)) vector space of all continuous functions f : [a,b] — R.

141, = (/ e )

for p > 0. We have that || f], >0, [[f]l, =0 <= f(z) =0, [lafll, = [alllf],-
If1<p,g<oo, 5+ =1, then

b b 1/p b
/ |f(@)[|g(x)]dz < (/ |f($)|pd33> (/ |g(33)|qd$>

gl < 1 fllnllgllq

- < / b If(z)lpd:c>

1/q

Proof.

1/p
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b 1/q
B - ( / g(x)lqdw>

b
[ 1s@lgta)laz < a8

If A=0, f =0, inequality trivial. If B = 0 similarly.
Assume A >0, B > 0.

|f(@)] |g(2)] < Iyl
A B p q p

WTS:

+

[f @) 1lg(x)
AP q B«

I 11 f° 11
E/a \f(x)||g(x)|dx§§ﬂ/a |f(x)|pdx+6§/a lg(x)]9dx =1

So b
1
15 | W@l <1

and rearranging yields the inequality.

Proof. Second method.
a=1x9<x1 <...<z,=>partition of [a,b]. Define Axy = xp41 — z) for k =0,.

Let €. € [zk,xk+1].

n—1

Su(£1lg)) =D If(er)llg(er)| Az,
k=0
n—1

= 3" 1fen)lAzy Pg(en) | Ay
k=0

using the Holder inequality for sequences,
1/q

1/p

n—1 n—1
< | DD fER)PA () > lgler)| Ay
k=0 k=0

= (Sul1F1P))"" (Sullgl)

. b
Take n — oo, max |Az;| — 0, Riemann sums converge to [. So

b
/ [f(@)]g(z) dz < | fllpllgllg

§9 Tuesday, September 17: Tutorial II

§9.1 ‘The Cantor Set‘

— Posesses deep and remarkable properties
— Discovered in 1874 by Henry Smith
— Mainly used by Georg Cantor in 1883

..,n—1.
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§9.1.1 Construction of the Cantor Set

Eo=1[0,1]. 3 = 1.
Divide the interval in three equal pieces and throw away the middle one: F; = [0, $]U[2,1] 3! = 3.
Ey,=...32=09.
In this way, we create a decreasing sequences of sets

EhyDFE{D...DE,D...

E,, is the disjoint union of 2" intervals, each with length 37".

§9.1.2 The Cantor Ternery Set, K

K= ﬁ E,
n=0
Theorem 9.1
1. K is closed
2. interior K = @
3. K has no isolated points: Vo € K,Ve > 0,3y € K,y # z,y € B(x,¢)
4.z € K < x =737, 4 where (ay) is a sequence with each ay € {0,2}.
5. K is uncountable
Proof.
1. E, is closed for each n so K ﬂzozo FE,, is closed as well.

2. (By contradiction). Assume interior K # &. So Jx € interior K.

= 36 >0s.t B(z,0) C interior K C K

——
=(z—4,z+6), (length 26)

Choose n € N large enough such that 37" < 2§. Then B(z,d) C E,. But E, is a disjoint union
of intervals of length 37" < 2§. This is a contradiction.

3. Key observation: endpoints of intervals in E,, are not removed in subsequent E,, (for m > n).

All endpoints, {0, 1, %, %, ...} CK.

Let € K and & > 0 be given. We choose n large enough so that 37" < e. x € E, = x € [a,]]
for [a,b] C E,,. Sob—a <e.
= |z —-b,|x—a|<e
We have found y # z so that y € K, y € B(z,¢).
4. We want to show z € K <= z =37, % for a;, € {0,2}.

Consider % c K. % = 1?;1 4. Ifa; =1 and a, = 0 for n > 1, it seems like we have a

contradiction. But we can choose other coefficients:
[e’e] [e'e] k
2 1 1 1
2 —9(Z E ) =(=
k=2 k=0

i.e ternary expansions are not unique.

Let S ={> 2, % :ar € {0,2}}.

29
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9 TUESDAY, SEPTEMBER 17: TUTORIAL II 9.1 The Cantor Set

Ifz €S, thenz =377, %. Let 2, = > ,_; % be the n'™ partial sum.
=0 or £, either of which is a left endpoint of Ej.

Assume that Ty_1 is a left endpoint of E,_1.

Assume:

[Tn—1,Tn-1 + 55| C En

3n— 1
Then we can take out the middle third to obtain a subset of E,,:

1 2
sl Uz +

3n 3na$n71 +

[xnflv Tn—1 +

an

So xy, =Tp_1+ sxisa left endpoint of an interval in F,,.
Since x, € K, and K is closed and so contains all its limit points, x € K. Thus, S C K.
To show that K C .5, first notice that the intervals removed to obtain K are all of the form

k+1 3k+2
Ik,m=<33;f ,332> meN, 0<k<3™ -1

m—1
Exercise: By induction on n, prove that [0,1]\ E, =" _, Ui_y " Tt.m

KCcS <= z¢S = 2¢K
(contrapositive).

Suppose = ¢ S. Suppose z contains a ‘1’ in its n'* digit, i.e.

n—1 00
=Y Gt >
k=1

k=n-+1
and assume »_ o 1 58 < 3. (The condition on the ‘tail sum’ prevents the non-uniqueness of the
ternary expansion from bemg a problem)
We rewrite
San ’il 33"+ lay,  3A
k=1 3 k=1 3" 3"
where A =Sk = 1""13""F~1q; e NU{0}.
Hence,
3 +1 3A+2
3 T < 3

Soxely, = ¢ K.

5. K is uncountable. ie. |K| = |[0,1]]. We already know K C [0,1], so we know |K| < |[0,1]].
Hence, we need to find a surjection from K — [0, 1] to complete the proof.

We define a function F : K — [0,1], F takes € K and change all of its digits of its ternary
expansion of "2‘s to ‘1’s and then outputs the number with corresponding binary expansion.

Since
ay

K:{Z?)—k cay € {0,2}}
k=1

oo o0 1
R5o%-3 %5
k:l k=1
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10 THURSDAY, SEPTEMBER 19, 2013

Note: the lower bound of F on K is 0 (all ar = 0) and the upper bound is when all the ay, are

Is, Y 5r = L.
Let y € [0,1]. Theny = Y50, 2 for by, € {0,1}. Then for z = >p0 | 2k so F(z) = Y50, &% =
Y.

So we are done.

O

§10 Thursday, September 19, 2013

Last class : Holder inequality on C([a,b]), 1 < p,q < o0, % + % =1
b b 1/p b 1/
[ lr@llg@) o < < / If(rv)lpdx> ( / |g<x>|qu>

1. Mimicking finite sequence proof

q

Two proofs:

2. Using finite sequence Holder inequality and Riemann sums

One does the same for Minkowski inequality:

b 1/p b 1/p b 1/
( / (f(z) + g(z))? dm> < ( / If(x)l”dx> + ( / |g<x>pdx>
for p > 1.

Two proofs are on the homework.

p

1/p
A consequence of the Minkowski inequality is the triangle inequality for || f||, = ( f; |f(z)P dx)
for p > 1.
Hence, (C([a,b]), | - ||p) is a normed space for p > 1.

When p = 2, the norm is induced by an inner product, (f,g) = fab fgdx. For p > 2, the
parallelogram law fails, so || - ||, is not induced by an inner product.
Exercises: find an example of two functions f, g for which the paralellogram law fails for p > 2.

Proposition 10.1

[l = max |f(z)
Notation: || fllco = maxge<w<p |f(2)]

Proof. Let M = maxX,¢[q.) | f(x)| (we know this exists, because f is continuous).

b 1/p b 1/p
f||p=< / If(x)l”dfc> << / Mde) = M(b—a)V/?

limsup || f||, < M limsup(b — a)*/? = M lim sup ev 108(b=a) — pf
p—0o0 p—>00

p—>0o0

So

So we have limsup,,_, . [|fll, < M.

For the lower bound, 3x¢ € [a,b] such that M = max,<g<p |f(2)| = |f(z0)].

Let € > 0 be such that M > . By continuity of the function f, there exists a closed interval A in
[a,b] that contains zo and such that |f(z)| > M — ¢ for x € A.

€, o, [ is continuous at xg, so there is a § > 0 such that with A = [zg,z¢ + ] (if zop = a) or
A =[zg—6,x0] (if g =0) or A =[zg—0d,20+0] (ifa<mzy<b)st. forzeA, |f(x)— flxo)| <e.
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10 THURSDAY, SEPTEMBER 19, 2013 10.1 Ch. 9.3: Continuous mappings between metric spaces

e>|f(x) = flzo)| = M — f(z) = |f(x)] + |f(x0) — ()| > |f(x) + flx0) — f()] = | f(x0)]
|[f(@)]| > M —¢ey forxz e A
So

where |A| is the length of the interval.
Then
liminf || f||, > (M — &) liminf |A[Y? > M — ¢
p—00 p—00

Since ¢ > 0 is arbitrary, liminf, . || f|, > M.
So we have an upper and lower bound of M, so M is the limit. O

C([a, b)), [ - lp> p € [1,00] [[fllps [1flloo-

b 1/p
11> = ( / If(x)l”dx> < flloe(b— )77

Are the norms || - ||, and || - | equivalent? In other words, can we find a constant D such that
for all f € C([a,b]),
I1fllp = DIl

Let’s define a sequence of functions f,, (x) on the interval [a, b]. f,(a) = n, then it linearly descends
to 0 at a point (f,(a,) = 0) for a, = a + %52,
nP(b—a)

—0
n2p

b An
/ \fn(:v)|pdx§/ n? de =nP(a, —a) =
| fnlloo = 00 as n — 0o

(Exercise: Show that || - ||, and | - ||, are not equivalent if p # ¢).
So infinite dimensional analysis is much richer that finite dimensional.

§10.1 ‘Ch. 9.3: Continuous mappings between metric spaces‘

Two metric spaces (X,d,), (Y,dy), and a function f: X =Y.

Definition 10.2 The function f is continuous at a point x € X if for any sequence (x,) €
X such that (z,) — z (ie. lim,,cdx(zn,x) = 0), we have (f(z,)) — f(z) in Y (that is,

A function is continuous on a set A C X if it is continuous at every point in A.
f is called continuous if it is continuous at every point = € X.

Proposition 10.3 TFAE:
1. f is continuous at z € X
2. (Ve > 0)(30 > 0)(Vy € X)(dx(z,y) <) = dy(f(x), f(y)) <e)

Remark. In other words, f is continuous at x <= for every € > 0, there exists § > 0 such that

f(Bz(x,6)) C By (f(),e).
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§11

Proof. (1 = 2) Suppose (1) holds and (2) fails. (2) fails means
(3 > 0)(V6 > 0)(Jy € X)(do(x,y) <0 and dy (f(z), f(y)) > €

Fix such an g9 > 0. Take 6, = 1 and let y,, € B,(z, 2) be such that dy (f(z), f(yn)) > €o.

Then d(z,y,) < = and dy (f(z), f(yn)) = 0. -
So
lim dx(z,y,) =0 and liminf dy (f(x), f(yn)) > €0 >0

n—r oo n—oo

This contradicts (1).
Now we will show (2) = (1).
We need to show that for any sequence (x,,) satisfying lim, oo dx (25, ) = 0, we have

lim_dy (f(zn), f(2)) =0

n—oo

Let (zy,) be such a sequence. Let € > 0. Then by (2), 3 > 0 such that

dy(z,y) <0 = dy(f(x), f(y) <e

Since lim,, o dx (2, ) = 0, we have IN such that for all n > N, dx(z,z,) < 6. But then for

n >N, dy(f(z), f(zn)) <e.
This means that lim,_, dy (f(z), f(z»)) = 0. So f is continuous at x.

O
Proposition 10.4 TFAE:
1. f is a continuous function

2. For any open set O C Y, f~1(0) = {x : f(x) € O} is an open set in X.

Friday, September 20, 2013
End of last class: (X,dx), (Y,dy) metric spaces, f: X = Y.
Proposition 11.1 TFAE:
1. f is a continuous function
2. For any open set O C Y, f~1O) = {x : f(z) € O} is an open set in X.

Proof. (1) = (2): Let O be open in Y. If f~1(0) is empty set, then f~1(0) is open. Otherwise,
let x € f~1(O). Then f(z) € O, and since O is open, 3¢ > 0 such that By (f(z),e) C O.

Since f is continuous, we can find § > 0 such that f(Bx(z,d)) C By(f(z),e) C O. Hence,
Bx(x,6) C f~(O). This implies that f~1(O) is open.

(2) = (1): We need to show that for all z € X,

(Ve > 0)(30 > 0)(f(Bx(x,9)) C By (f(2),¢))

Let x be given and € > 0 be given.
Then By (f(x),¢) is an open set in Y. So by (2),

FH(By (f(2),¢))

is an open set in X. Obviously, x € f~(By (f(x),¢)).
So 3§ > 0 such that
Bx(z,0) C f~H(By(f(z),¢))
and hence we have

f(Bx(x,6)) C By (f(z),e)

and so f is a continuous function.
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Proposition 11.2 (X,dx), (Y, dy), (Z,dz) metric spaces, and let f : X =Y, g: Y — Z be continuous
functions.
Then
h=gof:X—>Z7

is continuous.

Proof. Let O C Z be open. Then h=1(0) = f~1(¢71(0)). f,g are continuous, so g~1(0) is open in
Y, and so h=1(0) = f~1(g71(0)) is open in X. Hence, h is continuous. O

§11.1 ‘ Uniform continuity ‘

Continuity says for f: X — Y
(Vo € X)(Ve > 0)(36 > 0)(Vy € X)(dx(z,y) < = dy(f(2), f(y)) <e)
Uniform continuity just switches the order of a quantifier:
(Ve > 0)(30 > 0)(Va,y € X)(dx(z,y) <6 = dy(f(z), f(y)) <e)

Now, d does not depend on x.
Example 11.3 (Analysis 2): f(z) = 1/z in (0,1] is not uniformly continuous.
Example 11.4 Let X be a nonempty set and d the discrete metric on X.

1 ifzx#y
d(z,y) =
0 ifx=y

Let (Y, dy) be any other metric space. Then any function f: X — Y is uniformly continuous.
We need to show:

(Ve > 0)(30 > 0)(Va,y € X)(dx(z,y) <6 = dy(f(x), f(y)) <e¢)

So take d = 3. Then d,(z,y) < 3 = v =y = dy(f(z),f(y)) =0<e.
Definition 11.5 A function f: X — Y is called Lipschitz if 3C' > 0 such that Vz,y € X,

dy (f(z), f(y)) < Cdx(z,y)

This is a stronger notion than uniform continuity: if f is Lipschitz, then f is uniformly continuous.

(VE > O)((S = %)(Vl‘,y S X)(dx(l‘,y) < 0= % — dY(f(x)vf(y)) S CdX(xay) <e
From analysis 2: f : [a,b] — R, f differentiable, | f'(z)| bounded,
[f(@) = fW) = f (Ol —yl < M|z —y|
where M = max,¢q | f'(2)].
Example 11.6 (1) (C(a,b), - I),p € [1,oc].

F:C([a,b]) = R

b
mﬂ:/ﬂmw

b
S/ |f —gldx

b 1/p b 1/q
<</'u—gWMJ (/1¢Q

= = gllp(b—a)*/

If1<p<oo,

b
IFﬁdwaH:‘/(ffwdx
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11 FRIDAY, SEPTEMBER 20, 2013 11.1  Uniform continuity

with -+ 2 = 1.
So, F'is Lipschitz, hence uniformly continuous. If p = co, we have the same result,

IF(f) = F@l < If = 9lloc(b—a)

Flaf + pg) = aF(f) + BF(g)
F' is a linear operator
Example 11.7 (2) (C([a,0], ]| - |I), p € [1, 00].

F:C([a,b]) > R

F' is not linear. For what values of p is this function continuous?

Case 1: 2<p<oo. (p=2and p=co is an exercise)

b
|F(f) = Flg)| = / (f(z) = g(2))(f(x) + g(x)) dz

b
/ (F(2)® — g(2)?) da

b U o
g( / If—gl”dw> ( / If(:v)+g(w)lqdm>

need a control on this

1/q

where % + % = 1. We must be careful in infinite dimensional spaces.

We will use 2 < p < oo. Let ¢¢' = p. We will do Holder inequality with ¢’, p’, i + % =1.

qq = p. %Jr%:l. 50521,%:?%_ Soq:p%. 9 =p = ﬁq’:p. Soq¢ =p—1.
p>2soq > 1.

b 1/q b 1/ g b 1/ g
(/ |f(@) + 9($>|qdif$> < (/ |f(z) +g(sc)|qq/ da:> (/ 1d:1:>

So continuing from before,

b 1/ qq’
[F(f) = F(@] < If —glly </ |f(x) +9($)p> (b —a) e =|f = gllp(lf + gllp)? e (b= a)'/va
Let f,, be such that f, — g in (C([a,d]), || - llp)-

1E(fa) = FOI < 1fa = gl fallp + gllp) (0 — a)t/v'a

fn is a convergence sequence, so || f, || is bounded, || f |, < M for all n.

[F(fn) = F(9)] < |l fn = gllnC

for some constant C.

Hence, lim, o0 || fr — gll,C — 0, so F' is continuous. But not uniformly continuous! C' depends
on g.

For1<p<2 F(f)= f; f(z)?dz is not continuous on (C([a,b]), ] - ||,)-
Example 11.8 (in response to a student’s question)

Something that is Lipschitz but not continuous: R with discrete metric, f(z) =z, f : R — R.
Any function is uniformly continuous with discrete metric, but it’s not Lipschitz: If |f(z) — f(y)| <
Cd(z,y) < C then f would have to be bounded. But f(z) is unbounded on R.
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§12

Tuesday, September 24, 2013

Check course website!

— Extension to homework 2: due date October 1, in class

— New time for tutorial: Friday 13:30-15:30, Wong 150

Yaril’s new office hours: Thursday’s, 2pm-6pm Burn 1018

Last class (redoing it because Prof. Jaksik got mixed up)

Example 12.1  (C([a,b]),] - llp), 1 < p < o0, called LP—space. F : C([a,b]) — R, F(f)

f; [f(2)]? dz. For what values of p is the map F continuous?

[E(f) = F(9)l =

/ (@) — (@) F(2) + g(x)] de

First we will deal with 2 < p < 0o (p = oo as exercise). If p = 2, we can just apply Cauchy-Schwarz:

b
/|f D (@) +g(x) dx<</ fla <x>2dx> (/ |f<x>+g<x>2dx>

= If = gll2llf +gll2 < Il = gll2(llfll2 + llgll2)

If2<p<oo,
Let ¢ be such that 1% + % = 1. Apply to (H) Holder inequality:

1/p b 1/q
/|f D) + gl |dm<</ f <x>|pdx) (/ |f<x>+g(x>|qu)

Let ¢’ be such that ¢'¢ = p and p’ by % + 1% =1. Thenq¢ =p—1.

So then
b b 1/q b 1/p
[ 17+ gla)ir s < ( / |f<x>+g<x>qq’dx> ( / 1dx>
b 1/q b , 1/qq /
( / If(fc)+g(fc)|’1dx> < ( [ 15+ gty dx> b=

So, for 2 < p < 0,

So we have

|F g)l < / 1f(z) = g(@)]|f (@) + g(@)|dz < |If = gllp]lf + gllp(b — )/

So, for 2 < p < 0,
[F(f) = F(g)| < Collf = gllo (I fllp + [lgllp)
1 ifp=2
where C), = .
(b—a)/P'e ifp>2
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We will now show that F' is continuous for 2 < p < co. To prove that, one needs to show that if
(fr)oe; is a sequence in C([a, b]) that converges to g in || - ||, norm, then lim, o |F(f,) — F(g)| = 0.

We have the estimate,
[F(fn) = F(9)| < Cpllfa = gllp(lfallp + lgllp)

We know (f,,) is a convergent sequence and so is bounded and g is fixed. So sup,, ||fn|| = M < cc.
Then we have
[F(fn) = F(9)| < Cpllf —n = gllp(M +lgl[»)
So, lim,, 00 F'(fn) = F(g) whenever (f,) — g in (C([a,d]), || - ||lp)- So F is continuous if 2 < p < co.
If 1 <p < 2, then F is not continuous.
For notational simplicity, take a =0, b = 1.
Then consider the following function:

n —
—
8]
S~—
S

|
OO 11 1 1
2 n? n2
X

1 l/nz np
/|fn(x)|pdx§/ n’dr=— —0asn— oo
0 0 n

(if1<p<2).
So || fnllp = 0 as n — cc.

1 %n%
F(fa) = /O fu(@)P da > /O (@) dz

So we have that f, = 0in ||- ||, 1 <p <2, but

I
N
=
2
3
[ V]
o,
8
Il
N

liminf F(f,) > % + F(0)

n— oo

So F' is not continuous at 0 and hence is not continuous.

§12.1 ‘9.4: Completeness‘

Definition 12.2 Let (X, d) be a metric space. A sequence (z,,)22, in X is called Cauchy if
(Ve > 0)(3N > 0)(Vn,m > N)(d(xp, Tm) < €)

Proposition 12.3  If (x,) is convergent, then (z,) is Cauchy.
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Proof. Suppose lim,,_, z, = x. Let € > 0. Then, AN > 0 such that for all n > N,

d(xp,z) <

DN ™

Then for n,m > N,
d(XTpy X)) < d(p, ) + d(T, 20) <

O

Proposition 12.4 If a Cauchy sequence has a convergent subsequence, then the Cauchy sequence is
convergent.

Proof. Let (z,)52 be a Cauchy sequence, and let (x,, )72, be a convergent subsequence,

i o =
(N <ne<...<np<...)
Given that (x,,) is Cauchy, given ¢ > 0, we can find N > 0 such that d(zy, z,,) < §, for n,m > N.
Since
lim d(zy,,x) =0

n—roo

we can find some index ng, > N such that d(z,, ,r) <
Then, for n > N,

=

5.

d <d d 42
(Tn,2) < (xmxnko) + (xnko’x) < 9 + )

since ng, > N and d(zy, ,r) <

rolm

O

Remark. It is not true that every Cauchy sequence is convergent. Metric spaces in which every Cauchy
sequence is convergent are called complete, and play a very important role in analysis.

Definition 12.5 A metric space (X, d) is called complete if every Cauchy sequence in X converges
to an element of X.

Example 12.6 R, d(z,y) = |z —y] is complete. Very non-trivial to show: we have the Peano axioms
for N, which we can extend to Z and then Q. Then we have to “complete” Q. We define R as the
collection of sequences under some equivalence relation. (the tutorial will go in greater detail).

Thursday, September 26, 2013

§13.1 ‘ Banach spaces ‘

Recall: A sequence (x,)5% in X is called Cauchy if
(Ve > 0)(3N > 0)(Vn,m > N)(d(xp, Tm) < €)
Example 13.1 Let X be a non-empty set, and d the discrete metric:

1 ifx#y
d(z,y) =
0 ifx=y

Let (z,,) be a Cauchy sequence in (X, d). Take € = 1/2. Then there is a N > 0 such that Vm,n > N,
d(xm, zn) =< 1/2. So x,, = x,, for myn > N.

That is, sy = TN4+1 = TN42 = .. ..

So a Cauchy sequence in (X, d) is eventually constant, i.e. all the elements are equal starting with
a large enough index. In particular, every Cauchy sequence is convergent. So (X, d) is complete.

Other things about the discrete metric:
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13 THURSDAY, SEPTEMBER 26, 2013 13.1 Banach spaces

— Any point is an open set

Bz, 1) ={y € X : d(x,y) <?/2} = {z}
~ If AC X then A= J,c4{7}, so A is open.
— But then A° is also open! So A is closed.

— So in (X,d), any set is both open and closed. Such a space is called totally disconnected in
topology.

Definition 13.2 Let now (X, | -||) be a normed space. If the induced metric
d(z,y) = llz -yl

is complete, then (X, | - ||) is called a Banach space.
Definition 13.3 If (X, || - ||) is a Banach space and | - || is induced by an inner product (-, ),

2] = v/ (x, )

for x € X. Then X is called a Hilbert space.
“Quantum mechanics = Hilbert spaces”
Example 13.4 (C([a,b]), | - ||ls) is a Banach space.

Proof. Let (fn)22, be a Cauchy sequence in (C([a, b)), || - [loo)-
Then (Ve > 0)(3IN > 0)(Yn,m > N)(||£n — Zm|loo = maxg<a<p |fin(z) — fr(x)] < e).
We want to prove that (f,) is convergent, that is, 3 f € C([a, b]) such that

lim ||fn — flloo =0
n—oo
It follows that for any x € [a, b],
(Ve > 0)3N > 0)(Vm,n > N)(|fm(z) = fa(z)| <€)

This means that for any (f,,(x)) is a Cauchy sequence of real numbers, and we know that the real
line is complete:

Jim fo(2) = f(z)  Va€la,]

We need to prove two things:

1. f is a continuous function, so f € C([a, b))

2. fn - f in (C([avb})v ” : ”00)

To prove (1), we want to show that for any xg € [a, b], and any € > 0, there exists § > 0 such that for
any y € [a, b] satisfying |xo — y| < d, we have |f(xo) — f(y)| < e.

Let o € [a,b] be given, and let € > 0.

We know that there is an N > 0 such that Ym,n > N,

ma | fn (@) = fa(e)| < 5

z€la,b 3

So for any = € [a,b] and all m,n > N,
€
|fm(x) - fn(x)| < g
So for fixed m > N, we can take n — oo and get that

|fm(z) = f(2)] <

w| M
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13 THURSDAY, SEPTEMBER 26, 2013 13.1 Banach spaces

for all m > N.
In particular, for m = N and all z € [a, ],

lfn(z) = fz)] <

w| M

|f(z0) = f(y)| = | f(x0) — fn(w0) + fn(w0) — fn(y) + fn(y) — f(y)]
<|[f(wo) — fn(zo)| + | fn(mo) — fn ()| + [ In(y) — F(W)

% + [fn(z0) — fn(y)]

Since fy is continuious, 3§ > 0 such that if y € [a, ] and |zg — y| < 4, then

<

|fn(w0) = fn(y) < %

So for such y
|f(zo) = fy)| <e
So f is continuous.
Now, to prove (2):
Given € > 0, AN > 0, Vm,n > N,

z€la,b]
Vz € [a,b],
[Fml2) = ful@)| < 5
Take m — co. Then Vz € [a, b],
(@) = Falw)] < 5
for n > N.
So, for n > N,

€

[fn = fllc = max |fy(z) — f(2)| < 5 <e
z€[a,b] 2

Example 13.5 (C([a,b]),] - |lp) for 1 < p < oo is not complete.

Proof. Take a =0,b=1,p =1 (the rest is an exercise).
Define a sequence of functions (f,,) by the following plot:

&
S
1, .
5 ‘
1 1 1
0 2 2t 1
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14 FRIDAY, SEPTEMBER 27, 2013

§14

Consider f,(z) — fin(z). By looking at the graph, we can see
-1 < fn(‘r) - fm(x) < 1

for x € [0, 1].
Als0, fun(@) — fulw) =00 <z < L.
Additionally, f,,(z) — fo(z) =0if z > § + max (5, 5-).
So,

1 11
1 §+max(ﬁ,m) 1
/ |fn(@) = frn(2)| dz = / [fn(2) = fm(2)| dz < max <2
0 1

/2

So if m,n > N, then

In particular, g is continuous.

Then,
1/2 1/2
lim |fn(x)—g(x)\da?:O:/ |1 —g|lda
0

n—o0 0

50, g(x) =1for 0 <z < 1l/a.
For some ¢ such that 1 >¢ > 1/2.

1 1
/|fn—g|d:cz/ [ — gl da
0 t

1 1
lim/ |fn—g|dx:O:/ lgldx =0

For n large enough, f,(x) =0 for = € [t, 1].
So g(x) =0 for z € [t,1] and any ¢ > /2. So g(x) =0 for z > 1/2.

So,

1 fo<ze<ip
g(z) =
0 iflh<az<1

So g is mot continuous, so f,, cannot converge.

Friday, September 27, 2013

Important correction: Tutorials are in room Wong 1050, not 150.

1
n’ 2m

Proposition 14.1 Let (Y, d) be a metric subspace of a complete metric space (X, d).

Then (Y, d) is complete if and only if Y is a closed subset of X.

Proof. Suppose first that Y is closed.

Let (2,)%2; be a Cauchy sequence in Y. Then (z,) is also a Cauchy sequence in X. Since X is

complete, (z,) = x € X. But since Y is closed, z,, € Y, then z € clY =Y.

So every Cauchy sequence in Y converges to an element of Y, so Y is complete.

Conversely, assume that (Y, d) is complete.

Let « € clY. Then 3(x,) with x,, € Y such that (z,,) — x. Since () is convergent, (x,,) is also
Cauchy. Since (Y, d) is complete (z,,) has to converge to an element of Y'; by the uniqueness of limits

then, x € Y. Hence, clY C Y, and Y is closed.
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Definition 14.2 Let Y be a non-empty subset of metric space (X, d). The diameter of Y, denoted
diam(Y") is defined by
diam(Y') = sup{d(z,y) : 2,y € Y}

Definition 14.3 If X is a metric space then Y C X is called bounded if diam(Y") < oc.
Proposition 14.4

diam(Y') = diam(cl(Y))
Proof. Since clY DY, it is obvious that

diam(cl(Y)) > diam Y’

Let now z,y € clY. Then we can find two sequences (z,,)52; and (y,)5 such that (z,) — «
and (y,) — y, that is,
lim d(x,,z) = lim d(y,,y) =0
n— oo

n—oo

We have that d(z,y) < d(x,x,) + d(zn, Yn) + d(Yn,y), so

d(l‘, y) - d(xna yn) S d(.%‘, xn) + d(% yn)

But also
(T, yn) < d(@n, ) +d(2,y) + d(Y, Yn)
and so
d(ajna yn) - d(l’, y) S d(xna SC) + d(y7 yn)
So,
|d(z,y) — d(zn, yn)| < d(@,20) + d(y, yn)
thus,
Jimd(wn, yn) = d(z,y)
diam(Y) = sup{d(z,y) : ,y € Y} > d(x,yn)
for all n.
diam(Y) > lim d(zn,yn) = d(z,y)
n— o0
So,

diam(Y) > d(z,y)

for all z,y € clY.
So, diam(Y") is an upper bound for the set

{d(z,y) 1 z,y € IV}
hence, since sup is the least upper bound,

diam(Y) > sup{d(z,y) : z,y € 1Y} = diam(clY)

Definition 14.5 A descending sequence Y,,, n =1,2,...
Y1D2Y,D...02Y,D...)
of non-empty subsets of a metric space (X, d) is called contracting if
nh_>rrolo diam(Y,) =0

Theorem 14.6 (Cantor Intersection Theorem) T.F.A.E.:

1. Metric space (X,d) is complete
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2. For any contracting sequence F,, of non-empty closed subsets of X, there exists x € X such that

EDL:

F, = {z}

n=1

Proof. (1) = (2): Let F,, be as in (2).
Choose z,, € F,,. We claim that the sequence (z,) is Cauchy. To prove that, let ¢ > 0.
Since lim,,—, o, diam(F},) = 0, there exists N such that

diam(FN) <e
Since for m,n > N, xz, € F,, C Fn, x,, € F},, C Fy,
d(Xpm, ) < diam(Fy) < €

So the sequence (z,,) is Cauchy, and
lim z, =«
n—oo
by assumption (1). Now, z,, € F,, C F; for all n, so (z,)52; is a sequence in the closed subset F}, so
x € Fy.
But (z,)5, is a sequence in Fy, which is closed, so x € F.
For any k, (x,)5, is a sequence in Fy, which is closed, and so = € Fj.
So x € F}, Vk, and hence, {z} C (7=, Fj.
If y € Ny, Fk, then z,y € Fy, for all k, and d(z,y) < diam(Fg).
Since F}, is contracting,
lim diam(Fy) =0
k—o0
and d(x,y) = 0, that is, z = y.
Thus,

() Fr = {«}
k=1

Now, (2) = (1) : Let (x,) be a Cauchy sequence in X.

aside General idea: define Fj, in such a way that we can exploit (2) to show (z,) converges.

Let
Fp,=cl{z, :n>k}

F, is obviously closed. Since
{zp, n>k}D{z,:n>k+1}
So,
Frpy1 D Iy

Let € > 0. Since (z,) is Cauchy, IN > 0 such that for all m,n > N, d(z,, z,) < &.
diam{x,, : n > N} = sup{d(zn,2m) :n,m >N} <¢

Then diamcl{z,, : n > N} = diam{z,, : n > N}, so diam Fy < e. Since F,, is descending,
F, C Fn isn > N, we have
diam(F,) <e

for n > N. So,
lim diam(F,) =0

n— oo

So F), is contracting.
So, by (2),

() Fr = {=}
k=1
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For any k, x € Fj, and x € Fy.
d(zg, z) < diam F

and limy,_,,, diam Fj, = 0.
So,
lim d(zg,z) =0

k—o0

So our sequence converges. Hence, X is complete.

§14.1 ‘Completion of metric spaces‘

§14.1.1 Few definitions:

Definition 14.7 Two metric spaces (X,dx), (Y,dy) are called isometric if there exists a bijection
f X — Y such that Va,y € X,

dY(f(x)v f(y)) = dX(xay)

aside This is an equivalence relationship on the collection of all metric spaces

One identifies isometric metric spaces.
Definition 14.8 A subset S of a metric space (X, d) is called dense if

c(S) =X

In other words, S is dense in X if for any « € X, there is a sequence (z,) in S such that
lim,, yoo T, = T.

Example 14.9 Rationals are dense in R.

Exercise: Let d be a discrete metric on a set X. Show that if S is dense in X then S = X.

Definition 14.10 A complete metric space (Y, dy) is called a completion of a metric space (X, dx)
if there exists a subset Y C Y such that

1. Yis dense in Y

2. There exists a bijection

f X = Y/ such that Vm,y € X7 dY(f(x)vf(y)) = dx(l‘,y)
In other words, (Y, dy) is a completion of (X, dx) if (X, dx) is isometric to a dense subspace of Y.
Theorem 14.11
1. Any metric space has a completion

2. A completion of a metric space is unique up to an isometry

In other words, if (Y,dy) and (Z,dyz) are completions of (X,dx), then they are isometric spaces.
3. Completion of a normed space is a Banach space

4. If in (3) the norm of X was induced by an inner product, then completed space is also induced
by an inner product. (i.e. the completion of an inner product space is an Hilbert space)

44



15 FRIDAY, SEPTEMBER 27, 2013: TUTORIAL III

§15 Friday, September 27, 2013: Tutorial 111

§15.1 ‘Completion of metric spaces‘

Theorem 15.1  Any metric space has a completion
First, a lemma:

Lemma 15.2  Let (X, d) be a metric space and let (z,)5%; and (yn)o2, be two Cauchy sequences.

Then
lim d(xy,,y,) exists
n—oo
Proof. Done in class as part of the proof that diam(clY) = diamY'. O

Proof. #1. (of theorem; this is the long but instructive proof) Let X be a metric space; assume X is
not complete (or we are already done). Let C' be the collection of all Cauchy sequences in X.

Let’s define an equivalence relation on C, ~:

Two sequences (2,)5 4, (yn)22, are equivalent if

lim d(zp,yn) =0

n—oo
This is an equivalence relation:
1. Reflexive: d(zp,x,) =0 for all n
2. Symmetric: d is symmetric

3. Transitive: Let (x,) ~ (yn), (Yn) ~ (2n)-

Then
nh_)rrgo A, yn) = nh_}rrgo A(Yn,2zn) =0
Let € > 0. Choose N so that d(yn, zn), d(@n, yn) < €/2 for all n > N. O

Consider (C,~), let Y be the set of all equivalence classes [c] of C.

Let dy be such that dy ([c], [']) = lim,, 0 dz (T, yn) Where (z,,) € [¢] and (y,,) € [¢/]-
This is well-defined:

Let (z4,), (x},) € [c], (yn), (yl,) € [¢']- We need to show that

lim d(xnayn) = lim d(l‘/n,y;)

n—0o0 n—oo

From class, we have the inequality:

(20, yn) — d(h, y)| < d(@n, 27,) + d(Yn,yr,) = 0

Additionally, dy is a metric:

1. dy([c],[¢]) > 0 obvious (limit of any sequence of positive reals is a non-negative real)
2. dy([c],[]) =0 < [c] =[] clear

3. symmetric
4

. Triangle inequality: V[c], [¢], [¢"], dy ([c], [¢"]) < dy ([¢], [¢']) +dy ([¢], [¢]) “also clear if you think
about it for a minute”

Let [c], denote the equivalence class that contains the sequence z,, = x Vz, for some = € X.

Define }
f:X—=Y

where Y = {[c], : ¢ € X}. such that f(z) = [c],.
dy (f(x), f(y)) = dy ([cla, [c]y) = du(,y)
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Claim. cl(Y) =Y.

Proof. Let [c] € Y, and (x,) € [c]. AN > 0 such that d(zy,z,) < §, Vn,m > N.
Thus, d(zp,zn) < §. 28 € X.
Consider the equivalence class [¢],, € Y. Then

dy (e o) = Jim (@n,an) < § <2

Let [c](”) be a sequence in Y that is Cauchy.
— Ve > 0,3N s.t. Yn,m > N,dy ([, []™) < e

Then,
lim d(x;"),a:§m)) <e

Jj—o0
for representatives 2\ € [c]™ and x;m) € [c]™.
Then Jj(n) such that Vj > j(n),
(n)

;)<

We can assume wlog that j(n) — oo as n — oo.
Let yn = 200, and y = (yn)32,.
Claim. y in X is Cauchy.

Proof. Let ¢ > 0. Choose N’ such that ﬁ < £.
Choose N” such that for all n,m > N,

lim d(x§-n), x;m)) <

J—00

I

Then

A, ym) = d<x§7;), xg,’g;,{)) < d(xg.’gg), 2) 4 (@, 2™) + d(z(™, xg,’g;{))

Let’s pick j > max(j(n),j(m)) to obtain

d(a?(n) (n)) <

j(n) Vs

d(a plm) <

1
n
1
i(m)> % m

If m,n > max{N', N"},
2

+ +ﬁ

A(Yn,Ym) < +—=< <e

Wl m

1
m

SRS
w | m

Let (yn) € [c].
Claim. (Last one):

Proof.
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For all € > 0, 3J > 0 such that Vyj, 5 > J,

d(yj,yj) <€
So for n > J,
lim d(yn,y;) <e
j—o0
And thus,
1
lim d(z™,y;) < = +e¢
J—o0 n
So,

lim sup (‘lim d(yj(-n)»yj)) =0

n— oo J—0
Since the metric is always non-negative, we get

lim (lim d(yj(-n),yj)> —0

n—oo \ j—oo

which is the same as
lim dy ([d™,[¢]) =0

n—oo

Exercise: If (X, -] x) is a normed vector space. Then if (Y, || - ||y) is its completion, (Y, - ||y) is
a Banach space.

Proof. #2. (of theorem; the short version) Let C'(X,R) be the space of all continuous bounded func-
tions f: X — R, and let || f|| = sup,ex |f(2)]

Remark. (C(X,R),| -]|) is a Banach space
Let a € X be given. And for each z € X, set f,(z) = dx(x,2) — dx(a,z).

Claim. f,: X — R is a bounded continuous function.

Proof.
|fo(z1)— fo(22)| < |dx (2, 21)—dx(a, z1)|+]|dz (2, 22) —dy(a, z2)| < dx(z1,22)+dx (21, 22) = 2dx (21, 22)
So fz(#) is uniformly continuous.
|f2(2)| = ldx (2, 2) — dx(a, 2)| < dx(a,z) < o0

So fz(2) € C(X,R).

Let Y = {f,:z € X}.

Let F': X —» Y with F(z) = f,.

1o = fyll = sup [f2(2) = fy(2)| = sup |dx (2, 2) — dx(a, 2) — dx(a,2) — dx(y, 2)|
zeX zeX

= sup |dx (7, z) — dx(y, 2)|
zeX

> d(z,y)
<d(z,y)
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Tuesday, October 1, 2013

§16.1 ‘Extension by uniform continuity‘

§16.1.1

Theorem 16.1 (Extension by uniform continuity) Let (X,dx) and (Y,dy) be metric spaces
and suppose that Y is complete.
Let S C X be a dense set (this means ¢l S = X) and f: S — Y a uniformly continuous function;
this means
(Ve > 0)(30 > 0)(Va, y € §)(dx (z,) < 6 — dy (f(x), f(y)) < )

Then there exists a unique uniformly continuous function
f: XY

Proof

Uniqueness: Let f and g be two extensions satisfying the conditions of the theorem. Let 2 € X and
let (2,,)22; be a sequence in S converging to z. (We know such a sequence exists because cl.S = X).
Then,

f(xn) = f(zn) = g(zn) (%)

Since f and g are continuous,

f(xz) = lim f(acn)

n—oo

and

g(x) = lim g(zn)

n—roo

Then @ implies that f(z) = g(z).

Existence:

Claim. Let (z,,) be a sequence in S converging to a point v € X. Then (f(x,))32; is a Cauchy
sequence in 'Y .

Proof. Let ¢ > 0. By uniform continuity of f on S, there exists 6 > 0 such that for all z,y € S,

dx(z,y) <0 = dy(f(x), f(y)) <e

Note z,, is a converging sequence, hence it is Cauchy. So we can find N > 0 such that for all m,n > N,
Ax (Tp, Tp) < 0.
But then,
dy (f(@n), flam)) < ¢

Back to the proof: How to define our extension f :
If x € X, let (x,,) be a sequence in S converging to . Then f(x,) is Cauchy in Y, and since Y is
complete,
lim f(z,) €Y
n—oo
So we set f(z) = lim,, o0 f ().
First, we need to check that f is well defined. That is, if (z,) and (y,) are two sequences in S
converging to x € X, then we must have

lim f(xn) = lim f(yn)

Define a sequence z, by 29,—1 = Tp, and 2o, = y,. (i.e. 2 = (v1,y1, T2, Y2, -.)).
Note that z, also converges to x and obviously, z, € S.
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lim,, o f(2) exists by the claim But then

lim f(z,) = hm flzn) = hm f(yn)

n—0o0

So f is well-defined.

Now if x € S, we can take for (z,) the constant sequence =, = x. Then f(x,) = f(z) and
f(x) =lim, 500 f(2,) = f(2). So f coincides with f on S.

It remains to check that f is uniformly continuous on X. So we want to show

(Ve > 0)(36 > 0)(Vr,y € X)(dx(z,y) <§ = dy(f(z),f(y)) <e)
Fix ¢ > 0. We will choose ¢ so that for all z,y € S,

dx(z,y) <20 = dy(f(z), f(y)) <

w | m

(This is possible because f is uniformly continuous on S). The claim is that this § does the job. Let
x,y € X be such that dx (z,y) < 9.

Choose sequences (x,,) and (y,) in S such that lim,, . 2, = z and lim,, s ¥, = y. Then AN’ > 0
such that for all n > N’,

dx(zn,r) < 7 and dx (yn,y) <

M\m
l\?\o,

Since lim,, ;o0 f(2,) = f(2) and lim, oo f(yn) = f(y), IN” > 0 such that for n > N”,

dy (f(zn), f(2)) < 7 and dy (f(yn), F(y)) <

Wl ™
Wl M

Take any n > max(N’, N”). Then

dx (n,Yn) < dx (Tn, o) +dx(z,y) +dx (y,yn) < 20
52 5 52

and

dy (f(2), f(y)) < dy (f(2), f(x2)) +dy (f(@n), f(yn)) + dy (f(yn), f(y))
these are each less than £/3, so dy (f(z), f(y)) < e.

5162

Remark. Let (Xk,dr), k = 1,...,n be complete metric spaces. Then their product X = szl Xy is
also complete. In particular, R™ is complete. (This is left as an exercise).

Let (Xg,dk), k =1,2,... be a sequence of metric spaces and

H = {z = (21) 21 € Xi}

and
o0

d(z,y) = ZQ—k d(Tr, Yr)

= 14 de(ze,y)

If each (X, dy) is complete, then the product (X, d) is complete.

Proof. Let 2™ = (z ,(cn))k 1, n=12,... bea Cauchy sequence in (X,d). We need to show that it
converges. We have shown that z(™ converges if and only if for all k, the sequence

:1:,(:), n=1,2,... converges in (Xy,dy)

Since (X, dy) is complete, it suffices to show that zk is Cauchy.
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So we need to show that if (™) is Cauchy in (X,d), then for any k, the sequence :v,(:’) is Cauchy
in (X,d). Fix k. Choose € > 0. Let & > 0 be such that

2ke!

0< _~2°
< 1 — 2ke!

<e

Since (™ is Cauchy, we know that there 3N > 0 such that Vm,n > N,

e o d; x(-n),x(-m)
d(z™,2M) =3 27 i, - (n)ﬂ <€
j=1 1+dj(‘rj » L g )
In particular,
(n) _.(m)
9k dj(x; ™, a5) <
1+ dj(2", 25™)
Then
dk(ac,(cn), a?,(cm)) < 2k 4 2k ay (m,(cn), xém))
SO
di (2, 2™ (1 — 2%’y < 2k¢/
and thus .
n) m 2%e
dk(a:,(C ,x,i )) < T okg <e
for all n,m > N.
So xfcn), n=1,2,...,is Cauchy and we are done. O

§16.3 ‘9.5: Compact Metric Spaces‘

Recall: Bolzano Wierstrauss Theorem: [a, ] closed and bounded interval, (z,)22; with z,, € [a,b].
Then there exists a subsequence (z,, ) such that limy_,o x,, exists.

§17 Thursday, October 3, 2013

§17.1 ‘9.5: Compact Metric Spaces‘

Definition 17.1 Let X be a set and Y C X. A family of sets {O4 }acr, On C X is called a cover of

Y if
Y C U Oa
acl
A cover {O, }aer is said to have a finite subcover if there are finitely many indicies oy, ..., q, € T
such that

Y COu, U...UO,,

If X is a metric space, a cover {O, }qcr is called an open cover if each O, is an open set in X.

Definition 17.2 A metric space X is called compact if every open cover of X has a finite subcover.
A subset K C X is called compact if K is compact considered as a metric subspace of X.

Remark. A subset K C X is compact if and only if every open cover of K in X has a finite subcover.

Proof. Suppose that K is compact. Then K as a metric subspace of X is compact. Let {O,} be an
open cover of K in X.

Kc |0

acl

where O,, is open in X.
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K=Jo.NK=JVa

acl a€cl

for sets V,, open in K, so {V,} is an open cover of K (in K). Since K is compact, {V,} has a finite
subcover,

K=V, U...UVa, =K[(0a,U...UO,,)

So
K COy, U...Uo,,

Conversely, suppose now that every open cover of K in X has a finite subcover. Let {V,} be an
open cover of K in (K,d). So, each V,, is open in (K,d), and

K=]JVa
acl

‘We have shown that
Vo =0a[ K

where O,, is open in K.
Then

K=|JKnO,=Kn||JO.|c O

ael ael a€el

S0 Opqer is an open cover of K in X.
So we can pick a finite subcover K C Oy, U...UO,,,. But then

K=KN(OuU...UOq4,)=(KNOu, U...U(KNOy,) =Va, U...V,.
So Vay, ..., Va, is a finite subcover. O

Definition 17.3 A family of sets {F,}aer in X is said to have the finite intersection property if for
any finite subfamily F,, ..., F,,,
Fon..NF, #@

Proposition 17.4 Let X be a metric space. T.F.A.E.
1. X is compact

2. For any family {F,,} of closed sets in X with the finite intersection property,

() Fa# 2

acl

Proof. (1) = (2). We argue by contradiction. Suppose X is compact, but (2) fails.
This means 3{F, }oer a family of closed sets with finite intersection property with

ﬂFa:Q

Then

UFi=x
Since F, is closed, {F<} is an open cover of X. Since X is compact, there exists a finite subcover
X=F; U...UF;

Then

G=X—(F;, U...UF; ) =(F)N...0F; ) =FoyN...NFy,

QAn
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This contradicts the fact that {F,} has the finite intersection property.
To show that (2) = (1), Let {Oqn}acr be an open cover of X. Then

X=J0.

acl

Then @ = ,c; O So the family {O }nei of closed sets does not have the finite intersection property

(by (2)).

Hence, there are finitely many «q, ..., o, € I such that
@=0;, N...N0;

and then
X=(05Nn...n0%,) =04, U...UO,,

So the cover {O,} has a finite subcover, and X is compact. O

Definition 17.5 Let X be a metric space. Then X is called totally bounded if for any € > 0, X can
be covered by a finite set of balls of radius €. A subset Y C X is called totally bounded if Y is totally
bounded as a metric subspace of X.

Remark. X is totally bounded if for any € > 0 there are x1,...,x, € X (n- depends on ¢) such that
X = B(z1,e)U...UB(xp,€)

Y C X is totally bounded if for any € > 0 there are 1, ...,2, € Y such that Y C B(z,£)U...UB(xy,¢)
Fact. If X is totally bounded, then X is bounded. Take € = 1 and write

X = B(z1,1)U...UB(zp,1)
Let z,y € X. Then z € B(zg,1) and y € B(x;,1).

d(z,y) < d(z,zx) + d(zj, ) + d(z,y) <2+ | nax d(xe,zp) =2 M

So, Vz,y € X, d(z,y) < M. So diam(X) < co and X is bounded.

Remark. Very important: converse is not true in general.
Example 17.6 Normed space (C([0,1]), || - ||2)-

L 1/2
12 = ( / |f<x>2dx>

Choose the unit ball in this normed space:

B={feC(01]) - Ifll2 <1}

Clearly, bounded.
Let f,g € B. Then

d(f,9) = IIf —gllz < Ifllz + llgl2 < 2

So diam(B) < 2.
Let f,(x) = cos(2mnx), n=0,1,....
We have that || f,|l2 < 1.

1 1
| fr = finll2 = /0 |fn — fml?do = /0 | cos(2mnzx) — cos(2mma)|* da

1 1 1
= / cos?(2mnx) do + / cos? (2mrma) do — 2/ cos(2mma) cos(2rma) dx
0 0 0

92

17.1  9.5: Compact Metric Spaces



18 FRIDAY, OCTOBER 4, 2013

§18

Then use that cos® o = H%S(Qa)

and that cos acos # = 3 (cos(a + ) + cos(a — 3)). We get that

lfn—fmlla=1in#m

If B was totally bounded, we could find ¢y, ..., g¢ such that

1 1
B C B(g1,5)U...UB(ge, =)
3 3
{fn}5, isin B. So there are n # m such that
1
fn7fm EB(Q7§)
But then
1 1 2
= ”fn - fm||2 < ”fn _9”2 + ||g— meQ < 3 + 3 = 3

Contradiction: B is not totally bounded.
Theorem 17.7 Let (X,| - ||) be a normed space in which the closed ball

B={zeX:|X| <1}

is totally bounded. Then dim X < oo.

Theorem 17.8 If (X,| - ||) is a normed space and dim X < co then' Y C X is bounded if and only
if it is totally bounded.

Friday, October 4, 2013

§18.1 ‘Characterization of compactness‘

Definition 18.1 A metric space X is called sequentially compact if any sequence (z,,)%2; in X has
a subsequence (z,, )72, such that (x,,) converges to an element of X as k — oo.

Theorem 18.2 (Characterization of compactness) Let X be a metric space. T.F.A.E.:
1. X is complete and totally bounded
2. X is compact
3. X 1is sequentially compact

We will split the proof into three propositions.
Proposition 18.3 ((1) = (2)) If X is totally bounded and complete, then X is compact.

Proof. Suppose X is totally bounded and complete, but not compact.
Then, there exists an open cover {O,} of X that does not have a finite subcover. We will construct
a sequence Fy, Fs, ..., F,,... of closed sets in X as follows:

Step 1: Since X is totally bounded, there are finitely many points argl) . ,xg) such that
X =B 1) U, UBGED, 1)

there must exists &k with 1 < k < n such that the ball B(a:g), 1/2) is not covered by any finite
subcollection of {O,} (otherwise we would have found a finite subcover).

Then we set
Fy = (B2 1))

Note diam(F}) < 1.
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Step 2:  We construct F; by using F;. Again, since X is totally bounded, there are wgg), xgz)’ . ,x%)

such that
X =B, 10y u...uB=?,1/)

Then .
F1 = Fl NnNX = U Fl ﬂB(x§2),1/4)

j=1
Now there must exist k, 1 < k < ny such that

Fr () B(x?,1/4)

is not covered by any finite subcollection of {O, }, because we know that F; cannot be covered by any
finite subcollection.
Set
Fy = cl(Fy N B(X?,1/4))

So we have F, F5 both closed, Fy C Fp, diam F; < 1, diam Fy < %7 and both F; and F5 cannot
be covered by any finite subcollection of {Oy}.
Suppose that we have constructed Fi, ..., Fy_1 such that

FiDFD...DFn_1

and diam F;,, < %, and each F), cannot be covered by any finite subcollection of {O4}aer, for all
1<n<N-1.
Step N: Fly is constructed as follows:

1
"2N

YU...UB((z®) L)

_ (N)
X = B(z; "GN

Then there must exist k, 1 < k < ny such that

1

FNI N B(xl(cN)7 ﬁ)

cannot be covered by any finite subcollection of {O,}. Then set

1
FN = CI(FN_l NnB (ZZJI(CN), 2]\[)

Then Fy is closed, Fy_1 D Fy, Fy cannot be covered by any finite subcollection of {O,} and
diam FN S %
So we have a sequence Fy, N =1,2,... of closed sets satisfying the above properties.

So far we have used that X is totally bounded, but not that X is complete. Now we use that X
is complete to apply Cantor Intersection Theorem: Jzg € X such that

ﬂ Fn = {zo}
N=1

Now, since {O, }aer covers X there exists an «g € I such that
20 € Ogq,
Since O, is open, there exists > 0 such that
B(zg,7) C Oq,q

Choose now Ny such that N%) < r. Then we know that z¢ € Fi, and diam Fi, < Nio <r.
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So if y € Fy,, then
d(xo,y) < diam(Fn,) <7

So,
FNo C B(.To,T) C an

So Fl, is covered by O,, and Fy, has a finite subcover in {O,}. But by construction, Fi, does

not have a finite subcover.
O

Proposition 18.4 ((2) = (3)). If X is compact, then X is sequentially compact.

Proof. Let (z,)52; be a sequence in X.

Define F,, = cl{zy : k > n}. So F, is closed, Fy4+1 C Fn. (You cannot apply Cantor intersection
theorem, because we don’t know that X is complete).

The family {F,}52; has the finite intersection property:

Fnlﬂ...ﬂFnkBIg

where 2y = max(ny,...,ng). Since X is compact,
oo
() Fn#@
n=1
Pick
(oo}
g € ﬂ F,
n=1

rg € [ = Cl({xk k> ].})

So, by definition of closure point,
B(zo, 1) N{zp 1z >1} £ @

Pick x,,, in the set B(zg,1) N{zg : @ > 1}. Then d(z,,,xo) < 1.
Then xg € F, 41 = cl{z : k > ny + 1}. So,

B(zo, )N {zp:k>ny+1} # @

Pick 2, in this set. ny > ny, d(zn,,xo) < % Continue inductively.
Ty, € Fpy_, 41 such that d(z,,,z0) < 1.
Then (x,, ) is a subsequence of (z,) and

d(xn,,, o) <

El e

Thus,
lim d(l’nk,l'o) =0 << (xnk) — o

k—o0

O

Proposition 18.5 ((3) = (1)). If X is sequentially compact, then X is complete and totally
bounded.

Proof. Let (x,) be a Cauchy sequence in X. Since X is sequentially compact, (x,) has a conver-
gent subsequence (z,,). Then (x,) converges, because we have shown that a Cauchy sequence with
convergent subsequence has to converge. Thus, X is complete.

To prove that X is totally bounded, we argue by contradiction. Suppose it is not. Then Jeg > 0
such that X is not covered by a finite collection of balls of radius q.

Pick 7 € X. Then X 75 B(Z‘l,So). So das ¢ B(l‘l,&()), ie. d(l‘g,xl) > €g.

Then X # B(x1,e0) U B(xa,¢0).
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So E|£173 ¢ B($1,€0) U B($27€0), SO d(.ﬁEg,l’Q) > €0 and d($37l’1) > £0-

Continue inductively. We construct in this way a sequence (z,) € X such that Vm # n,
d(m,xy) > €o. Since X is sequentially compact, (x,) has a convergent subsequence (x,,). But
d(Zn,, Tn,) > €0 if k # j. So (x,,) is not Cauchy, and so cannot be convergent. This is a contradic-

tion, so X must be totally bounded.

O
§19 Friday, October 4, 2013: Tutorial IV
s10.1
Recall: |- ||, on R™.
" 1/p
w= ()i el = D lwl?
i=1
and
oo = max ||
RY={f:N—R}
- 1/p
171l = { D_1Fl”
k=1
[flloc = sup | fi]
k>1
A priori, this is not a norm on RY; fi = k leads to ||f||, = oo for all 1 < p < oc.
BN = {2 € B |lal, < 00} = {z € B2 Y auf? < oo}
k=1
And, similarly,
(®(N) = {z € RN : sup 21| < o0
k>1
Easy to check that || - ||, is a norm on ¢?(N), for 1 < p < oo.
Any countably infinite set is in bijection to N, so we will only consider ¢?(N).
Fact. If p < gq, then (P(N) C ¢%(N).
Proof. Assume p < q.
z € P(N) Z\xﬂp < oo
k=1
= lim |2k =0
k—o00
= IN >0s.t. Vk> N, |z < 1
o] <1 = |zi|P > |zk|'VE > N
[e9) N o]
D lanl® = lel’+ D fanl?
k=1 k=1 k=N+1
—_——
<o <o
So z € (1(N).
It’s left as an exercise to show that if p < ¢, then (?(N) & £9(N).
O
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§19.2 ‘Holder and Minkowski inequalities on /P spaces‘

Minkowksi inequality Let z,y € (P(N), for 1 < p < oo.
lz+yllp < llzllp + llyllp
Holder’s inequality If x € /P, y € ¢4, and % + % =1, then 2y € /}(N) and

eyl < llzllpllyllg

§19.3 ‘Zp is Complete‘

Theorem 19.1 ¢P(N) is complete (1 < p < 00).

§19.3.1 Proof

(p = 0o as an exercise). Let (a¥)22; be Cauchy in ¢P.

at = (a2, af eR

%

a® Cauchy <= Ve > 0,3K s.t. Vm,n >k,
a™ —a™|l, <e
Which is true if and only if

oo
Z la]* —al|P < eP
i=1

and we have that
o0
o —al [P < e —afP <t = Jal —a| <e
i=1
for fixed ig € N.
So (a¥ )72, is Cauchy.

We have that

k—
af 7% 0, € R

for all 7 € N.
Let a = (a;)%2; where a; = limy_,, a¥.
We know that a’f — a1. Choose kq such that Vk > ki, we have |a’f —a1| < % =21
Since af — a4, choose k; > k;_1 € N such that Vk > k;, and j <4,

1
laf —a;] < 5

For each j € N, k > k;, n < j, we have
\a’; —ap| <277

In particular, ‘
laki —a,| <277
for j > n.

Claim. a = (a,)22, € (P(N). Need to show > -, |ag|P < co.
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Proof. Fix N € N.
an = (an — afLN) + aﬁN

1/p 1/p 1/p

N 0o N
Dolaal” | <D lan—af |+ D e
k=1 n=1 k=1

k
<llanN|lp<oo

Recall that (a*) is Cauchy in ¢° (by assumption), so bounded: 3R such that [|a*~ ||, < R for all
N.
Then,

1/p N 1/p

N Y
Slal”| = (XN +R=(N27) "t R=2NN)/"+R<R+S

n=1 n=1

2-N(N)P — 0 as N — o0, so bounded above by S for all N.
Then we have a € (P(N), as the limit exists. O

Claim. ||a* — all, — 0 as k — co.

Proof. Let € > 0. Since a € £P, we have 3N; € N such that Y 2 \ [a, [P < e
In addition, (a¥) is Cauchy in ¢7, so 3N, such that Yk, m > No,

||ak —a"l, <e
Let N = max(Ny, N2). Thus,
o0
Z |a,|P < ef and ||a™ —d*|, <&, VE> N
n=N
a® is Cauchy, so take N’ large enough so that
o0
D o[ <e?
n=N'

WLOG, take N’ > N.
For each n, a®¥ — a,,, so choose K so that

(C:p
N’

for k > K;. Similarly, choose K; with 1 < i < N such that

la¥ —aq| <

k eP
la; — ai| < N
and choose K = max; K;.
Then
&P
a; — an| < N (%)

for k> K, n <N
Again, WLOG, K > N'.
For any k > K,
(aﬁ —an)pey = (afi - an)g:II + (afi — n)pene
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aside interpret the first sequence as being infinite but zero after N’ — 1, and the second as starting
at 1 but zero before N’, so that the sum makes sense

N 1/p 1/p
—1 o]
la* —all, < | D lak —anl? |+ | D lap —anl”
n=1 n=N’
Then by (ED,
N'-1 L/p N-1, , 1/p N 1/p
ko _ P < & = —1
Z lan — anl = Z N/ - N/ €
n=1 n=1
Then, by use of triangle and Minkowski,
1/p 1/p 1/p
o0 o0 o0
Yolak—aal ) < D lakP ) | D lanl
n=N’ n=N' n=N’
<e

la® — all, < 4e

§20 Tuesday, October 8, 2013

Theorem 18.2 (Characterization of compactness) Let X be a metric space. T.F.A.E.:
1. X is complete and totally bounded

2. X is compact

3. X is sequentially compact

§20.1 ‘Two basic facts

Proposition 20.1 Let X be a metric space and ¥ C X a compact subset. Then Y is closed and
bounded.

Proof. Y is totally bounded so Y is bounded. To show that Y is closed, let « € clY. Let (x,)5%, be
a sequence in Y that converges to z,
lim d(x,,z) =0 (%)

n—oo
Since Y is compact, there exists a subsequence (z,,) that converges to an element of Y (compact
<= sequentially compact).
Hence, there is y € Y and a subsequence (z,, ) such that

lim d(zy,,y) =0
k—o0

But from (ED we have
lim d(z,,,z) =0

k—o0

So x = y and this means that x € Y. Hence, Y is closed.

Proposition 20.2 (Exercise) Let X be a compact metric space and Y ¢ X. T.F.AE.
1. Y is compact
2. Y is closed

Remark. Recall similar statement for completeness.
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§20.2 ‘Compactness and continuous functions‘

Proposition 20.3 Let (X,d,) and (Y, d,) be metric spaces and f : X — Y a continuous function. Let
X be compact. Then the image of X by f, that is, the set

fX)={f(z):z e X}
is a compact subset of Y.

Proof. Let {Oq}acr be an open cover of f(X).

f(X)c | 0a

acl

Then
Xcr{Uoa| =0
acl ael
and (since f: X —-Y)
X = U f_l(Oa)

acl

f is continuous, O, is open in Y, so f~(0,) is open in X.
So, {f71(04)}aer is an open cover of X. Since X is compact, this cover has a finite subcover.
Thus, dag, as,...,qa, € I such that

X =f10u,)U...UfH0,,)
But then,

)= s (1710u) U 0,
k=1 k=1

So we have extracted the finite subcover, so f(X) is compact.
O

Exercise 20.4 Properties of f, f~1, (for example, we have used that f=1(U;erA;) = Uier f~H(A;)

). Make sure you know all of them.

Exercise 20.5 Give another proof of the last proposition by showing that f(X) is sequentially
compact.

Theorem 20.6 (Extreme Value Theorem) Let X be a compact metric space and f: X — R be
a continuous function. Then f achieves its minimum and maximum value on X.

Remark. For the converse statement, refer to the book.

Proof. f(X) is compact subset of R, and hence closed and bounded. Let
M =sup f(X) =sup{f(z) : 2z € X}

and
m = inf f(X)

Then, obviously, M and m are finite since f(X) is bounded. Then the claim is that there exist
Z0,Yo € X such that
flxzo) = M and f(yo) =m

Then f(zg) > f(z) Yo € X and f achieves its maximum value at xg. Similarly for yo.
We will only deal with M (maximum value); the other case follows from the first by considering

—f.
Suppose that the statement is not true: for all z € X, f(x) < M = sup f(X).
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§20.3

Let n > 0 and look at M — % This is not an upper bound for f(X), since M, as the supremum,
is the least upper bound.

So there exists x,, such that f(z,) > M — 1. Now (z,) is a sequence in X. X is compact, and
hence sequentially compact, and there exists a subsequence (z,, ) such that

lim z,, = o
k—o00

Now, since f is continuous

lim f(xnk) = f(xO)

k—o00
But 1
M > f(zp,) >M——
n
As k — oo, ni — 00, so limy_,o0 f(zn,) = M = f(x0)i So f achieves its maximum value at xg.
Hence, the statement follows. O

Example 20.7 f(z) = 2 on (0,00). f is continuous, M = sup(f(X)) = oo and m = inf(f(X)) =0,
but f never achieves those values. But that’s because (0, 00) is not compact.

‘ Lebesque Number ‘

X- metric space, {O4 }aer an open cover of X,
x=J0.
ac

Take z € X. Then z € O, and so there is ¢ > 0 such that B(z,e) C O,. But € depends on X.
However, if X is compact, one can find eg such that B(z,e¢) C O, for some « and all x.

Theorem 20.8 (Lebesque Covering Lemma) Let X be a compact metric space. Let {Og}acr
be an open cover of X. Then there exists € > 0 such that for all x € X, B(x,¢) is contained in an
element of the cover. Such an € is called a Lebesque number of the cover.

Proof. We will argue by contradiction. Suppose that the statement is not true, namely that is not
true that
(e > 0)(Vx € X)(Fa € I)(B(z,e) C Oy)

- (Ve > 0)(3z € X)(Va € I)(B(,¢) ¢ Ou)

Take € = % Then Jz,, such that B (xn, %) is not contained in any single member of the cover.

The sequence (x,,) has a convergent subsequence (X is sequentially compact).
Let (z,,) be a converging subsequence

lim z,, =z
k— o0

xo € Oq, and since O,, is open, there is r > 0 such that B(zg,r) C Og,-
Now, let ng be such that

T 1 T
d(xg,zn,) < 3 and v <3
(klim d(zg,xn,) =0 and n; — co as ¢ — oo)
— 00

Look at B (l‘nk, n—lk) Ifye B (xnk, n%)7 then

d($07 y) < d($07 xnk) + d(xnk ) y)
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So,
1
B (mnk, ) C B(xg,7) C Ogqy,
n
So, B (xnk, n—lk) is contained in a single element of the cover. Contradiction. O
Theorem 20.9 Let (X,d,) and (Y, d,) be metric spaces and f : X =Y be a continuous function.

Suppose X is compact. Then f is uniformly continuous.

Thursday, October 10

Theorem 21.1  Let (X,dx) and (Y,dy) be metric spaces and f : X — Y a continuous function.
Suppose that X is compact. Then the function f is uniformly continuous.

Proof. We want to prove
(Ve > 0)(30 > 0)(Va,y € X)(dx(z,y) <d = dy(f(z), f(y)) <e)

We know that f is continuous and that X is compact. Fix € > 0. Since f is continuous, for any x € X
there is a 6, > 0 such that

dx(z,y) <dp = dy(f(2), f(y)) <

N ™

Let O, = B(z,d,) and {O;}zcx an open cover of X.

xX=J 0.

zeX

If Uyv € Oy, then

€ €
dy (f(u), f(v)) < dy (f(u), f(2)) + dy (f(2), f(u)) < 5 + 5 <€
Because X is compact, there exists a Lebesque number 6 > 0 for the cover {O,},cx. This § (give
our ¢) suffices for uniform continuity. To see this, let z,y € X such that dx(z,y) < 6. THen
y € B(x,d). Since § is the Lebesque number, there exists ' € X such that B(z,d) C O,/. But then
2,y € Op = dy(f(2), f(y)) <e. =

Example 21.2 (Basic fact from Analysis 2). A closed interval [a,b] is a compact subset of R. In
other words, any sequence (z,,)22; in [a,b] has a convergent subsequence.
Proof:
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§21.1

§21.1.1

Divide [a,b] in two parts of equal length. One of them must contain infinitely many elements of the
sequence; call this interval I, and denote the first element as z,,. Then divide I; into two equal
parts. One of those parts has to contain infinitely many elements of the sequence {z, : n > ni}.
Pick one such part, denote it by I, and let x,, be the first such element in I». Continue inductively.
In this way, we have constructed a sequence of intervals I}, such that the length of Iy is b;—k“ and a
subsequence (x,, )72, such that Tp,; € Iy for all j > k. Sequence x,, is Cauchy: Since T, Tn, € I

for j,j" > k,

b—a
‘ITL]' - xnj/‘ S 2kt

Given € > 0, b;—,f‘ < ¢ for k large enough.
The completeness of R implies that limy_, o zp, = x exists. Since a <z, <b, a <z <b.
Example 21.3 Let X be a set and d the discrete metric on X,

1 ifx#y
d(z,y) =
0 ifx=y

Then X is compact if and only if X is a finite set.
Any metric space consisting of finitely many points is compact (the trivial open cover is its own
finite subcover). Suppose that (X, d) is compact.

B(x,1/2) = {x}

So X = U,cx 17} is an open cover. Since we assumed (X, d) is compact, we can pick a finite subcover:
dxq,...,x, € X such that
X ={x1}U...U{x,} ={z1,...,2,}

So X consists of finitely many points.

‘Compactness in finite dimensional normed spaces‘

Preliminaries

Let X be a finite dimensional vector space. Let {e1,...,en} be a basis of X, with dimX = N. So
any x € X can be written as
r=o1e1+ ... +ayen
Let ||2|loco = maxi<p<n |l
Exercise 21.4 || || is @ norm onX.
Note that || - ||oo depends on the choice of basis.
Proposition 21.5 Let S ¢ X. T.F.A.E.

1. S is closed and bounded in (X, || - ||oo)-
2. S is compact in (X, || - ||oc)-

Proof. We need to prove (1) = (2) ((2) = (1) is true in any metric space).
We will prove that S is sequentially compact. Let (x,) be a sequence in S. Since S is bounded,
dM > 0 such that ||z, < M. for all n. Now,

Ty = agn)el + ...+ Q%L)CN

And

|nlloo = max_ |l
1<G<N Y

So for all j, (ag-"));’f’zl is a bounded sequence of real numbers. Such a sequence always has a convergent
subsequence.
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So agn) has a convergent subsequence with indicies, say nx,. Then aén"l) has a convergent sub-

sequence of this subsequence; call those indicies ny,. We can repeat this for the finitely many «; to
(nk )

find a subsequence for which a, converges. But this a subsequence of a sequence for which each
a; for j < N converges. Call the indicies of this last subsequence ay, .
Then )
lim o)™ = «;
k—oco J J

for some o;.

§22 Friday, October 11, 2013

§22.1 ‘Compactness in finite-dimensional normed spaces (ctd.) ‘

Last class: X-vector space, dim X = N < oo, {e1,...,en} given basis.

r=auoqe; +...+ae,

2]l = max [a|
1<k<N

is a norm on X.
S C X is compact on (X, || - || ), |f] is closed and bounded.

Theorem 22.1 Let X be finite dimensionsal vector space and || - ||1, || - |2 two norms on X. Then
these norms are equivalent, that is to say, there exists constants Cy,Cy > 0 such that

Cillz|2 < [[z]l1 < Coflz|2

forallx € X.
Proof. Fix a basis {e1,...,en} of X. And let || - || be as in the previous proposition.
Let || - || be any other norm on X. We will show that || - || and || - ||oc are equivalent.

Let z € X. Expand,
r=awoa1e1 +...+ae,

Then,

N N N N
Iﬂ=HZﬁﬁﬂ<Z:%%FE:%WN<Qg§MJ§:%H
j=1 j=1 J=1 j=1
N
Co=3_llesl
j=1

is a finite number that only depends on || - || and a choice of basis.
So, [|z]| < Cy - [|2]co-
Now we need the lower bound. Define a function f : X — R by f(z) = ||z|. Then

1f(@) = F)l =zl = llylll < [lz = yll < Callz — ylloo
So f is Lipschitz as a function on normed space (X, || - ||«). In particular, f is continuous. Let now
S=1{reX:|ao=1}

S is the unit sphere in (X, || - ||oo)-
S is obviously bounded in (X, | - ||s) and S is closed in (X,| - |loo): if 2, € S and z, — = as

n — oo, then ‘Hanoo “Nzlloo| < llzn — 2/l So ‘1 ~zlloo| < ll#n — lloc — 0 as n — co. So

2]l = 1.
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By previous proposition, S is compact in (X, | - ||oc). The function f(z) = ||z| is continuous on
(X, |I|leo) and so is continuous when restricted to any metric subspace. Since S is compact, f achieves
its minimum values. So there exists xg € S such that

m = ||zol| = inf ||zl

We must have that m > 0. Otherwise, if m — 0, we have zg = 0x but z¢g € S, ||zo]leo = 1,

contradiction.
So m > 0. Let now x € X arbitrary subject to  # 0. Then W es.
-

1] 0
So,

1

[z m = g el = mor el = i
[[]] o ]|
for all x € X with = # 0. So,
[z]] = m - [2]lo

which is obviously true when x = 0. So, ||z|| > C1||z||c where C; =m > 0. So, || - || and || - ||« are

equivalent. Since equivalence of a norm is an equivalence relation, any two norms are equivalent. [

Theorem 22.2 (Heine-Borel) Let (X,| -||) be finite dimensional normed vector space and let
ScCX. Then T.F.A.E.

1. S is closed and bounded
2. S is compact in (X, |- ||)

Proof. (2) = (1): general fact
(1) = (2): Fix a basis {ey,...,en} and let || - || be the corresponding norm. Since || - || and
Il - oo are equivalent, there exist constants Cy and Cs such that

Vo € X, Ciljzf| < [lz]loo < Cofl]l (%)

S is closed and bounded in (X, | -||). THen the first inequality in (¥) gives that S is bounded in
(X, ] - lloo) and the second inequality gives that it is also closed in (X, | - [|s). Why? Let x € cl(S) in
(X, |l - llo)- Then there is x,, € S such that lim, o ||2n — %]l = 0. Then ||z — z,| < C%Hx — Znlloo-
So, &, — x in (X, ]| - ||). Since S is closed in (X, || - ||), z € S.

So, S is compact in (X, ]| - ||eo) by previous proposition. Let (z,) be a sequence in S. Since S
compact in (X, || - [loo), this sequence has a converging subsequence z,, converging to an element
x €S in (X,]|leo). Since the norms |- || and || - ||o are equivalent, z,, — z in (X, | -||) also. Hence,
S is sequentially compact, and so is compact.

O

§22.2 ‘Compactness in infinite dimensional normed spaces

“Let (X, || - ||) be a normed space in which the unit ball is compact”
Theorem 22.3 Let (X,| -||) be a normed space. Suppose that dim X = oo. Then the closed unit
ball
B={ze X :|z|| <1}
is mot a compact subset of X.
We need two lemmata.

Lemma 224 (Lemma 1, Riesz Lemma) Let (X,||c|]) be a normed space and S C X a proper closed
subspace of X. Let 0 < o < 1. Then there exists yo, € X \ S such that ||ya]| =1 and

lyo —z|| > VxS
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Proof. Since S is a proper subspace, 3y € X \ S. Let
d = dist(y,S) = inf{||ly — z| : = € S}

Claim: d > 0.

If d = 0, then for any n > 0, % is not a lower bound. For our set 3z, € S such that ||y — z,|| < L.
Then z,, — y and since S is closed, y € S (contradiction).

Now, £ > d since 0 < a < 1. So £ is not a lower bound for the set {||y — z|| : € S}. So there is

an x, € S such that

d 1 o
ly — 2ol < — &= —— > =
o ly —zall = d

Let yo = m Then ||y.|| = 1.
Also, yo € S. If yo € S, then ||y — z4||ya + o = y. So y is a linear combination of elements of .S,
and so is in S too (contradiction).

For z € X,

Sy
[
Q

d>

S e)

Yy—x 1 1
e — 2l = H H S T
ly — = ly — zal -

all

> - .
Iy — zall

Tuesday, October 15, 2013

Last class:

Theorem 23.1 Let (X,| - |) be a normed space. Suppose that dim X = oco. Then the closed unit
ball
B={zreX: | <1}

is not a compact subset of X.

Lemma 23.2 (Lemma 1, Riesz) Let (X,]| - ||) be a normed space. Let S C X be a proper closed
subspace of X and 0 < a < 1. Then there exists yo, € X \ S, ||yall = 1, such that

1Yo — 2| > a

forallz € S.

Lemma 23.3 (Lemma 2) Let (X, || -1|) be a normed space and S C X a finite dimensional subspace.
Then S is closed.

Proof. Let x € c1S. Then there exists sequence (x,,)52; in S such that
lim ||z, —z|| =0
n—oo
Now (z,,) is converging, hence (z,) is bounded. That is, IM > 0 such that
Joall < M

Consider (S, ] - ||), finite dimensional normed subspace in X. The sequence x,, is contained in the
closed ball {x € S : ||z|| < M}, which is a closed bounded subset of S. Since S is finite dimensional,
this closed ball is compact. Hence, there exists a subsequence of x,, that converges to an element
yes.

lim |z, —yl| =0

k—o0
Also,

lim ||z, —z||=0
k—o00

Soxz=yandxz €S. SoclS C S and S is closed. O
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§23.1 ‘Proof of the Theorem‘

Take z1 € B, ||z1|| = 1. Let S; = span{z;} = {ax; : @ € R}. This is a closed vector subspace of X
and S # X since X is not finite dimensional. So, there exists x5 € X, xo € S1, ||22|| = 1, and

1
|22 — 21| > 3

By the Riesz lemma.
Let now Sz = span{z1, 22} = {@121 + asza : a1, a2 € R}.

Sy is a closed proper subspace of X and we can find x5 such that ||lz3]| = 1 and ||z — 22| > 1 and
s — x| > 3.

So, inductively, we construct a sequence (z,)52; such that ||z,,|| =1 and ||z, — || > 5 where
n>m.

This sequence cannot have a convergent subsequence because all subsequences are not Cauchy. So
B is not sequentially compact, and so not compact.

§23.2 ‘Products of Compact Metric Spaces‘

Exercise 23.4 (z1,d1),...,(Xn,d,) finitely many compact metric spaces, (X, d) their product. Then
X is compact.

We will prove a more general fact:
Proposition 23.5 Let (Xg,dx) k = 1,2,... be a sequence of compact metric spaces and (X, d) their
product:
X = {l‘ = ({Ek)z’;l,l‘k € Xk}

and

o de(Tr,ur)
d =) o7h o
(@) Z 1+ di(xk, yr)

Then (X, d) is compact.

Remark. This is a special case of Tychonoff theorem.

Proof. The proof is based on Cantor’s diagonalization argument. We want to show that a given
sequence z(™ in (X, d) has a convergent subsequence. Convergence in the product space is equivalent

to componentwise convergence. So we need to show there exists a subsequence (%) = (x,(cn"')),;”;l, j=
1,2,... such that for every k, the limit

lim z," ) exists

]—)OO
xgn), n = 1,2,..., is a sequence of the first components. Since X; is compact, we can extract a

convergent subsequence.

zgnn)’xgnm) x(lnjl)

ge ey PRI

Now, look at Xén) along the same sequence of indicies:

(n11) | (n21) (1)
Ty Vmy TV T

and extract a convergent subsequence:

(n12) x;nm) ) (nj2)

Ty C Xy L
and we continue. Suppose we get
(n1j-1) (n2;-1) (n;j—1
T i M
n j— NG 45— .
Then we look at x§ 1 1), xg 7+ 1), ... and we pick out a convergent subsequence:
(n1,5) (n2,j (nj.5)
N e O T
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This procedure does not stop (we have an infinite product). We don’t have a last one, but we can
pick up a diagonal subsequence:
a) = ()2,

Now, for every k,

. Mngi .
lim a?,(c i) exists
j—o0
and we are done.
Why does this work?
ni1 na21 n31
n12 n22 n32
N1,5—1 n2,5-1
n1,j n2,j Ly
g4 . . n; .
So x(l “), 7=1,2,...is a subsequence of wg ) g0 it converges.
. . MNgi . . n; . .
Likewise, x, “), j=1,2,... is a subsequence of xé 72) except possibly for the first element, so it

converges.
(njj) . (njk)
x; 77’ is a subsequence of a converging sequence

elements (which does not affect the convergence).

in X except possibly for the first & — 1

O

§23.3 ‘9.6 Separable metric spaces‘

Countable and uncountable sets (Section 1.3 in the book; “READ it”).

Definition 23.6 A set S is called countable if there exists a surjection (onto map) f: N — S. That
means the set S can be enumerated as S = {s1, s2,...}, where f(k) = s. S could be a finite set. If
S is countable and infinite, then f is a bijection between N and S.

If a set is not countable, it is called uncountable.

Proposition 23.7
1. If S is countable and S’ C S, then S’ is countable.

2. If Sy, ..., S, are countable sets, their cartesean product S =51 x ... xS, ={(s = (s1,...,5n) :
Sk € Sk} is countable

3. A countable union of countable sets is countable. i.e. if {S;};cr is a family of countable sets and
the index I is a countable set, then J,.; S; is countable.

Remark. A countable product of countable sets is not countable (in general).

Example 23.8 Set of rationals Q is countable.
Proof: Z is countable: f: N — Z such that f(2n) =nand f(2n—1) = —(n—1). So Z x (Z\ {0})

m

is countable. Then the map (m,n) — ™ is a surjection between Z x (Z\ {0}) and Q.
Example 23.9 a <b, (a,b) ={z € R:a <z < b} is not countable.

§24 Thursday, October 17, 2013

§24.1 ‘Separable Metric Spaces‘

Countable/uncountable sets. S is countable if an onto map f : N — S exists.
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Proposition 24.1 Let S be the set of all sequences of 0’s and 1’s. S = {(5,)52; : s, € {0,1}}. Then
S it not countable.

Proof. Suppose that S is countable. Since S is obviously infinite, there exists a bijection f : N — §
and we can enumerate S = {s(1) s(?) ...}, Let now s = (s,) be a sequence of 0’s and 1’s constructed

as follows:
1 if s =0
Sp =
0 ifsi”) =1

(s,) is a sequence of 0’s and 1’s, so s € S. But s = (s,,) differs from any s(™) since their n** element
differs. Then s = (s,,) € S, which is a contradiction. O

Exercise 24.2 Using previous proposition, prove that the interval [0, 1] in R is not countable.

Hint: S,s = (s,),8, € {0,1}, f: S = [0,1], f(s) = >_ro, sn2~". From the binary representation
of z € [0,1], f is onto. BUt f is not one-to-one.

(1,0,0,...,0,...)

N | =

Fem1 1
0,1,1,...,1,..)0% ) — ==

Let Sp be the set of all sequences in S that terminate in 1’s. Then Sy is countable. S; = S\ Sp,
S is not countable. The map

f Sl — [O, 1]
f(s) = Z sn27"
n=1

is 1 to 1 and onto. So [0, 1] is in bijection with Sy, which is uncountable.
Write down the details.

Definition 14.8 A subset S of a metric space (X, d) is called dense if
c(S) =X

In other words, S is dense in X if for any € X, there is a sequence (z,) in S such that
lim,, oo T, = T.

Proposition 24.3 (Compare with the book) T.F.A.E.
1. S is dense in X
2. Any non-empty open set in X contains an element of S.

Proof. (1) = (2): Suppose (2) fails, that is, that there exists a non-empty open set O such that
ONS =@. The S C O° and O° is closed. Then cl(S) C O° # X, so X is not dense. This is a

contradiction.
(2) = (1): Suppose (1) fails. Then cl(S) # X. Let O = [c1S]°. Then O is non-empty, open,
and O N cl(S) = @, contradicting (2). O

Definition 24.4 A metric space X is called separable if it contains a countable dense set.
Example 24.5 R is separable. The rationals Q are a countable dense set.

Example 24.6 Let (X, | - |) be a normed space, dim X < co. Then X is separable.
Proof: Let {ej,...,en} be a basis of X. Let S = {rje1 +...ryeny : 7; € Q,1 < k < N}. Then
the map
f:S—>Qx...x QN times f@)=(r1,...,TN)
—_——

ifx =rie1 +...+ryen.
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f is a bijection, Q@ x ... x QN times is countable, so .S is countable.

N————
Let x € X and € > 0. Write
r=woe;1+...+ayen

Pick a rational number rj such that |ag — 7| < m for each 1 < k < N.
Let y = Zszl rger € S. Then

N N N
g
=yl = > (ox = r)en| <D law =il - llenl <D =——llexll =«

k=1 k=1 k=1 Nllexll

Important: If (X, |-]|) is infinite dimensional, it could be separable, but could also be non-separable.

Proposition 24.7 Any compact metric space is separable.

Proof. Let X be compact. Then X is totally bounded: for any € > 0, X can be covered by finitely
many open balls of radius e.

Let N > 0 be an integer, € = %, and let ng), . ,:U%VV) be points in X such that
_ (n) 1 1
X_B<x1 ’N) U...UB(a:ﬁ{jj,N)
Let S = U?\,Czl{ng), cee mgp} Then S is a countable union of countable sets, so is countable.
Let now x € X. Then Jky, 1 < ky < ny, such that x € B (x,(cjp %) for each N =1,2,....
Since d(z, xg)) < %, (mg))%ﬂ is a sequence in S that converges to x. Hence, clS = X. O

Proposition 24.8 Let X be a metric space. T.F.A.E.:
1. X is separable

2. There exists a countable collection {O,,}>2 ; of non-empty open sets in X such that every open
set in X can be written as the union of a subcollection of {O,,}5,

Proof. (1) = (2): Let S = {z,}52; be a countable dense set in X. Consider a family of open sets:

(B (xn, ;) :n,m € N} (%)

This is a countable collection since it is indexed by a countable set (n,m) € N x N.
Claim is: any open set in X can be written as a union of a subcollection of (ED Let O be an open

set. Let x € O. Then Im > 0 such that
1
B (:E, ) cO
m
Note: m depends on x;m = m,.

Now, since S is dense, we can find n such that

d(xn,x) < ST

This n also depends on x; n = n,.
Obviously, x € B (xnm, ﬁ) Ifze B (:cnm, ﬁ),

1
d <d n d N < T my
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SozeB (a:, min) So we have shown that for any x € O, there are integers n,, m, € N such that

1 1
xeB(mnz,) CB(JS,) cO
2my, My

0= U B<xn172;>

z€0
To be pedagogical, I = {(ng,2m;) : z € O}. Then

o= J B(:z:n,;)

(n,m)€el

So we will take a union:

Now, the converse: (2) = (1): We know that there exists {O,}52; such that any open set in
X is union of {O,}>2; where the O,, are non-empty and open. Pick z,, € O,, and let S = {z,}52;.
Then any open set O in X contains some O,, and hence contains z,. So any non-empty open set in
X has non-empty intersection with S. By the first proposition of today, S is dense. O

Friday, October 18, 2013

Reminder: Friday <= tutorial
Proposition 24.8 Let X be a metric space. T.F.A.E.:
1. X is separable

2. There exists a countable collection {O,,}22 ; of non-empty open sets in X such that every open
set in X can be written as the union of a subcollection of {0},

Proposition 25.1 Let X be a metric space and Y C X a metric subspace of X. If X is separable,
then Y is also separable.

Proof. We will use the last proposition.

We want to prove: there exist countable collection {V;,}22; of non-empty open sets in Y such
that any open set in Y can be written as a union of some subcollection of {V,,}5° ;.

What we know: There exist family {O,}52; of non-empty open sets in X such that every open
set in X can be written as a union of some subcollection of {O,, }.
Set
Vo =YNO,

V., is open in Y. So we have a family {V,,}52 ;. If some V,, are empty, just drop them and re-enumerate
the sequence. Let now V C Y be open. Then we know there exists an open set O C X such that

V=YNO

Now, there exist I C N such that

0=[]Jo;

i€l
But then
v=yno=Jyno)=w
i€l i€l
Hence, {V,, },=1 is a suitable countable collection. O

Proposition 25.2 Let X be a separable metric space and {B(x;,7;)}icr a family of disjoint open balls
in X. Then I has to be countable.
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Exercise 25.3 Prove this using proposition 24.8]

Proof. Let {y1,y2,-..} be a countable dense set in X. Then for every i € I, there exists n(i) € N such
that

Yn(i) € B(wi,rs)
Now, if i # ¢', then, since balls are disjoint, y,,(;y 7# Yn(i7), and so n(i) # n(i’).
Consider the map
t: 1 =N f(@) =n()

f is one-one so [ is in bijective correspodence with subset of N. So I is countable. O

Remark. The last proposition is very useful in showing lack of separability. Given metric space X, if
we can find an uncountable collection of disjoint open balls in X, then X is not separable.

Problem 4, homework 4: X, functions of finite variations f : [a,b] — R, ||f| = |f(a)| + V2f. X
is not separable.

Sketch of the solution: a <c<b

0 ifa<z<ec

fe(z) =
1 ife<z<d

Show that for ¢ # ¢, || fe — ferl| > 2.
Consider { B ( fe %) . This is an uncountable family of disjoint balls, so X has to be non-

c€(a,b)
separable.

§25.1 ‘Density of polynomials‘

C([0,1]) is the vector space of all continuous functions
F:0,1] >R

with the norm || f|lcc = maxs<gz<n |f(2)|. This is a Banach space.

Polynomial:
p(2) = apr™ + an_12" " 4.+ ag

Theorem 25.4 Let f € C([0,1]) and € > 0. Then there exists a polynomial p(z) such that
If = plloc = max |f(z) —p(z)| <e

a<z<b

Moreover, p can be chosen in the following concrete way:

Let N
Py(x) = ];Of (S) (Z) 2k (1 — z)n*

Then for any € > 0, there exists n(e) such that for n > n(e),

If —pull <e

Remark. Polynomials are called Bernstein polynomials.
Remark. If f is Lipschitz, then one can estimate n(e) in terms of e. This is important for numerics.

Remark. The idea comes from probability.
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Proof.
We will start with some identities.

So

Take y = (1 — ). Then

We can take another derivative:

k=0
So .
P — 1)@ +y)" 2= k- 1)) akyn*
o= R )
Take y =1 —z. Then
an—1) =S k(k—1)(")ak@1 - z)~* (b)
> (})

We can add equation (ED to (]ED to get

n(n —1)22 + nx = zn: k2 <Z> oF (1 — )k (c)

k=0

Shorthand: r(z) = (}7)a*(1 — z)" ",

Notice we have these properties:

> r(e) =1 (1)

i kri(z) = nx (2)
k=0
z”: E*r(z) = n(n — 1)z + nx (3)
k=0

One more formula:

Z(nx —k)?r(z) = Z n?a%ry(z) — Z 2knxry(z) + Z E*ry(z) = n?2? — 2n%2? + n(n — 1)z? + nx
k=0 k=0 k=0 k=0
= —nz® +nz
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25 FRIDAY, OCTOBER 18, 2013 25.1 Density of polynomials

Let f € C([0,1]) and € > 0.

f is continuous and hence uniformly continuous on [0,1]. Then there exist 6 > 0 such that
Vo,y € la,b], |z —y| <6 = [f(z) = f(y)l <35

Let M = ||f||oo = MaXg<z<b |f<$)‘

where 7, (z) = (})z* (1 — )"~k
Then

f@)pd@lﬂ@ﬁ}d@Zﬂ(z)m@)

(]

IN
N ™
=
—
&
~ A
4+ v
[\
=
=
O

A
|
4
)
=
v
—
S
|
3=
~—
[\v]
=
O

Using (4)), we arrive at the estimate

2
£@) ~pul@)] < 5+ 2
because z € [0,1] and % is the maximum of the parabola.

So we have the final estimate

[f (@) =pn(2)] < 5+ 5—
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§26 Tuesday, October 22, 2013

§26.1 ‘ Bernstein polynomials ‘

Review: f € [0,1] Bernstein polynomials

(o) =31 (£) (1) - o

Let € > 0, let 6 > 0 be such that Va,y € [0, 1],
5
oyl <6 = |f(@)~ F0)] < &
Let M = [|f|loc = SUPge0,1] |f(@)].
Then, Vz € [0,1] and n > 1,
|f(z) = pu(2)] < 5 +

Then, for n > n(e), % < 5. So for n > n(e), for all z € [0, 1],

\ﬂ@—m®N<§+§=e

Hence, given f in C([0,1]), € > 0, any Bernstein polynomial p,,(z) with n > n(e) we have

If = pnllo <e

O
Remark. Suppose, in addition, f is Lipschitz on [0,1]. That is, 3K > 0 such that |f(z) — f(y)| <
K|z —yl, for all z,y € [0,1].
If f is continuous on [0, 1], differentiable on (0, 1), and M = sup,¢ (g 1) |f'(¥)| < oo, then by mean
value theorem, f is Lipschitz with K = M + 1.
In the case of f Lipschitz, given € > 0, if § = 5% and |z — y| < §, we have

|ﬂ@*f@ﬂ§Kmfm<g

Then n(e) > M4 = MAK?
<(3%) :

This is useful for numerics to know how big n(e) needs to be.

§26.2 ‘Separability of C([a,b]) under p-norms‘

Proposition 26.1 (C([0,1]), ]| - ||so) is separable.
Proof. Let Py be the collection of all polynomials of degree < N whose coefficients are rational.
P,={ro+rz+...+ryz 11, €Q}

Let
fPv—>QxQx...xQ
with f(p) = (ro,71,...,7n). f is a bijection, so Py is countable.
Let S = Uxy_oPn. Countable union of countable sets is countable. We claim S is dense. Let
f€10,1] and € > 0. Choose
p(z) =ao+ar + ...+ apz”

75



26 TUESDAY, OCTOBER 22, 2013 26.2 Separability of C([a,b]) under p-norms

such that [|f — p| < 5.
Choose rational numbers such that |ax — 7| < 5=

PGSR
Set g(z) =10 +riz+ ... + 12"
p(z) — g(x)| = > a™(ar — )| <D a"ar — k| < (n+ 1)m =3
k=0 k=0
So, I = gllec = sup,epo,1) Ip(2) — g(2)| < 5.
Hence, for g € S, [|f = gllc < If = pllc + P —9gllc <5+ 5 =¢
Hence, S is dense. O

Proposition 26.2 Let [a,b] be finite closed interval. Then polynomials are dense in (C([a,b]), | - [|co)
and (C([a,b]), || - lloo) is separable.

Proof. Change of variables: define I’ by

F:C((0,1)) = C(]a, b])

Fi@) 7 (5=2)

for z € [a,b].
Fis onto, 1: 1, and

IF(f)llec = sup |F(f)(x)| = sup

(i3

F~1:C([a,b]) = C([0,1]) acts as (F~1(g))(x) = g(a+(b—a)z) for z € [0,1]. F maps polynomials
to polynomials. Same for F~!.
Let g € C([a,b]) and € > 0. Then F~1(g) € C([0,1]). Let p be a polynomial such that ||F~*(g) —
Pl < & Then [F(F~(g)) - F(p) | = llg — F(p)lloe < &,
By exactly the same argument, if S is dense in [0, 1], the image F(S) is dense in C([a,b]). If S is
countable, so is F(S) (because F' is a bijection). Since C([a, b]) is separable, C([a, b]) is also separable.
O

z€[a,b] z€[a,b)
= sup [f()] = [fll
t€[0,1]

Proposition 26.3  (C([a,b]),] - ||p) is separable for 1 < p < oco.

/p
Proof. |17l = (21 az) "

1ol = [150) - tora)”

< sup |f(2) = g(2)|(b—a)'/?
z€[a,b]

= If =gy < If =gl (b —a)"/?

Given € > 0, choose polynomial g such that
1f = ally < Gesya- So If = dllp < IIf = alle(b—a)'/? <e.
Similarly, if S is dense in (C([a,b]), || - ||oo), it is dense in (C([a,b]), || - ||p). So all these normed

spaces are separable.
O
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§26.3 ‘Separability and Product Spaces‘

If (X,dy1),...,(Xn,dy,) are finitely many separable metric spaces and (X,d) is their product, then
(X, d) is separable.

Proposition 26.4 Let (Xk,dg), k = 1,2,... be a sequence of separable metric spaces. Let (X,d) be
their product. Then (X, d) is separable.

Proof. Let z, € X}, be fixed points. Let S be a countable dense set in Xj. Define for any N > 1,
Sy ={z=(x3)2, 2, € Sk, 1 <k < N,z, = if k > N}
A sequence (1,)52; belongs to Sy if it is of the form
(51,82, SN, XN11, XNp2,--.)

for s, € Xj. So Sy is in bijective correspondence with S x ... x Sy, so Sy is countable.

Hence,
o0
= U Sw
N=1

is also countable. We claim S is dense in the product space (X, d).
Let x = (z1)52,; be a given sequence and let ¢ > 0. Choose N such that Y27 2% < £. Choose
sk € Sk, 1 <k < N, such that di(z, sx) < 55-

Let now y = (S1,..., SN, TN+1,EN+2,-..). Then y € S and
<1
al dp(xy, s di(Tp, Tn)
d _ g—n_ “n\tn,on) n\+tn; n k\Ln,dn
(z,y) Z 14 dn(Tn, sn) + Z (1+d (xn,xn)>

>
Il

1 k=N+1

€
dp(zk, SK) + 3 <e

M=

>
Il

1

§27 Thursday, October 24, 2013

§27.1 ‘Practice problem (with supremum) ‘

Let X be a set and f : X — [0,00) a bounded function. Let G : [0,00) — [0,00) that is increasing
(i.e. G(y) > G(x) if y > x) and continuous.
Then G (SuszX f(.%‘)) = Sup:ceX G(f(l‘))

Proof. sup,cx f(x) is the least upper bound of the set {f(z) : « € X}. Denote it by M. M > f(z)
for all x € X.
So for any ¢ > 0,
Jr. e X, M —e < f(x.)

G is increasing, so G(M) > G(f(x)). Then G(M) is an upper bound for the set {G(f(z)) : z € X}.

So G(M) = sup,ex G(f()).
We also have that G(M —¢) < G(f(z.)) < sup,ex G(f(z)). G is continuous at M, so take ¢ — 0.

Then G(M) < sup,ex G(f(2))- u
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§27.2 ‘Midterm problem (2008) ‘

Let Cy(R) be the vector space of all bounded continuous functions f : R — R.
[£]l = sup|f(2)] < oo
TR

1. Prove that || - || is a norm on Cp(R)
2. Prove that (Cp(R), | - ||) is a Banach space.

3. Prove that (Cp(R), | - ||) is not separable.

Exercise 27.1 Numbers 1 and 2

Proof of 3. Important: Cy([a,b]) = C([a,b]) which is separable. But C,(R) is not separable; one
difference; [a, b] is compact, while R is not. Note that C(R) is crucial for probability.
It is enough to show that the product space (X, d), where

X = Cp(R) x Cy(R)

is not separable.
F e X, F=(f1,[f2) where fi1, fo € Cy(R).

2

2
d(F,G) = (igg}fl(@—gl(x)o +<ilé§f2($)—92($)|>

Let Fy = (cos(tx),sin(tx)) where t € R is a parameter, x is variable.
For t # s,

zeR z€R

d(Fy, Fy) = (sup | cos(tz) — cos(sx)) + <sup | sin(tz) — sin(sx)|>

= [sup|cos(tx) — cos(sx)|? + sup | sin(tx) — sin(ts)|?
Tz€R z€R

> \/itel]% (| cos(tz) — cos(sz)|? + | sin(tz) — sin(sz)[?)

using sup(A) + sup(B) > sup(A + B)

= sup /(cos(tx) — cos(sz))? + (sin(tz) — sin(sz))2
z€R

= sup 1/ cos2(tz) + cos?(sx) — 2 cos(tz) cos(sz) + sin®(tx) + sin’(sz) — 2sin(tx) sin(sz)

z€R

= sup /2 — 2(cos(tx) cos(sz) + sin(tz) sin(sx)
rER

= sup /2 — 2cos((t — s)x)
z€R

> \/2—2005 (;t(tiD —V2>1

Then {B (Ft7 %)} is a disjoint uncountable family of open balls in (X, d), so (X, d) is not separable.

Thus, Cy(R) is not separable.
O
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§27.3 ‘Chapter 10: Metric Spaces: Three Fundamental Theorems

§27.3.1 10.1: Arzela-Ascoli Theorem

X a compact metric space. C'(X) is the vector space of all continuous functions
f:X—>R

f achieves its minimum and maximum value on X, and that f is uniformly continuous.
Set

1F]l = sup |f(x)]
reX
Proposition 27.2 C(X) is a Banach space.

Remark. We have proven this in the case where X is an interval in R; the general proof is the exact
same, up to replacing [a,b] by X.
Exercise 27.3 Check this

Important question: Describe compact subsets of C(X).

C(X) is infinite dimensional except in trivial cases (X finite, etc.). If D C C(X) is compact,
then D is closed and bounded. If dim C(X) = oo, then we need additional conditions to characterize
compactness. That is what the A-A theorem achieves.

Theorem 27.4 (Arzela-Ascoli) Let X be a compact metric space and D C C(X). T.F.A.E.
1. D is compact in (C(X), ] -]
2. D is closed and bounded and
(Ve > 0)(38 > 0)(¥f € D)(Va,y € X)(d(w,y) <6 = |f(z) — [(y)| < o) (+)

Remark. This condition is called “equicontinuity”. A family of functions satisfying (ED is called an
equicontinuous family. Compare with uniform continuity:

(Ve > 0)(Vf € C(X))(Fdf > 0)(d(x,y) < by = [f(x) — f(y)| <e)
The point of equicontinuity is that §; does not depend on f, if f is in an equicontinuous family.

Proof. (1) = (2) (the “easy” side).
D is closed and bounded, since every compact set in any metric space is closed and bounded. We

need to show that D is equicontinuous.
€
B i
(o (5)}
feD

Fix € > 0. Consider
This is an open cover of D, so there exists a finite subcover, that is, fi,..., fr € D such that

DCB(fl,Z)U...UB<fg,§)

Each fj is uniformly continuous. So there exists d; > 0 such that d(z,y) < 0y = |fr(z) —
fr@)l <35

Set § = minlgkgg (5k > 0.

The claim is that this § will suffice for equicontinuity.

Let f € D. Then, f € B (fk, %) for some 1 < k < /¢. If d(z,y) < 4, then

[f(@) = fW)] = 1f(@) = fulz) + fr(x) = fuly) + fr(y) — f(y)]
€

< |f(@) = @) + [ful@) = fe@) | + £ W) ~ fuly)l < S+ 5 +5 =<

where the first and third terms are less than £ because f is in the ball around f; of radius §. The
middle term is less than § by choice of 4.

O
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§28

Friday, October 25, 2013

Recall:

Theorem 16.1 (Extension by uniform continuity) Let (X,dx) and (Y,dy) be metric spaces
and suppose that Y is complete.

Let S C X be a dense set (this means clS = X) and f: S =Y a uniformly continuous function;
this means

(Ve > 0)(36 > 0)(Vz,y € S)(dx(z,) <0 = dy(f(z), f(y)) <e)

Then there exists a unique uniformly continuous function
f: X =Y
Theorem 27.4 (Arzela-Ascoli) Let X be a compact metric space and D C C(X). T.F.A.E.
1. D is compact in (C(X),] - )
2. D is closed and bounded and

(Ve > 0)(30 > 0)(Vf € D)(Va,y € X)(d(z,y) <6 = [f(z) = f(y)| <¢) (*)

§28.1 ‘Proof of AA:‘

(1) = (2): Last class
2) = (1)
Step 1: Since X is compact, X is separable. Let
S = {z;} ;?il
be a countable dense set in X.
Step 2: D is bounded, hence 3M > 0 such that Vf € D,

IfIl = sup [f(z)| < M
reX

Let now (f,)22,; be a sequence of functions in D. We need to show that the sequence has a
subsequence that converges in (C(X), || - ||). Since D is closed, the limit of subsequence will be in D,
which will imply D is compact.

Step 3: Consider sequences

(fn(m]))?ilﬂn = 17 2737 e

These sequences are contained in the product space
oo
H [_M7 M]

Jj=

_

If 2 = (2;)32, is an element of [T/, [~M, M], then

2 |z — 2
d(Z,Z/)ZZ | J ]|

e ]

H;’;l[—M , M is compact, as it is a product of compact metric spaces.
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Hence, the sequences (fn(z;))52;, n = 1,2,... has a convergent subsequence in the product space.
Denote that subsequence by

(fnk(x]));i17k = 1,2,...

Recall that convergence in the product space is equivalent to component-wise convergence.
So for every j, the limit

lim f,,(z;) exists
k—o0

Define
g(xj) = klingofnk(xj)aj =1,2,...

This defines g on S = {z;}32;.

Step 4: ¢ is uniformly continuous on S. Fix ¢ > 0. By equicontinuity, 36 > 0 such that for all
T4, X € S,
€
d(zi,zj) <0 = |fu(2i) = far(25)] < 5

This is true for all k, so taking k& — oo gives
€
d(zi,x;) <6 = |g(w;) —g(x;)| < 5 <e

So g is uniformly continuous. R is complete and S is dense in X. Extension by uniform continuity
gives that g extends uniquely to a uniformly continuous function

g: X —>R

Step 5: Vx e X,
khm fnk ($) = g(l‘)
— 00
We know, so far, that this is true only for x € S. Fix x € X and let ¢ > 0.
¢ is uniformly continuous, hence 3§; > 0 such that for all 2/, 2" € X, d(2,2") < 6 = |g(7') —

g9(z") < 3.
Equicontinuity implies there exists do > 0 such that Vk,

A, 2") < 8 = [fu(2) = fun ()] < 5

Let 6 = min(dq, d2).
Since S is dense, 3 such that
d(z,zj) < ¢

Then,

9(x) = fuy ()| = l9(x) = g(x5) + 9(x5) = i (€5) + Fri (25) = fri (2)]
<lg(@) = g(@j)| + lg(x;) = far (@) + [fni (25) = fri (2)]

5+ 5+ @) — g(a))]

<
3

Since limg 00 fn, (2;) = g(x;), there exists K > 0 such that for k > K, |f,, (z) — g(z;)| < 5.

So for k > K, |g(z) — fn,(z)| <e.

It may seem that we are done, but z; depends on z, so K depends on . We have proven pointwise
convergence,

lim fp, (z) = g(z)

k—o0

but not uniform convergence.
We have only used that X is separable, not that X is compact.
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§29

Step 6: f,, — fin (C(X),| - |le), that is,
Jim [[f, —gll = lim sup |fy, (2) — g(x)| = 0
—00 k—o0 pzeX

Let € > 0. Let § be constructed as in Step 5:
g uniformly continuous, so we can find ; > 0 such that d(z’,2") < 61 = |g(2') — g(")| < 3,
and by equicontinuity, 392 > 0 such that Vk, d(z/,2") < 62 = |fn, (2') = fn,(2")| < 5. We chose

0= min(51, 52)

Consider {B(x,,0}52 ;. These balls cover X, since S is dense in X.

If x € X, B(z,¢) has non-empty intersection with X, so 3j such that z; € B(z,d), and so
x € B(z;,0).

Since X is compact, we have a finite subcover to this open cover.

X = B(l‘i,(S)U...UB(Iu,(S)

lim fnk(x'l:'r‘):g(xir)7 1<r<t¢

k—o0

Since ¢ is finite, 3K > 0 such that

| i (i, — g(24,)

€
3
fork>Kandallr=1,2,..., 70

Let now € X. Then z € B(x;,,0) for some r, 1 <7 < {.

19(2) = far (@) < lg(x) = 9@, )[ + 19(2i,) = fr (@i )] + [ Foy (20,) = foi (2)]

By choice of 4, |g(x) — g(zi,)| < § and | fn, (i) = fu.(2)] < 5.
However, now by the choice of z;,, we have

l9(as,) = Fun (i) < 5

So, |g(x) = fn,(2)| < §+ 5 + 5 <efor k> K and K does not depend on z.
So, for k > K, || fn, — gl < e. This proves the theorem.

Friday, October 2013 - Tutorial VI

Let C = {z = (,)52; € £°(N) : limy, 00 |2n| = 0}.
The closure with respect || - ||, cl(¢/(N)) =C.
Let X be the collection of all sequence whose variation is finite and limit goes to zero:

o0
X::{xEC:Z|xn+1—xn\ < oo}
n=1
where

o0
2]l = Z [Zn41 — Tn
n=1

is is easily shown to be a norm on X.

Claim. (X,|| -1|) 4s @ Banach space.
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Proof. Let ()2, be a Cauchy sequence in X.
Then Ve > 0, there exists N such that Vn,m > N,

() — 0 ||—Z|x£i>1—zz+l (@™ — ™) <&

Pick some ¢ € N, M € N and consider {,...,7+ M}. Then we get

M
ey — 2 — @ =2 < ST e -2l - @ -2 <6

SO, |m£n) — acgm)| < g, for all i. The sequence of reals (xgn))zozl converges to a point x; for each 1.
The convergence is uniform as well (same N).
For all € > 0, 3N € N such that Vn > N, and Vi € N

(n)

|z, — x| <e
Then
lim |x — ;| = lim |z;| <e =0
i—00 1— 00
Let z = (z;)2,. Pick m € N.
e~ = Z s — (T = (i — 2™

Z%L%f'x V=2 = @ = 2™
= it Z ) = 2l = @ = al™)

so, for m > N,

<liminfe =¢
n—oo

Claim. (X,]|| - ||) is a separable.

Proof.
Ap={x= ()2, :2; =0¥i>n,x; € QVi<n}

A=U,_, A,. Ais countable.
Let z € X. Choose N7 > 0 such that

i
€
Z nftylei — zi] < 3

i=N+1

Pick a € Ay such that ag = 0, a1 satisfies

3
|£C1—(11‘ < 5

If a; is defined, choose a;41 so that

_; €
|ait1 — a; — (Tip1 — x3)] < 2 15
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do this until aq,...,ay are defined.

oo
apl = |wip1 — a1 — (@ — )]
=1

N )
= Z |Tiz1 — zi — (@41 — ;)| + Z |Ziv1 — x5
i=1

i=N+1

<Zz‘

m\m

l\')\(‘n

l\)\m
_|_

Next time: we will explore the closure and interior.

Let a = (a,)52 1 be a sequence of real numbers.
Let B, = {z € {*(N) : |x,| < |ay|} for all n € N.
Claim. T.F.A.E.

1. B, is compact in £>°(N)
2. lim,, o0 ap, =0

Proof. =(2) = (1)

lim,, o0 @, 20 = e > 0 such that VN € N, In > N such that |a,| > ¢
= J(an, )2, a subsequence of a such that |a,, | > ¢ for all k € N
For each ny, define

2k — (x ;nk))]_

e ifj=n
L) J

0 if otherwise

So,
(nk)|

|33j

IN

laj| Vi
So, z(™) € B,, for all k € N.

Then (z("))$°  is a sequence in B,.
So, by definition of z(™), |lz(™) — £
subsequences.

So B, cannot be compact.
Now, to show that (2) = (1): Suppose lim,_, |a,| = 0.
(k) oo

Let (z(®)2 | be a sequence with z(*¥) € B,. Consider, for fixed n, (z, )52, as an element of
[Trenl—lanl, |an\] This space is compact with respect to the product metric

e for all j # k. So there can be no convergent

i2 v d(Tr, yr)

=1 1+d xkvyk)

So z(*) has a convergent subsequence x(¥7) which converges to y € . So, moreover, for each
n €N,

Each \x%kj)| <lan|- So |yn| < lan|, s0 y € B.
Given € > 0, choose N € N such that

€
sup la,| < -
n>N 3
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Since N < oo, 3J € N such that for all j > J,

max |z —y,| < c
1<n<N-1' " 3

5) _ gl = () _ oy | < (k) _ (k) _
o7 = ylloo = suplan’ —ynl < | max |z = ynl + sup 27" = gl

<
3

IN

+ sup [27)] + sup Jyn|
n>N n>N

IN

o sup lan| < e
3 n>N

Claim. Let X C ¢?(N). Then X is compact if and only if the following conditions hold:
1. X s closed and bounded
2. (Ve > 0)3N e N)(Vo € X) (102 v |znl? < ¢)

Proof. Suppose X is compact. We know any compact subset is closed and bounded. Given ¢ > 0,

choose (M, ... (™ such that
n
€
X c B (k)’ hd
Uss

for each k, choose N} such that

o0 P
(k) €

> P < (5)

J=Nk

Consider N = maxi<p<n N < 00. Given z € X,
€
cB(z®, -
T (x 5

1/p 1/p 1/p

k k
DT B DR B DO I
j=N j=N j=N

where the first term is bounded because the two sequences are in the same ball, and the second term
is bounded by choice of N.

Now, we want to prove the converse. Suppose X satisfies (1) and (2). Let (z(®),, 2(¥) € X for
all k.

Let M > 0 such that Vz € X, ||z|, < M.

Consider then (m%’“))zozl as an element of [], y[—M, M] which is compact.

for some 1 < k <n.

Then xfﬂ — y,, for each n.
WTS: y = (yn)nZy € €.
. I (k;) 1/p . N 1/p
For finite NV, (anl |zp, 7 |p> < M. Take j — oo to get (Zn:l |yn|p) < M.
This implies that ||y||, < M < oo so y € £P(N).

Last thing to show: [z(F)) — y|, — 0 as j — oo.

First choose N7 € N such that
1/p

ol <3

n=N
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and N; such that Vo € X
1/p

> g
Dol <3

n:Nz

Take N = max{Ny, Na}. Finally, choose J € N such that for all j > J,

N_1 1/p .
Z |x1('7,k]) - yn|p <3
3
n=1
using that this is a finite sum.
Now, letting j > J,
- 1/p N_1 1/p - 1/p
259 =yl = D [l — ya? < D0 ) — gl D Iyl
n=1 n=1 n=N
1/p 1/p

e oo . oo
SR DI I D T
n=N n=N

§30 Tuesday, October 29, 2013

§30.1 ‘ Arzela-Ascoli Theorem ‘

Theorem 27.4 (Arzela-Ascoli) Let X be a compact metric space and D C C(X). T.F.A.E.
1. D is compact in (C(X),] - )
2. D is closed and bounded and

(Ve > 0)(30 > 0)(Vf € D)(Va,y € X)(d(z,y) < = [f(z) - f(y)| <¢) (%)

Looking at the proof of (2) = (1), we notice we didn’t use compactness of X until step 6. Steps
1-5 yield the following result:

Theorem 30.1 Let X be a separable metric space and f, : X — R a sequence of continuous
functions. Supppose the following:

1. The sequence f, is bounded, that is, AM > 0 such that for all n,

sup | fn(z)| < M
rzeX

2. The sequence f, is equicontinuous, that is,
(Ve > 0)(30 > 0)(Vn € N)(d(z,y) <6 = |ful2) — fuly)| <e)
Then there exists a subsequence fy,, such that for all x € X, the limit

Jim £, () = g()

exists and moreover, the limiting function g(xz) is uniformly continuous on X.

We can also reformulate A-A:
Corollary 30.2 (of A-A) Let X be a compact metric space and D C C(X). T.F.A.E.:
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1. cl(D) is compact in (C(X),] - )
2. D is bounded and equicontinuous

Proof. (1) = (2): If cl(D) is compact, then by A-A, cl(D) is bounded and equicontinuous. Since
D Ccl D, D is also bounded and equicontinuous.

(2) = (1): Suppose D is bounded and equicontinuous. Then cl(D) is closed; we need to show
bounded and equicontinuious.

[Boundedness:] Let M > 0 such that Vf € D, ||f|| < M. Let g € cl(D) and f, be a

sequence in D such that lim, o ||fn — g|| = 0. Then ||g|| = [|lg—fn + foll < llg = fall + | /o]l <
g — full + M < M, taking n — co.

[Equicontinuity:] We need to show that given & > 0, 36 > 0 such that Vg € cl D,
d(z,y) <6 = [g(z) —g(y)| <e

We know D is equicontinuous. Fix € > 0 and choose § > 0 such that Vf € D,

d(z,y) <6 = [f(z) = fly)l <e

This § will serve for cl(D) too.
Let g € cl D. Let f € D be such that

lg = fIl = suplg(e) = f(@)| < £
reX

Suppose that d(z,y) < 6. Then,

eE € ¢

19(2)=g(W)| < lg(@)=f @)+ (@)= F () +F W) =g W)l < lg=FIIH (@)= fWIHIf—gll < g+5+5 =«

O

Example 30.3 Let X = [0,1] and let ki, ks be two positive constants. Let D C C([0,1]) be a
collection of functions such that

1. VfeD,

sup | f(z)] < k1
z€]0,1]

2. Each f € D is differentiable on the open interval (0,1) and for all f € D,

sup |f'(z)] < ke
z€0,1]

Then cl D is compact on (C(X), || - ||)-

Proof. We need to show that D is bounded and equicontinuous (then cl D is compact by A-A (corol-
lary)). (1) implies that D is bounded.
By the mean value theorem, for x,y € [0,1], 3c € (0, 1) such that

f@) = fly) = o)z —y)
SO,
|f(@) = f)| = |f'(O)llz =yl < ka|z =y
Fix € > 0. Take § = kg—z
Then, if |z — y| < §, we have

|f(z) — f(y)] < kol —y| < ked=¢

This is true for all f € D, so we have equicontinuity.
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Example 30.4 Let X = [0,1], k1, k2 positive constants. Let D C C([0,1]) be a collection of
functions such that

L [f(0)| <k Vf e D,

2. Vf € D, f is continuously differentiable on [0, 1] and
1
| 1@ <n
0

Then cl(D) is compact in C([0,1]).

Proof. We need to show D is bounded and equicontinuous.
Bounded:

f(x) - 1(0) + /f Jdt+ F(0) = Sz /f )t + £(0)

Then,

z 1 1 1/2 1 1/2
(2)] < / £/ (B)] A+ £(0)] < / /(&) dt+] £(0)] < ( / dt) ( / 78] dt) HFO)] < Viath
Equicontinuity: let z < y.
= " pyae
y y 1/2 y 1/
@) sl < [ f’(t)ldté( / 1dt) ( / |f’<t>|2dt)

L 1/2
<Vl =4l ( / |f’<t>|2dt>
< Ve —ylVk

Same if y < z. Given £ > 0, take § = 2—2
Then, for all f € D, if |z —y| < 4,

1f(@) = FW) < V] —ylVEka < Vo/ks = ¢

2

§31 Thursday, October 31, 2013

§31.1 ‘Baire Category Theorem‘

Theorem 31.1 (Baire Category Theorem) Let X be a complete metric space and {On}52, be
a countable collection of open and dense sets in X. Then

On

DX

n=1

is dense in X.
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§31.1.1 Proof

Recall that a set S C X is dense if and only if for any non-empty open set O C X, ONS # @. So we
need to show that given a non-empty open set O C X,

ﬁon NO # o
n=1

The proof is based on the following construction:

Step 1: Consider
0O,N0O

since 07 is dense, O1 N O # .
Obviously, O1 N O is open. Pick 21 € O; NO. Let € > 0 be such that the B(z1,e) C O1 N O.
Let 71 = min (%, 1). Then

cl B(xzy,r1) C {y td(zy,y) < ;} C B(z1,6) CO1NO
At the end of step 1, there exists x1 and 0 < r; < 1 such that
Cl(B(Z‘l,Tl)) cO;NO

Step 2: Consider
02 N B(l‘l, 7“1)

This is again an open set.
Pick zo € O3 N B(x1,7r1) and € > 0 such that B(xa,e) C Oy N B(xy,71).

Set,
. e 1
=min | -, =
"2 29

cl B(za,ra) C {y td(xa,y) < ;} C O2 N B(xa,72)

where the 2 of % refers to Step 2.

End of step 2: there exists zo and 0 < ry < %, such that
CI(B(I’Q,’I’Q)) C 02 N B(xl,rl)

We continue inductively and construct a sequence x1,zs,...,Ty,,... of elements of X and a se-
quence of a real numbers r1,79,...,7y,,... such that 0 < r, < % and

cl(B(xn, 1)) C On N B(rp—1,Tn—1)

for n > 2, and
c(B(x1,m)) CO1NO

Claim: The sequence z,, is Cauchy. Let € > 0. Choose integer N > 0 such that
2 <
— <€
N
Let n,m > N. Then by construction, we know
B(xm,rm) C Bxn,rN) B(xp,rs) C B(zn,TN)
In particular, ,,, x, € B(xn,TnN).
So,
1 1
d(@m, vn) < d(@m,2N) +d(TN,Tm) < TN +TN < Nty <€

by definition of r and then choice of N.
Since X is complete, lim,, .., ,, = x exists.
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Claim: z € cl(B(zy,ry)) for any n.

Fix n. Then for m > n, B(Tp,"m) C B(xn, ) C cl(B(xn, 1))

So the sequence (x)72,, is contained in the closed set cl(B(2y, 7))

So, © = lim,, o 2, is also contained in cl(B(xy,m,)).

We have z € cl(B(zp, 7)) C O N B(xp—1,7p—-1) for n > 2.

We then have z € O,, for n > 2. We also have z € cl(B(z1,71)) C O1 N O. Then x € O; and
z € 0.

Thus, we have

S ﬁOn no
n=1

O
Baire Category Theorem fails if X is not complete.

Example 31.2 Let X = Q, the rationals, and d(z,y) = |z —y|. Q = {ri,r2,...,7n,...} an
enumeration of the rationals.
Set V,, = Q\ {r,}. Then V,, is open and dense in Q (exercise).

Consider -
v
n=1

For any n, r, is not in this intersection, so it is empty.

o0
ﬂ V, =@
n=1
Corollary 31.3 Let X be a complete metric space and {F},}22; be a countable sequence of closed
sets in X.
Suppose that Uff:l F,, has a non-empty interior. Then for at least one n, F;, has non-empty
interior.

Proof. Suppose the statement is false.
Let {F,}5°; be closed sets such that each F;, has empty interior but

o
Jr.
n=1

has a non-empty interior.

Let O, = F¢. Then O,, is open and dense (why?).

If V is non-empty and open, then then VN O,, # @ otherwise V C Of = F,, which contradicts the
assumption that F;, has empty interior.

Since ;= , F,, has non-empty interior, there is a non-empty open set O such that O C (J,—, F,.

Then .
g=0n|JF | =0on|[E]=0n|[)0n
n=1 n=1 n=1
where O,, = F¢ and by the Baire Category Theorem, () __; O, is dense in X. Contradiction. O

§31.2 ‘ Some definitions

Definition 31.4 A set A C X is called nowhere dense if its closure cl(A) has an empty interior.

Definition 31.5 A set A C X is called a first category if it is a countable union of nowhere dense
sets. Any other set is of second category.
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§32

In this language then, the Baire Category Theorem says that a complete metric space is itself a
set of second category.

This immediately follows from the corollary to the BCT: Suppose X = |-, 4,, where 4, is
nowhere dense. Then

X = @1 cl(An)

X has a non-empty interior. Then for some n, cl(A,) has a non-empty interior. This contradicts the
assumption that A, is nowhere dense. So X is a set of second category.

Definition 31.6 A set A C X is called Gy if A is a countable intersection of open sets.

Example 31.7 Points are G sets: for # € X =R", take O,, = B (z,1). Then (", O, = {a}.
Definition 31.8 A set is called an Fo-set if it is a countable union of closed sets.

Proposition 31.9 Let X be a countable metric space and {V,,}52,; a countable collection of dense
Gs-sets. Then

Vi

n=1

is also a dense Gy set.

Friday, November 1, 2013

Proposition 32.1 Let X be a complete metric space, then a countable intersection of dense open G

sets
oo

Vi

n=1

is also dense and Gj.

Proof. Let {V;}72, be a countable collection of dense G; sets. Since V,, is G5, then there are open
sets Oy m, m = 1,2, ... such that

Now, since V,, C Oy, ,, and V;, is dense, then O,, ,, is dense. Note

[eS) o0 9] )
AVa={ N Oum] = () Oum
n=1 n=1 \m=1 n,m=1

and {On,m }pom=1 is a countable collection of open dense sets. Thus, N2, Vi is Gs and dense by the
Baire Category Theorem (B-C-T). O

Definition 32.2 Let X be a metric space. A point z € X is called isolated if 3¢ > 0 such that
B(z,¢e) = {z}.
Example 32.3 Let X be any set and d the discrete metric:

d(x,m—{é Y

Then any point of X is isolated. Take e =1, B(z,y) ={y € X : d(z,y) < 1} = {z}.

Proposition 32.4 Let X be a complete metric space, then a countable dense set S C X cannot be a
Gs set.
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Consequence (B-C-T): If O,,, n=1,2,... are open dense, then

On

DX

n=1

is G5 and dense. So if X has no isolated points, (,, O, is countable.
Proof. Suppose that the statement were not true. Let S = {x1,x9,..,2,} be a countable dense set

that is also Gj.
S={Va
n=1

where V,, is open in X. Set W,, = V,, — {z,}.
Claim. Wy, is non-empty

Proof. If W,, # & then V,, = {z,,} and since V,, is open then Je > 0 such that B(z,,¢) = {z,}.
But then z,, would be an isolated point. O

Claim. W, is open.

Proof. Let x € W,,, then © € V,, and x # x,,. Since V,, is open, 3¢ > 0 such that B(z,,c) C V,,. Let
¢’ = min(e, d(z, ) > 0. Then, z,, € B(z,¢’) and B(x,¢’) C B(z,e) C Vj. Thus, B(x,e’) C W, and
Wi is open. O

Claim. W, is dense.
Proof. Exercise. O
Now, note the W,, are open, dense sets and

ﬁwnc ﬁvnzs
n=1

n=1

But W,, # x,, Yn. So, z,, & (),, W» Vn. Note

SN ﬁWn =@ and ﬁWnCS

n=1 n=1

hence we must have ()°_; W,, = &, but this contradict the Baire Category Theorem.

§32.1 ‘Consequences of B-C-T‘

1. Consider C([a,b]) with the usual sup norm. Consider f € C([a,b]) which are not differentiable
at any point « € (a,b). Such functions are called singular. B-C-T: 3 a G5 dense set E C C([a, b])
that consists only of singular functions.

Quasi-periodic systems, systems far from equillibrium, modern theory of dynamical systems

Probability = singular functions.

2. Fourier series

C([=m,7), f € C([=m,7]), f(=7) = f(7).

1
fn = o /pie”“”f(m) dz

i
> 1hl =g [ 1@

n=-—0000 —pr
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n
Sn,f: Z fk,eikz

k=—n

One should be able to recover f from S, s. In other words, “should be” that
nl;rrgo Sy f(x) = f(x) Vo e[-m ]
If f is Lipschitz, in the sense taht 3k > 0 and 0 < a < 1 such that for all z,y € [—=, 7],
[f(@) = fW)I <k -z —y|*

Then the statement is correct and convergence is uniform.

lim max |S,f(x)— f(z)]=0

n—00 g€[—m,n|

This fails in general.

Consequence of B-C-T: 3 a dense G5 set E in Cp([—m,n]) (where f € Cp([-n,n]) if f €
C([—m,n]) and f(—m) = f(m)), s.t. ¥V f € E the set {z € [—7,pi] : lim,, o0 Sy, s(x) = 00} is also
dense in [—m, 7].

3. Functional analysis: Banach-Steinhauss, Open mapping theorem, Hahn-Banach extension prin-
ciple.

Theorem 32.5 (Banach-Steinhauss) Let X be a Banach space, Y a normed space, and {An}acr
a family of continuous linear maps Ay : X — Y. Then either AM > 0 such that Va € I, ||Aqll =
sup|jz<1 [Aazl| < M or 3 a dense G5 set E in X such that sup,e; | Aa| = 0o for allz € I.

Theorem 32.6 (Open mapping theorem) Let X and Y be Banach spaces and A : X — Y a
continuous linear onto map. Then for any open set O C X, the set A(O) = {A(z) : x € O} is open
mnY.

§32.1.1 Banach fixed point theorem (Banach contraction principle)

Definition 32.7 Let X be a metric space. A function f : X — X is called a contraction if 3o € (0, 1)
st. Va,y € X, d(f(z), f(y) < af(z,y).

Theorem 32.8 (B-F-P-T) Let X be a complete metric space and f: X — X a contraction. Then
3 a unique z € X s.t. f(z) ==x.

§33 Friday, November 1, 2013 - Tutorial VII

§33.1 ‘Density of nowhere differentiable functions on C([0,1]) ‘

Theorem 33.1  Consider (C([0,1]),] - |lo) is a complete metric space.
The set
D¢ ={f e C([0,1)]) : f is differentiable at some z € [0, 1]}¢
the set of nowhere differentiable, continuous functions on [0,1], is dense in C([0,1]).
Let

Apm = {f e C([0,1)) : 3z € [0,1] s.t. ’f(ﬂ—f(x)’

. 1
§n1f0§|x—t|<}
t—x m

Lemma 33.2 (Lemma 1) If f € D = f € A, , for some n,m.
Proof. If f € D, say f differentiable at z. We can choose n € N such that |f/(z)| < n.
34§ > 0 such that
‘f(t) — f(z)

<n
t—x

if |t — x| < 6. Pick m such that - < 4.
Then, f € Ay m. O
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So we have J,, ey Anym O D.

(&

= () 4= U 4um| cD°
n,meN n,meN
Lemma 33.3 (Lemma 2) Ay . is open (Apm is closed).

Proof. Let (f;)i = 1°° be a sequence in A, ,, and suppose f; — f in (C([0,1]),] - |leo). For each i € N,
Jz; € [0,1] such that
fi(t) — fi(xi)

1
<n VO < |z —t] < —
t—ux; m

Because [0, 1] is compact, 3 {n;}?2 | such that z,, — x € [0,1]. Then

‘f(t)—f(.%‘) _ fﬂk(t)_fnk(xnk) <n

LA A e lim <
t—xp,

N —r 00

t—x

fora110§|t—x\§%.
So, f € Ay, O

Lemma 33.4 (Lemma 3) PL([0,1]) the set of all piecewise linear functions is dense in C([0,1]).
Proof. Exercise. (use cont. implies unif. cont.) O

Lemma 33.5 (Lemma 4) A%, is dense in C(]0,1]).

n,m

Proof. Let f € C([0,1]), € > 0 be given.

dp € PL([0,1]) such that ||f —pllec < 5.

I M e N such that |p'(z)| < M, Yz € [0,1] (when p is differentiable, which is almost everywhere.

Choose k > w

Choose ¢(z) € PL([0,1]) with |p(z)] < 1 for all z € [0,1] and ¢'(x) = £k whenever ¢ is
differentiable at x.

Define g(z) — p(a) + ()

Then [|g = plloc < 5. So [[f —gll < |f = pll + lg —pll < 5+ 35

Now we want to show g € A, ,,. Let « € [0,1]. If g is differentiable at =,

g’ ()| =

(z) + Sk
p'(x) 5

M+n)

2
where k > 2 ——. S0 we can see

' ()| >n

If ¢ is not differentiable at x, then x is an endpoint. Vz € [0, 1], 3t close enough to x such that

'ﬂﬂ—g@)>n
t—x

So, g € A% . 0

This proves the theorem, by the Baire Category Theorem.
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§33.2 ‘ Banach-Steinhaus theorem ‘

§33.3

Theorem 33.6 (Banach-Steinhaus) Suppose X is a Banach space, Y is a normed space, and
{Aa}aca is a collection of bounded linear transformations (BLT) from X into Y. Then either 3 M <
oo such that

Aol < M Ya e A

or
sup ||[Aqz| = o0
acA

for all x € Gs for G5 dense in X.

Let p(x) 1= sup,eq [|[Aaz]]
Define V,, := {z € X : ¢(z) > n}.
Definition 33.7 g¢g: X — R is lower semicontinuous if V& € X, ¢ > 0, 3§ > 0 such that

d(r,y) <d = g(y) > g(z) —¢

Remark. A function X — R is continuous iff it is lower-semicontinuous and upper semicontinuous.

Since ¢ is lower-semicontinous, then
Ve ={z e X:p(x)>n} =9 ' ([(n,0))

are open Vn € N.

Case 1: Suppose V,, for fixed n, is not dense in X. Then 3z € X, r > 0, such that B(zg,r)NV,, = &.
Iflz|<r = zo+z &V,
Then, Va € A and x € X with ||z]| <7, [|[Aa(zo + 2)|| < n.
[Aa(@)]] = |Aa(z0 + & = o) || < [Aalzo + )| + [Aa(zo)l| <1 +n

Take M = 2. Then Vz € X such that [|z]| < 1, then [[Aq(z)|| < M for all @ € A. So [[Ay]| < M for
all a € A.

Case 2: Each V,, is dense and open. As X is complete, then

is dense.

‘Convergence of Fourier Series‘

Let T = [—7, 7.

Q. Is it true that Vf € C(T), their Fourier series converges to f at each point z € T?
n'® partial sum of Fourier series for f at z is given by

)= 5= [ F0Du -ty

where

(Rudin “Real and Complex” 4.26).
Is limy,—y 00 8n(f, 2) = f(x) for all f € C(T) and z € T?
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Define: s*(f,x) = sup,, |sn(f,z)|. Begin by taking x = 0. Define A, (f) = s,(f,0).

1 s

Apn|| € — | |Dn(t)|dt = | Dy

Al < 52 [ IDuO1dt = 1Dulh < o0
WTS: ||Dy|l1 = oo as n — oo which implies ||A, | — oo.

n

t) _ Z eikt

k=—n
Multiply by e®/2,

n
(eit/Z _ efit/2> Do (t) = Z (ei(k+1/2)teei(k+1/2)t)

k=—n
= 2isin((n + 1/2)t)
_sin((n 4 1/at))
= Dnlh) = —3007)

We know |sin(x)| < |z| fora Il z € R, so

sin((n + 1/2)t)
t/2

1 4 1 [7
D)1 = =— D, (t > —
1.0 = 5= [ IDaar> < [

™

’dt
2 s
:?/o \sin((n+1/2)t)t\%
) (n+1/2)w
- / sin(0)

= Z / | sin(t)| dt
-

4

_7r22 k%ooasn%oo
k=1

\ \/

Fix n, put g(¢t) = I if D,(t) > 0 and g(¢t) = —1 if D,(t) < 0. Then 3f; € C(T) such that
-1 < f; <1land f;(t) — g(t) for all ¢.

Jim A, () = Jim oo [ 0Dt

j—o0 27T'
1 ™
= 5. | oDt
1 ™

[An]l —

— D, (t)|dt = ||D
o 77T| 101 1Dy

So, by Banach-Steinhaus, [|A,| < M for all n € N (not true) or 3 Gy, dense in C(T) such that
sup [ Ay f|| = oo
n

for all f € Gs.
So s*(f,0) = oo which implies lim,,_,~ s,(f,0) does not exist.

So we’ve shown there is a dense number of functions which are continuous, but whose Fourier
series does not exist at 0. (We can shift to get any other point).
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§33.4 ‘Complete spaces with no isolated points‘

Theorem 33.8 Let X be a complete metric space which has no isolated points. Then, no countable
dense set is Gg.

Let E be a countable dense set in X, i.e. E = |Jp—,{xx}. Since X has no isolated points, then
{zx} is closed.

Also assume that £ = ﬂ V., where V;, are dense and open.

Define: W,, :=1V,, \U e {xk} Then W,, is open and dense.

So, W =J,;»; W» = @. This is a contradiction, since the empty set can’t be dense.

§34 Tuesday, November 5, 2013

1. Midterm tonight
2. Due date for homework 5 is changed to Tues. Nov. 12

3. Tutorial on Nov. 8 is cancelled. Tutorials continue on Nov. 15

§34.1 ‘Banach Contraction Principle or Banach fixed point theorem‘

Definition 34.1 Let (X, d) be a metric space and f: X — X. f is called a contraction mapping if
there exists « € (0,1) such that Vz,y € X,

d(f(x), f(y)) < ad(z,y)

Any contraction is uniformly continuous.

Theorem 34.2 (Banach fized point) Let X be a complete metric space and f : X — X be a
contraction. Then f has a unique fixed point, that is, there exists unique x € X such that

flz) ==

§34.1.1 Proof
Uniqueness: Let z,y be such that f(z) =z and f(y) = y. We need to show that z = y.

d(z,y) = d(f(2), f(y)) < ad(z,y)
(I -a)d(z,y) <0, a€(0,1) dz,y) >0
So d(z,y) =0soz =y.

Existence: Pick x¢g € X. Define

x1 = f(xo) ry = f(f(z0))

and inductively,

xn:f(xnfl):fofo"'of(l‘O)

n times

This defines a sequence x,, forn =1,2,...1in X.
Let now n, m, N be positive integers and suppose that n,m > N. Also suppose that n > m. Then,
by triangle inequality,
d(zna ‘Tm) d(xna Tp— 1) + d(xn 1, Tn— 2) + -+ d(xm+17 Im)
d(ﬂ?»,“$n - ) = d( (an 2) (xn—3)) S ad(xn—laxn—Q)
ad(f(zn-2), f(xn-3)) < Pd(@n_2,2n3) < ... <" d(z1,20)
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So,

d(xp, 2m) < " (21, 20) + " 2d(21, 70) 4 . . . + a™d (21, 20)
=a"d(z,20)[l +a+a®+.. . +a" ™

oo
< a™d(x1, ) Z oF
k=0

m

«
<
11—«

d(xl, 330)

Since m > N, and a € (0,1), a™ < oV, so d(zp, 2.m) < %d(xl,xo).
In the case m > n, one proceeds identically, and inequality is obvious if n = m. So

aN

11—«

ATy Trm) < d(x1, o)

Then limy 0 o =0 (0 < a < 1, ¥ = eN1°82) So given € > 0, there exists N such that

alVv

11—«

d(l‘l,l‘o) <e

So, for n,m > N,
N

@
d(xp,xn) < ——d(x1,20) < €
11—«
So x,, is a Cauchy sequence. Since X is complete, lim,,_, o, ©,, = = and exists.

So, we can look at

Tpt1 = f(Tn)
lim x,11 = lim f(z,)

n—oo n— oo
nlggo Tnt1 =T flz) = nlL»H;o f(an)
So,
z = f(x)

So, x is the fixed point of f.

Remark. Rate of convergence by construction:

ov
A(Tp, Tm) < T o d(z1,x0) n>N
—«

nh_}ngo d(xp,xN) =d(z,zN)

|d(xnva) - d(wva” < d(l’n,[L')
by triangle. So,
N

. a
d(z,zn) < nlgréo d(xn,zn) < md(ml,xo)

Error estimate.

Remark. It is important that X is complete. Take X = (0,1] with d(z,y) = |x — y|. This is not
complete as a metric subspace of R.
f(@) =2, |f(z) — f(y)] = 3|z — y|. So contraction, but for all z, f(z) # z.
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Remark. Tt is important that f is a contraction. It is not enough that d(f(z), f(y)) < d(z,y) for
x #y. We need some « strictly between 0 and 1.
For example, take X = [0, c0), usual metric, and f(z) =z + —.

xz+1
1 1 Yy—x
x) — = |z + —y——N=lr—y+ ———
@)= S0 = |o+ g v | = o v+
=lz—yl|l—-—n——| <|z-—
=1 G| <
If « # y. However, f does not have a fixed point.
f(x)—m<:>m+i—mor ! =0
N r+1 r+1

which is impossible.
Remark. However, if X is compact, and d(f(x), f(y)) < d(z,y), then there exists a unique x € X such
that f(x) = .

Example 34.3 “By compactness, Ja € (0,1) such that d(f(z), f(y)) < a-d(z,y)” This is wrong!
Take f(x) = sin(z) on [0, F].

|sinz — siny| = |cos(t)| - |z — y]
for t € (x,y). In this case, there is no a € (0,1) such that

|sinz — siny| < a|z — y|

Another wrong proof Fix k, with 0 < k, < 1, k,, = 1 as n — co. Suppose f is not contraction.
Then we can find x,, y, € X such that

X is compact, so we can find subsequence xn, , Yn, such that z,, — x, yn, — ¥.

d(xnk ) ynk) 2 k"kd(f(xnk)7 f(ynk))

Take k — oo, and we get
d(z,y) =2 d(f(z), f(y))

But z = y case wasn’t excluded!

Remark. There are many fixed point theorems.
Brower fixed point theorem:

K = {z € RY ||z]|2 < 1}, closed unit blal in RY

]2 =

f+ K — K continuous function. Then there exists x € K such that f(z) = x. It may not be
unique.
The motivation is analysis, but the proof uses topology. Very sophisticated.

§34.1.2 Applications: Integral Equations

Set up: [a,b] closed, bounded interval. We are given:
1. Continuous function K : [a,b] X [a,b] — R. “integral curve”

2. Continuous function ¢ : [a,b] — R “ source term”
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§35

3. Number X # 0, “control parameter”

Given (1), (2), (3) we have equation

b
f) = A / K(z.9)f () dy +g(z), o€ lad

for unknown continuous function f : [a,b] — R. We would like to know when f exists, when it is
ungiue, how to compute it, etc.
Similarity to linear algebra: R™, A-matrix on R", w € R™ given vector and A € R, A # 0. We are
looking for u € R™ satisfying:
u = Au+w (*)

(ED is equivalent to
(I-X)u=w

If % is not an eigenvalue of A, then
u=(1-MA)"tw

is the unique solution. If % is an eigenvalue, solution may not exist, and if it does, it is not unique.

Thursday, November 7, 2013

§35.1 ‘Applications of the Banach Fixed-Point Theorem

Set up: [a,b] closed, bounded interval. We are given:
1. Continuous function K : [a,b] x [a,b] — R. “integral kernel”
2. Continuous function ¢ : [a,b] — R “ source term”
3. Number A # 0, “control parameter”

Given (1), (2), (3) we have equation

b
f(x) = A / K@)/ dy+g(@), € la *)

for unknown continuous function f : [a,b] — R. We would like to know when f exists, when it is
unique, how to compute it, etc.

H(z) = / K(z,9)(y) dy

and f is continuous, then H is also continuous on [a, b].

b b
|H(z) — H(2')| = /(K(I,y)*K(I’,y))f(y)dy S/ K (2,y) — K (2", 9)|1f(y)] dy

If1l = supg<s<p [ £ ()], s0

b
<151 / K (z,y) - Ko y)|dy

K : [a,b] x [a,b] — R is continuous, and [a,b] X [a, b] is compact, so K is uniformly continuous. So
given € > 0, 30 > 0 such that if

— —3 - _ CC/ / ;
V-2 +y—y) <6 = K@) - K@) < g

In particular, if | — 2’| < §, then |K(x,y) — K(2/,y)| < =TT
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35 THURSDAY, NOVEMBER 7, 2013 35.1 Applications of the Banach Fixed-Point Theorem

Then, if |z — 2’| < 4, then

e(b—a)

b
1)~ HE) <171 | 1K) - K6 aldy < 171 5 =

Consider (C([a,b]), | - |I), Let A : C([a,b]) — C([a,b]), with

b
= / K(z,y)f(y) dy
A is linear: A(af + Bg) = ¢A(f) + BA(g).
Moreover, if M = max(; y)e[a,b)x[a,5] [K (2, y)], then

b b
|(Af)()] = / K(z,y)f(y)dy S/ (K (z,y)||f(y)|dy < M(b—a)|f]

This is true for all z, so

[AHI < M(b—a)| f]
If f,g € C([a,b]), then

IA(f) = Al = [IA(f = 9)ll < M(b—a)l[f — gl

So A is Lipschitz.
Now, we can rewrite our equation (ED as

f=2A(f)+g

Remember: R", A-matrix, A : R” — R" linear, u = AM(u) + w <= (I — A A)u =
We will try to apply the Banach fixed point theorem.

Quantum mechanics

ovr |
E =iHWV

where

HV = ,i\p + VU
ox
and we have the boundary conditions ¥(a) = ¥(b) = 0.
We want to solve HU = EWV.
This time though, H is an unbounded operator. But “spiritually” it is the same as what we are

doing.

Define a map G : C([a,b]) — C([a,b]), by
G(f) = A(f) +y

G(f1) = G(f2) = M(f1 = f2) = [G(f1) = G(f2)ll = [[NA(f1 = f)ll = [AM (b — @)l f1 — f2|l

So if & := |[AM(b—a)| < 1, G is a contraction.

A is a control parameter, so choose A < Then G is a contraction.

1
M(b—a)"
Since (C([a, b)), || - ||) is a Banach space, the equation

G(f) =1

has a unique solution. This means that our integral equation

/ K(z,y)f(y)dy + g(z)
= M(f) +
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Remembering the proof of the Banach fixed point theorem, we can construct our unique solution:
G(fo), G*(fo) = G(G(f0)), GN (fo) = G(G(...G( fo)...)).
~———

n times
If f is the unique solution,

N al
17 = V(o) < 22 1G() — fol
Example 35.1 [0,1], K(z,y) =1, g — source.
1
fl@) = [ ) dy+ gl
0

Then a = |A|. So, if |A] < 1, the Banach fixed point theorem works.
Actually, we can solve it directly:

/Olf(w)de A/01f<y>dy+/olg<x>dx
So,

(1/\)/01f(x)dx/olg(x)dw

i £ 1,

/Olf(x)d;vzli)\/olg(m)dx

f@) = 125 | a0 dy-+oto)

So if f is a solution, then we have

constant, Cx(g)

Substituting, we see that f is indeed a solution.
Banach fixed point works for A < 1. But we know that for any A\ # 1, we actually have a unique
solution (in this case):

f(z) = Cx(g) +g(x), Cx(g)=ﬁ ; g(y)dy

When A = 1, critical case:

1
f(a) = / f(@) dz + g(z)

/Olf(l‘)dx=/01f(y)dy+/olg(x)dx

So unless fol g(x)dz = 0, the equation does not have a solution. If fol g(x) dz, then the equation has
infinitely many solutions. Any function of the form

f(@)=C+g(z)

for any arbitrary constant C, is a solution.
To see this, substitute:

1 1 1
/ F(y) dy + glx) = / C+ g(y)dy + 9(e) = C + / o(y) dy +9(z) = f(x)
0 0 0

—_——
=0
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§36

Conclusmn BFP works for |A] < 1. Indeed, for any A # 1, there is a unique solution: f = Cx(g)+g,

where Cy\(g) = 12 )\ fo y)dy. If A = 1, there is no solution unless fo x)dz = 0; in that case, there
are 1nﬁn1tely many solutlonb (any f of the form f = ¢+ g for arbitrary constant cis a bOluthIl).

This is a special case of Fredfoln Theory of compact operators.
Back to our equation in C([a, b]):

f=MA(f)+g

where A(f) = fabK(x,y)f(y) dy.
To be continued.

Friday, November 8, 2013
Last class: [a, ]
= A/ k(z,y)f(y)dy + g(x)

M = sup [k(z,y)|. for |\ < 3752
Banach fixed point = existence and uniqueness of solution f.
Example 36.1 [0,1]. k(z,y) =1, f(x )‘fo y)dy + g(x).
Existence and uniqueness fail is A = 1.

b
Af(@) = [ b)) dy
A is linear, A : C([a,b]) — C([a,b]).
[A(f1) = A(f)ll £ M (b — a)|lf1 — fall

A is “very special”
B={feC(ab]),|fl <1}
C([a, b)) is infinite dimensional; B is closed, bounded, but not compact.
Proposition 36.2
c(A(B)) = cl({Af - If] < 1})

is a compact subset of C([a, b]).

Proof. By A-A we need to show that A(B) is bounded and equicontinuous. Then cl(A(B)) is compact.
If ||f|| <1, then ||Af]| < M(b—a). So A(B) is bounded.
To prove equicontinuity,

b

[Af (@) = Af@D] = | [ [k, y)f(y) — k@, y)f(y)] dy

b
s/ k() — k(' 3)] - |dy</ k() — k(' )| dy

By uniform continuity of K, 36 > 0 s.t. Va,a’ y € la, b] if |z —2'| <9, |k(z,y) — k(z',y)| < 5.
Then for all f € B, if |z —2/| <4, |Af(x) — |<f F—dy =e.
Equicontinuity follows. O
A is an example of a compact operator. A is “infinite dimensional”, but “as close as possible” to
finite matrices.

Definition 36.3 Let (X,]| - ||x) and (Y,] - ||y) be two normed spaces. A linear continuous map
A: X =Y is called compact if cl{Af : || f]|x < 1} is a compact subset of Y.

Back to Banach fixed point. X-metric space, f : X — X. f may not be a contraction but a
modification of BFP can be used to prove that f has a unique fixed point.
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§36.1

Proposition 36.4 Let X be a metric space and f : X — X a map s.t. for some k, f¥ = fofo---of
has a unique fixed point. Then f has a unique fixed point.

Proof. Let x be the unique fixed point of f¥.
F* ()
F(fF (@) = M (@) = f(2)
= fM(f(2)) = f(x)

Then f(z) is also a fixed point of f*. So by uniqueness, f(x) = z. If f(y) =y, then f(f(y)) = f(y) =
y = ffy)=y = z=y. O

T

Proposition 36.5 Let (X,] -]|) be a Banach space and A : X — X a continuous linear map. Suppose
that for some k,
A¥ =Ao0Ao--0A

is a contraction. Then for any y € X, x = Ax + y has a unique solution.

Proof. Fix y and let f : X — X be defined by f(z) = Az +y.
fAx) = f(f(2) = f(Az +y) = A(Az +y) +y = Az + Ay +y
Fx) = f(A% + Ay +y) = Ao+ A%y + Ay +y
)= Afw+ Ay + o+ Ay +y

So, |f¥(x) — fE(a")|| = ||Akz — A*2'||. Since AF is a contraction, f* has a unique fixed point. By
previous proposition, f has a unique fixed point. O

‘Another class of integral equations‘

[a,b], k : [a,b] X [a,b] — R continuous. g : [a,b] — R continuous, A € R — {0}.
fa) =2 [ bla)f ) dy+ g(a)
When does this have a solution? When is it unique?

Consider C([a, b]).
0= [ ki)

(Exercise: if f is continuous, then Af is also continuous on [a,b]). A : C([a,b]) — C([a,b]) is a
continuous linear map.

[Afi(2) = Afa(2)] =

< [ W llAw - £@Idy < 15 - fIME-a) M =max |y
1

IA(f) — A(f2)|| < M(b—a)||f1 — fol if |A] < Mb—a)

BFP — existence and uniqueness.
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Let us try to iterate A.

2

A = [ Keaf@dy 47w = [ ke Aane) dy

- /”” k@, y) Uy k(y, ) f(t) dt] dy = /j /ay k(z, y)k(y, t) dt dy
/ / / (@, 20 )k(z1,22) - k(20 y) f(y) dy den o - - dz

AR £ (2 |<// / k(e ) B, 22| - [k (n )1 @) dy depy - da

z+1 Tp—1
SHfHMk/ / / dydz,_1---dz

(b—a)k
1
M*(b— a)*
AR f ()] < 1=
M*(b—a)F
14¥(70) — A5l < 1 — fol M0 2S
o o~ af 1. oF
e =3 1o G limg oo Gy = 0 for all a.
a=M(b—a). For large enough k, M < 1. So A* is a contraction. So f = AAf + ¢ has a
unique fixed point. f(z) = /\f k(z,y)f(y )dy + g(x) has a unique solution.

§37 Tuesday, November 12, 2013

§37.1 ‘Topological Spaces‘

Definition 37.1 Let X be a set and 7 a collection of subsets. Then 7 is called a topology for X if
the following holds

1. 9, X er
2. If O4,...,0, € Tthen O1N---NO, €T
3. If {Os}icr is any family of elements of 7 then |J;c; O; € T
The elements of 7 are called open sets. If x € X, any open set that contains x is a neighborhood of z.

Basic example: Let (X, d) be a metric space and 7 the collection of all open sets in X. Then 7 is
a topology for X.

Very important example: distribution, modern theory of partial differential equations
d-function,
0 ifzx#0
d(z) =

oo ifx=0

0:C(R) — R, o(f) = f(0) if differentiable, 6’(f) = f/(0). Ex. number theory: Zarisky topology.

§37.2 ‘ Basic notions ‘

Definition 37.2 Let (X, 7) be a topological space and a collection of neighborhoods 3, of z is called
base for topology at z if for any neighborhood O of z, one can find B € 3, such that B C O.

A family of open sets in 5 in X is called a base for topology 7 if 8 contains a base for a topology
for any point x € X. In other words, § is a base for the topology 7 if for any z € X, and any
neighborhood O at z, one can find B € § such that z € B C O.
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Proposition 37.3 Let 8 be a collection of open sets in topological space (X, 7). T.F.A.E.
1. B is a base for a topology 7
2. Any non-empty open set in 7 can be written as a union of some subcollection of

Proof. (1) = (2): Let O be a non-empty open set. Let x € O. Then O is a neighborhood of z, and
B is a base for topology at x. So there exists B, € f such that x € B, C O

UBx:O

z€O

so (2) follows.
(2) = (1): Let x € X be given. We need to show /3 contains a base for topology at z. Hence,
we need to show that if O is a non-empty open set containing x, then there is B € § such that

reBCO

O is open, hence O = |J,; B; for some family {B;}ic; in 8. But then » € O = x € B, for some
iop € I. Sox € B;, C O and (1) follows. O

A consequence: Base uniquely determines a topology. In other words, if 7, and 7% are two topolo-
gies with the same base 3, then 7y = 7. This follows from the above proposition: If O € 71, then
0= UieI B;, where B; € 3. B; € 13, so O € 7. Can do this the other way, so 71 = 2.

However, given topology can have many different bases.
Example 37.4 R, d(z,y) = |x — y|, metric topology. One base is a collection of all the open
intervals whose ends are rational points. Another base is a collection of all open intervals whose ends
are irrational points.

Proposition 37.5 Let X be a set and 8 a collection of subsets of X. T.F.A.E.
1. B is a base for a topology for X

2. B covers X, that is, UBeBB = X, and for any By, By €  and any « € By N Bsg, there exists
B € 8 such that z € B C By N Bs.

Proof. (1) = (2): B is a base for some topology 7 in X. If x € X, X is open, so there is B, € 8
such that z € B, C X. Then

UBm:Xandso UUB:X

z€X Bep

If By,Bs € 8 and x € By N By, then By N Bs is neighborhood of z. Since (3 is a base at x, there is
B, € 3 such that x € B, C By N Bs.

Let 7 be the collection of all unions of subcollections of § together with @. A € 7 if either A = &
or A = J,c; Bi where {B;} is a collection of sets in f3.

We need to show that 7 is a topology for z. @ € 7 and since 8 covers X, X € 7. We need to show
that 7 is closed under arbitrary unions. Let {4;};cs be a collection of sets in 7 indexed by the set J.

Then each A; is a union of some subcollection of 5. We can write

A;=J Buj,  Bug €B

i€l;
U4, =U U Besy
jeJ jeJiel,

union and a family of sets in 3.

By definition, 7 is closed under arbitrary union. We need to show that 7 is closed under finite
intersection. Enough to show that if Ay, As € 7j then A; N A, is also in 7.

Let Al:UieIBij AQ:UjeJij B;, B;j € B.
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§38

AinAdy= |J BinB;
iel,jeg
Let € A; N Ay. Then there exists 4g, jo such that € B;; N Bj,. Then, by (2), there exists B, €
such that x € B, C B;, N Bj,.

U B, D> A1 NA; since x € B,
TxEAINAS

U B, C A1 N A, since B, C Bio n Bjo C AN A,
r€AINAs
So,
U B:=4in4,

r€AINAs

and so, A1 N As is also a union of some subcollection of the elements of 5. So 7 is closed under finite
intersections. O]

Definition 37.6 Let (X,7) be a topological space and E C X. A point € X is called a closure
point of E if for any neighborhood O, of =, O, N FE # @.

cl ' is the collection of all closure points.

Obviously, E C clE,and if AC B = clA C clB.

Proposition 37.7 cl(clE) =clE

Thursday, November 14, 2013

Last class: (X, 7) topological space, E C X. A point 2 € X is called a closure point of E if for any
neighborhood O, of x, O, N E # @.

clE or E is the collection of all closure points of E. clE is called the closure of E. Obviously,
ECclEand ACB = cl(4) C cl(B).

A set F is called closed if cl F = E.

Proposition 38.1 clFE is a closed set.

Proof. We need to show that cl(cl(E)) = cl(E). Since cl(F) C cl(cl(F)), we need to show that
cl(cl(E)) C cl E.

Let z € cl(cl(E)). Let O, be any neighborhood of z. Then O, NclE # &. So, 32’ € O, NclE.
So z’ is a closure point of E, and O, is an open set that contains z’. So by the definition of a closure

point, applied to z’, we have
O, NE#o

so x € cl E, and we have that cl E is closed. O

Remark. Notice that cl E is the smallest closed set that contains E. To see this, let F' be a closed set
with £ C F. Take x € F¢. Since cl F' = F, x is not a closure point of F. So, 30, > x open with
O,NF=0.
But E C F, 50 O, NE =@. Then z ¢ clE. So we have x € F¢* — 1z € (cl(E))°. Taking a
closure,
re€F = zxzeclE

ie. clE CF.
Proposition 38.2 Let (X, 7) be a topological space. A set E C X is open if and only if E° is closed.

Proof. Suppose that E is open. Let x € cl(E€). Then x ¢ E, since E is open (since it would be a
neighborhood of z), and ENE® = &. Then z € cl(E°) = z € E° and cl(E°) C E°, so E° is closed.

To prove the opposite inclusion, suppose that E¢ is closed. Let 2 € E. Then = ¢ cl(E°), since
cl(E°) = E°. Then we can find a neighborhood O, that contains « and is completely contained in E.
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§38.0.1

So,

E=]J 0.

el

where F is a union of open sets, and hence open. O]
Proposition 38.3 Let (X, 7) be a topological space. Then

1. @, X are closed

2. If Fy,...,F, are closed, Fy U---U F,, is a closed set

3. If {Fi}icr is a family of closed sets, then J;.; F; is closed.

Four Separation properties

(X, 7).

1. Tychonoff separation property: if z,y € X,  # y, then there exists a neighborhood O, of z
such that y ¢ O, and a neighborhood O, of y such that « ¢ O,.

2. Hausdorff separation property: If z,y € X, « # y, then there are neighborhoods O, and O,
that obey
0,N0y =0

3. Regular separation property: Tychonoff property holds, and, if F is a closed subset of X, and
dz ¢ F, then 3 an open set V O F and a neighborhood O, at x such that

O,NV =g

4. Normal separation: Tychonoff property holds, and, for any two disjoint closed sets F', F5, there
are open sets 01 and Os such that I} C O, F5 C O2, and O1 N0y = 2.

Proposition 38.4 Tychonoff’s property holds if and only if any single point in X is a closed set.

Proof. Suppose that T.P. holds. Let z € X, y # . Then there is a neighborhood of O, of y s.t.
x & Oy. So,
{a} = U Oy
yeX\{z}
this is a union of open sets and hence open.
To prove the converse, suppose that any point z is a closed set. Fix z and let y # 2. Then y € {z}¢

which is open. So {2} is a neighborhood of y that does not contain z. Reversing the roles of z and
y, we have the same statement. So T.P. holds. O

Proposition 38.5 Any metric space is normal.

Proof. (X,d) metric space, F C X, @ # F.
Homework 2:
d(z, F) = inf{d(z,y) : y € F}

If Fis closed, d(z,F) =0 < z € F.
Homework 6: Function z — d(z, F') is uniformly continuous, in fact

|d(z, F) — d(y, F)| < d(z,y)
Let Fi, F5> be two closed sets in X. We want to find open sets Oy D Fy, Oy D Fy, s.t. O1 N0y = 2.

If F} or F5 is empty, this is trivial.
Assume that Fy, F5 are non-empty.
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Let

f(x) =d(z, Fr) — d(z, F2)

g(x) =d(x, F») — d(x, Fy)
O ={zecX:f(z) <0} =f1((~00,0))
0z = {z € X : g(zx) <0} = g7 ((~00,0))

—~

01, 05 are open since they are continuous.

Finally, F; C Oy, since for 2 € Fy, d(z, F1) = 0, and d(z, F3) > 0 since F; is closed and F1NF, = @.
In the same way, F» C Os.

So we have found appropriate O1, Os.

O

Topological space is called Tychonoff/Hausdorff/regular/normal if the respective separation prop-
erty holds.

Metric = normal = regular = Hausdorff = Tychonoff.
Exercise 38.6 Let X =R and 7 = {&, R, (—00,¢) : ¢ € R}.

Then 7 is a topology for R.

This topology is Tychonoff, but not Hausdorff.

Update: This topology is not Tychonoff. See the next day’s notes.

sos.i

Definition 38.7 Convergence: let (X, 7) be a topological space and (z,,)22; a sequence in X This
sequence converges to a point x € X, denoted lim,, o, x,, = x, if for any neighborhood O, of x, there
is N > 0 such that for alln > N, z,, € O,.

Example 38.8 (Example 1, continuation) x, = —n. Then for any z € R, lim,, o, 2, = z. Let
O, be a neighborhood of z. So O, = R, or O, = (—o00,¢) with ¢ > 2. Then, for n large enough,
Tp =-n<c, 80 x, €0,;. Then x, — x.

§39 Friday, November 15, 2013

Example 39.1 (Example 1, correction) X =R, 7 ={2,R,(—o00,c) : ¢ > 0}. 7 is a topology for
R. 7 is not Tychonoff.

Proof. To prove 7 is a topology, we need to show 7 is closed under finite intersection and arbitrary
union.

If O4,...,0, € 7, we consider O1N...NO,. If Op =R, we can drop it. If Oy = @, the statement
is trivial.

So, WLOG, Oy # @, O # R, for 1 < k <n.

Then Oy, = (—00,¢). Npey Ok = (—00,¢), ¢ = minj<g<n ¢x. So 7 is closed under finite intersec-
tions.

Let {O;} = (=00, ¢;) for ¢; € R.

Let ¢ = sup;¢; ¢, then (=00, ¢;) C (—00,¢), 50 [J;c; Oi C (—00,¢). If ¢ < 00, then ¢ — 1/n is not
an upper bound for {¢;}ier. So, (—o0,¢—1/n) C O;, C U;e; Oi- Then |~ (—00,c—1/n) C U;e; O
So, if ¢ < 0o we have equality.

el

U 0; = (—o0,¢)
il
If ¢ = oo, then for any n, Jcip s.t. cin > n. So, (—00,n) C |J;; O for all n.
So (—o0,n) C U;e; Oi for all n, and so (—00,00) C J;¢; Oi-
T is a topology. 7 is not Tychonoff. Let z,y € R with x < y. Then any open set that contains y
must be of the form (—oo,¢) for some ¢ > y. But then z € (—o0,¢) so we can’t separate x from y.
Thus, X is not Tychonoff.
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z, = —n. Then for any z € R, lim,,_,o, , = x. Let O, be a neighborhood of z. So O, =R, or
O, = (=00, ¢) with ¢ > z. Then, for n large enough, x,, = —n < ¢, so z,, € O,. Then z,, — x.
O

Example 39.2 (Example 2) X =R, 7 ={,X,0 : O° is finite set}.
7 is a topology: if O1,...,0, € 7, O # & s.t. O # R, then

(O1N---NO0K)*=05U---0s

which is a finite set, since each Of is finite.
If {O;}icr is a family in 7, with O; # @, O; # R, then

o) =Ner

i€l i€l

which is a finite set since each Of is finite.

So, 7 is closed under arbitrary union and finite intersection.

Let z,y € R, x # y. Let Oy = R\ {z} and O, = R\ {y}. Then O, neighborhood of z, y € O,.
O, is a neighborhood of y, x & O,.

Tychonoff holds, Hausdorff however does not. Suppose that V, and V,, are neighborhoods of z and
Y such that V, NV, = @, V7, V7 is finite. But V,7 U V7 = R which is a contradiction.

Let x, = n, then for any x € R, lim,, o, ,, = x. To see this, let O be a neighborhood of the point
z € R with O # R. Then O€ consists of finitely many points. Sequence x,, consists of distinct points,
so 3N > 0 such that x, € O° for n > N. But then z,, € O for n > N, and lim,,_,, x, = x.

Proposition 39.3 Let (z,7) be a Hausdorff space. Then the limit point of a sequence, if it exists, is
unique.

Proof. Let (z,)52; be a sequence such that

lim z, =«
n— o0
and

lim z, =y
n—oo

with  # y. Let O, and O, be neighborhoods of z and y such that O, N O, = @. Let N; be such
that for n > N1, z,, € O,. Let Ny be such that for n > Ns, z,, € O,. Then, for n > max(Ny, Na),
zn, € Oy N O,. Contradiction. O

Definition 39.4 (X, 7) a topological space. X is called first countable if it has a countable base for
topology 7 at each point z € X.
X is called second countable if it has a countable base for topology .

Remark. Second countable = first countable.

Remark. A metric space is first countable. Let (X, d) be a metric space, z € X, {B(z,1/n)}n>0 is a
countable base for a topology at z.

Definition 39.5 Let (X,7) be a topological space. A set S C X is called dense in X if every
non-empty open set in X contains an element of S.
If X contains a countable dense set, X is called separable.

Remark. Note that S dense in X if and only if c1S = X. Suppose cIS = X and O a non-empty open
set. Pick x € O. Then O is a neighborhood of z. x € 1S = X, so SN O # @. Conversely, suppose
that S is dense in X. Then for x € X and any neighborhood O of z, then ONS # &, so = € clS.

Remark. If topological space is second countable, then it is separable. Indeed, let {B,}%2; be a
countable base for topology, and S = {z,}52,. Pick z,, € B,; any open set O in X can be written as
a union of some subcollection of {B,}. Hence, any non-empty open set contains a point of S.
However, if topological space X is separable, it may not be second countable. However, a metric
space is separable iff it is second countable.
Recall: if {z,}22, is a dense set in metric space (X, d), we have shown that {B(zy, /m}n m>0 is
a base for topology for X. Any open set in a metric space can be written as a union of these balls.
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Definition 39.6 For a topological space (X, 7), we say (X, 7) is metrizable if there exists a metric
d such that the topology of open sets with respect to this metric is precisely 7.
Example 39.7 Let X be a non-empty set and 7 = P(X) = 2% = the set of all subsets of X. (7 is
the maximal topology).

7 is metrizable: just use the discrete metric. Any point is an open set (B(x,1/2) = {z}), and any
set is open.
Example 39.8 Let X be a set with more than two points and let 7,1, = {&, X }. It is not metrizable.
If d exists, take © # y with z,y € X, and r» = d(z,y) > 0. Then B(z,r) = {z : d(z,2) < r}.
x € B(X,r), but y & B(x,r). So this ball is not the empty set or X, so d cannot exist.

§40 Friday, November 15, 2013: Tutorial

§40.1 ‘Picard’s local existence theorem‘

Theorem 34.2 (Banach fized point) Let X be a complete metric space and f : X — X be a
contraction. Then f has a unique fixed point, that is, there exists unique x € X such that

fa) =2

If T is a contraction, 3¢ € [0,1) s.t. d(T(z),T(y)) < qd(z,y).

Consider d(T(X),T(Y)) < d(z,y); if X is compact, we have a unique fixed point (from the
homework).

Let O C R? be open. (z9,y0) € O. g : O — R continuous.

The problem: find a solution to the following differential equation:

f I — R satisfies f'(z) = g(z, f(z)) and f(x0) = yo (1)

ﬂm:m+/2wﬂma

0
for x € I. The question: when is this expression valid?

Theorem 40.1 (Picard’s local existence theorem) Let (z9,y0) € O C R? be open. Suppose
g : O — R be continuous and satisfies the following Lipschitz condition: 3M > 0 such that

lg(z,y1) — g(x,y2)| < Mly1 — yo|

for all (x,y1), (z,y2) € O.
Then, 3 open interval I such that has a unique solution.

Proof. For £ > 0, set Iy := [xg — ¢, 29 + ¢]. Then it’s enough to show that we can choose ¢ such that
3 f: Iy — R such that f(z) =yo + [, g(t, f(t))dt
Since O is open, Ja,b > 0 such that Ry, = [zg — a, 2o + a] X [yo — b,y0 + 0] C O.
For ¢ < a, define
Xe={feC):|f(z) -yl <b,Vz €L}
Exercise: X is closed.

Define: T': X; — C(Ie), T(f)(x) = yo + [, g(t, f(t)) dt
Remains to show: ¢ can be chosen such that T(Xy) C X@ and T : X, — X, is a contraction.
First, Rap is compact, g continuous, so 3 K > 0 such that |g(x,y)| < K for (z,y) € Rup. Now take

f € Xyand x € Iy. Then
/ g(t, f(t))dt /”Kdt
xo o

Hence, T(f) e Xy = T: Xy — Xy

> o

=I(K<b = (<

T(f)(2) = yol =

<
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Let f1, fo € Xy, x € I,.
l9(z, f1(x)) — g(=, fa(@))| < M|fi(z) — f2(x)] < M| f1 = fol

— [T(7)@) - T = | [ "ot 1 (0) — g, Fa(8))] dt

0

< < M| f1 = 2l

/ MIlfy — foll

= [|T(f1) = T(f2)|| < M| f1 — fa|

Ife < ﬁ, then T is a contraction. O

Example 40.2 Suppose g(z,y) = h(x) + by for h : R — R continuous.
Verify: f(x) = @20y, 4 f;o e?@=n(t) dt is a solution to f'(z) = g(z, f(z)) and f(z) = yo.

Af@) _ peble—wolyy 4 4

e / e Yh(t) dt
T

0

= beb(x—yo)yo + +

x
be® / e Pth(t)dt

o

x
et 4 / e h(t) dt]

Zo

_ beb(w—yo)y0 + + [6bw[€_bxh(x)]:|

be® / e Pth(t)dt

0

x

— h(z) + bet==m0)y, + / HEDOR(t) dt = g(a, f(2))

Zo

Lemma 40.3  Suppose g : R?2 = R is continuous and has continuous first order partial derivatives.
Then for each (xo,y0) € R%, 30 € (z0,y0) (O open) such that g : O — R? satisfies Picard Thm
condition (ie. the uniform Lipschitz condition).

Proof. Choose (zg,10) € R2. g—yg(x,y) = gy(x,y) is continuous, so 3§ > 0 such that

9y (2, y) — gy(z0,90)| <1 V(x,y) € B((z0,%0),0) =: O

Let M = |gy(z0,%0)| + 1. Then |gy(x,y)| < M for z,y € O.

Pick (z1,91), (z2,¥2) € O. Then [g(z,y1) — g(z, y2)| = [gy(2, ¥") (1 — v2)| = |gy(z,y)[|ly1 — v2| <
M]|y1 — y2|, by mean value theorem.
O

Example 40.4 f(z) = x — arctan(z). WLOG, take x > y:

|f(z) — f(y)| = |x — arctanz — y + arctany| = | (z — y) —(arctan(z) — arctan(y))| < |z — y|
0 0
> >

since arctan(z) — arctan(y) < z — y. Not a contraction, but has a fixed point on compact X (when
f:X—=X).
f:R—=R For A>0, f:[-A, A] — [-A, A]. Fixed point is 0.

Let g(x) = § + x — arctan(x). Suppose g has a fixed point; then xq = 5 + o — arctan(zo) which
is impossible.

§41 Tuesday, November 19, 2013

§41.1 ‘Characterization of Closure‘

In a metric space (X,d), € cl E iff 3 a sequence ()32, in E s.t. lim,,_, o 2, = 2.
In a topological space, if x is s.t. for some sequence x, € F, lim,_ o ©, = =, then z € clF.
However, in general, the converse is not true. But if X is first countable, then the converse holds.
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Proposition 41.1 Let (X, 7) be a first countable topological space. Let E C X. Then « € ¢l F if and
only if there exists a sequence (z,)5; in E s.t.

lim z, =«
n— o0

§41.2 ‘Continuous Functions on Topological Spaces

Simple fact Let (X, 7) be a topological space. Then V' C X is an open set iff for any = € V, there
is a neighborhood V, at z with V, C V.

Proof. If V' is open, then take V,, = V. To prove the opposite direction, note that
v=_J "V
zeV

Hence, V is open. O

Definition 41.2 Let (X,7) and (Y, s) be two topological spaces. Let f : X — Y be a function.
This function is continuous at the point z € X if for any neighborhood V at f(z), there exists a
neighborhood U at x s.t. f(U) C V.

If f is continuous at every point of X, f is called a continuous function.

Proposition 41.3 A function f : X — Y is continuous if and only if the inverse image of any open
set in Y is an open set in X.

Proof. Suppose that f is continuous. Let O be an open set in Y. Consider
FHO) ={z € X : f(x) € O}

Let z € f~1(O). Then f(x) € O and O is a neighborhood of f(z). Since f is continuous at x, there
is a neighborhood U, of z in X, s.t. f(U,) C O. But then,

U, C f710)

Hence, for any z € f~1(0), there is a neighborhood U, of z s.t. U, C f~*(O). Hence, f~1(0) is
open.

To prove the converse, suppose that f~1(O) is open in X, for any open set O C Y.

Let z € X be given, and let V' be a neighborhood of f(x). Then V is open and contains f(x),
and so f~1(V) is open in X (by assumption) and # € f € v(V). Set U = f~1(V). Then U is a
neighborhood of z and f(U) = f(f~1(V)) C V. So f is continuous at z. O

Proposition 41.4  Let (X, 7),(Y,s),(Z,V) be topological spaces and
f: X—=Y g:Y =7
be continuous functions. Then their composition
h=gof:X—2Z
is continuous.

Proof. This is true since for any open set O C Z, h=*(0) = (go f)~1(O) = f*(g~*(0)). O
W—;/
open in
S

open in X

Remark. One can use the requirement of continuity to generate a topology. This is very useful.
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Let X be a set. Let A be a collection of subsets of X. We do not know whether A is a topology
(typically, it is not). We want to find the smallest topology for X that contains A.
Let 74 be the collection of all topologies for X that contain A. 74 is not empty: power set of X
is in 74. Define now,
T = ﬂ S

SE€TA
7 is the miminal topology that contains A, as can be quickly checked.
T is the topology generated by A.
X-set. {(Xa,Ta)}acr a family of topological spaces. For each a, we are given a function f, : X —
X,. For the f, to be continuous, then we need

A={fY0):0ery,acl}

to contain only open sets. The topology genenerated by A is the minimal topology in X with respect
to which all functions f, are continuous.

§41.3 ‘Compact Topological Spaces‘

Definition 41.5 Let (X, 7) be a top. space. X is called compact if every open cover of X has a
finite subcover. That is, if
X=Jva

acl
where V,, € 7, then there are finitely many V,,,...,Vq, st. X =V, U... V,,.

Definition 41.6 (X, 7) has the finite intersection property if for any family of closed set {Fy }aer
such that F,, N---NF,, # @ for any ay,...,a, € I, we have that

() Fa#2

acl
Proposition 41.7 (X, ) is compact iff (X, 7) has the finite intersection property.
Proof. Same as for metric spaces. O

Definition 41.8 Let (X, 7) be a top. space. A subset Y C X is called compact if any open cover of
Y has a finite subcover.
This means if
YT |JVa Vaer
acl
then there are finitely many aq,...,a, € I s.t.

YCV,,U...UV,,
Proposition 41.9 Let X be a compact top. space and Y C X a closed subset. Then Y is compact.

Proof. Let {V,}aer be an open cover of Y,

YclJVa
acl

Let O=Y°¢=X\Y. O isopen, and {O, V,}qers is an open cover of X.
x=o0ullJva
acl
Then there are finietly many oy,...,ap, € I st. X =0UV,, U...UV,,.
YUY =YU((Vy, U...UV,,)

So,Y CV,, U...UV,,, and we have found a finite subcover. ]
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§42

The converse fails.

Exercise 41.10 X =R, 7 ={@,R,0: O C R: O° is a finite set}.
7 is Tychonoff but not Hausdorf. Let O C 7 be any non-trivial open set (O # @,0 # X). Show
that O is compact in 7.

Thursday, November 21, 2013

Proposition 42.1 Let (X,7) be a compact Hausdorf topological space. Then if Y C X is compact,
Y is closed.

Proof. We want to show that Y¢ is open. Take x € Y°. Since X is Hausdorf, there exists a neighbor-
hood Uy of x and V,, of y s.t. U, NV, = @.
Now, {V, }yey is an open cover of Y (y € V,)). Since Y is compact, there exists a finite subcover,

YCV,uU...uV,,

Set U = Uy, N...NUy,. Then U is a neighborhood of z, and UN (V,, U... UV, ) = &. So,
UNY =@ and U C Y°. So, for any x € Y¢, there exists a neighborhood U of z s.t. U C Y. So Y*

is open, and Y is closed.
O

Proposition 42.2 Let (X, T) be a compact, topological, Hausdorf space. Then X is normal.

Proof. We want to show that if Fy, F5 are two closed, non-empty, disjoint subsets of X, then there
are open sets O1 and Oy s.t. Oy D Fy, Oy D Fy, O1 N0y = 2.

Suppose first that F; = {x}. We repeat the argument of previous proposition. Since X is Hausdorf,
for any y € F5, we can find neighborhoods Uy of  and V,, of y s.t. U, NV, = @.

Now, {V,}yer, is an open cover of Fy, and F; is a closed subset of a compact topological space
and so is compact. Then we have a finite subcover:

FyCV, UV, U...UV,,

Set Oy =Uy, N...NU,, and Oy =V, U---UV,, . Then O; is a neighborhood of z, O is open,
02 D) F2 and OlﬂOQ = .
Consider now general Fy. Then for any x € Fy, we can find U,, a neighborhood of z, and V, an
open set that contains Fj, s.t.
U, NV, =92

{U}szer, is an open cover of F;. Then there exists a finite subcover,
Fy CleU...Uan

Set O =U,, U...UU,, and O =V, N...NV,, .
O, is open, O D Fy, O is open, and Oy D F,. O1 N Oy = &, and we have found our sets.
O

Proposition 42.3 Let (X, 7) be a compact topological space and f : X — Y a continuous function,
where (Y, s) is a topological space. Then f(X) = {f(z) : € X} is a compact subset of Y.

Proof. Let {V;};cr be an open cover of f(X) in Y, that is
fx)cw
iel
Then,
x=Usrmw

i€l
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Since f is continuous, the inverse image of the open sets are open, so {f~1(V;)}ies is an open cover
of X, and we can pick a finite subcover,

X=f"(Vi)u...uf (Vi)

n

FX) =fT Vi) U UF(F (Vi) € Vi U U,
So, Vi,,...,V;, is a finite subcover of f(X). O

Proposition 42.4 Let (X, 7) be a compact topological space and f : X — R a continuous function.
Then f achieves its minimum and maximum values on X.

Proof. f(X) is a compact subset of R, so f(X) is closed and bounded. Hence, f(X) contains its
infimum and supremum. O

If (X,d) is a metric space, then compactness is equivalent to sequential compactness. This fails
for topological spaces.

If X is second countable, then compactness is equivalent to sequential compactness.

Remedy: the notion of “nets”, or generalized sequences.

Aside This is a difference between fermions and bosons; fermions you always deal with compact
spaces with “nice” properties, whereas with photons you do not.

§42.1 ‘Connected Topological Spaces‘

Definition 42.5 Let (X, 7) be a topological space. X is called connected if it cannot be written as
a union of two disjoint open non-empty sets.
In other words, X is connected iff the relation

X = 01 UOy where O1,05 are open and satisfy O1 N0y =0 — O =G or O, =9
Definition 42.6 A subset Y C X is called connected if the relation Y € O1 U Oy where O, 04 are

open and satisfy Y NO; N O3 = & impliess Y NO1 =J or Y N0y = 2.

Clarification: If (X, 7) is a top. space and Y C X, then the family of sets
s={YnNO:0er}

is a topology for Y. (Y, s) is called a topological subpace. So a subset Y C X is connected iff the top.
space (Y, s) is connected.

Proposition 42.7 Let (X, 7) be a topological space. T.F.A.E.:
1. X is connected
2. @ and X are the only two subsets of X that are simultaneously open and closed

Proof. (1) = (2) Let A be such that A is open and A° is open. Then X = AU A°, AN A° = @.
Since X is connected, either A = & or A¢ = @.

(2) = (1): Suppose X = O; U Oy where O1, 05 are open and O1 N Oy = &. Then O7 = 05. So
01 is open and closed. So O1 = @ or O = X. So either O; = @ or O3 = &, and X is connected. [

Proposition 42.8 Let (X, 7) and (Y, s) be top. spaces and assume that f : X — Y is a continuous
function. Suppose that X is connected. Then

fX) ={f(x) :z € X}

is a connected subset of Y.
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Proof. Suppose that f(X) C V3 U Vs, where Vi, V5, are open in Y and V; NVa N f(X) = @. Note that
X=[f7(V)ufi(ve)

and that f=1(Vy) N f=1(Va) = @ (otherwise, if x € f~1(V1) N f=1(Vz), then f(x) € V1 and f(z) € Va,
and f(X)NViNV; # @).
Since X is connected we must have that either f~1(V1) = @ or f~1(V3) = @.
V) =9 <= fx)nV, =02.
i) =0 <= f(X)Nh=0.
So, we conclude that f(X) is connected.
O

Proposition 42.9 (Intermediate Value Theorem) Let (X,7) be a connected topological space, and
f X — R a continuous function. Let a = inf f(X), b = sup f(X), and let a < r < b. Then there
exists a point z € X s.t. f(z) =r.

Friday, November 22, 2013

Tutorial today: in Stratchona Anatomy and Dentistry Building SADB M-1.

Last class:

Proposition 43.1  (Intermediate Value Theorem) Let (X,7) be a connected topological space, and
f X — R a continuous function. Let a = inf f(X), b = sup f(X), and let a < r < b. Then there
exists a point z € X s.t. f(z) =r.

Proof. Suppose that the statment is not true. Let a < r < b be such that f(z) # r for all z € X.

Set O1 = (—o0,r) and O3 = (1, 0).

Then f(X) C O1 N Oy, and f(X)NO; NO2 = @. However, f(X) N O; is not an empty set, since
r > a =inf f(x), r is not a lower bound for f(X), and then 3 = € X s.t. r > f(z).

Similarly, f(X) N Oz # @, because r < b = sup f(X) and so there exists z € X s.t. f(z) >r.

It follows that the image is not connected. This contradicts the previous proposition. O

Proposition 43.2 Let (X, 7) be a topological space and Y = {0, 1} with discrete metric. (So Y is a
top. space with every subset open). T.F.A.E.:

1. X is connected

2. Any continuous function from X to Y is constant, that is, f(x) = 0 for all z, or f(x) =1 for all
z.

Proof. (1) = (2). Let f: X — Y be a continuous function and O; = f~1({0}) and Os = f~1({1}).
Then O, O5 are open in X, O1UO, = X and O1N0Oy = @. Since X is connected, O = @ or Oy = @.
Hence, either f(z) =0 for all z, or f(z) =1 for all x.

(2) = (). ~(1) = ~(2).

(1) : X is not connected.

—(2) : There exists a continuous function f: X — Y that is not constant.

Since X is not connected, there exists open sets 01,05 s.t. X = O1 U Oz but O1 N O3 = & and

1 ifze O
O1, O5 are non-empty. Define f(z) = .
0 ifxe O,
Then f is not the constant function because O; and O are non-empty. f is continuous, since
F71({0}) = O1 and f~1({1}) = Oy, so f is continuous and —(2) holds. O

Proposition 43.3  Let (X1,d;) and (X2, d2) be metric spaces, and (X, d) their product. T.F.A.E.
1. X is connected

2. X7 and X5 are connected
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Proof. d((z1,22), (y1,2)) = /d1(z1,91)? + da (w2, y2)?
(1) = (2): Define projector maps

mi((z1,22)) =21,  ma((z1,72)) = 72

Each m; : X — X;.

It is trivial to show that these are continuous.

Since X is connected, X7 = 71 (X) and Xy = m(X) are connected.

(2) = (1): we will use previous proposition. Let f: X — Y = {0,1} be a continuous function.
We want to show that f is constant.

Given z1 € X1, set hy, (22) = f(x1,22).

hz, @ Xo — {0,1}. h,, is a continuous function since f is. X is connected, so h,, is a constant
function. However, the constant depends on z;.

Define now, for fixed x5 € X5

Gz, X1 — {0)1} gzz(xl) = f(x1,72)

Since X7 is connected, g,, is a constant function (although the constant depends on x5).
Let now (z1,x2), (2}, 25) € X.

f(xlva) = hy, (xQ) = hy, (x,2) = f(l'lax/Q) = gm;(xl) = gx/z(x/l) = f(.’tll,l'g)

So f is a constant.

Homework problem: (X,,d,),n=1,2,... and (X,d) their product,

X:HXn
n=1
Then (X, d) is connected iff each (X,,,d,) is connected.

Sketch: If X is connected, define a projection map m, : X — X, m,((zn)72,) = zn. 7, is
continuous, m,(X) = X,, so X,, is connected if X is connected.

For the converse, we cannot do as we did before because we have infinitely many spaces. Fix a
point a = (a,)5%, in X = [[2, X,

For given = = (z,)52,, define

k
.Z'( ) = (a‘lv"'7ak)xn+17xn+27" )

Let now f: X — {0,1} be a continuous function. Arguing as in the last proposition, show that

flz) = fa®)

for every k. As k — oo, z(*) — a. f is continuous, so f(z®¥)) — f(a). But I know f(z) = f(z*)) for
every k. So f(z) = limy_o f(2®) = f(a). So f is a constant function.

Proposition 43.4 Let (X, 7) be a topological space and {4;};cr a collection of connected subsets of
X. Suppose that for any ¢,j € I,

AiNA; + 2
Then
A=A
el

is also connected.
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Proof. Suppose A is not connected. Then there exist open sets O; and Oz in X s.t.

ACO,UO, (1)
ANOINOy =g (2)
ANO; # o (3)
ANOy £ @ (4)

AnOy = [JAi|nOor=JAin0) # 2

el il

Hence, there exist ¢ € I s.t. A; N Oy # @. Similarly implies that there exists j € I s.t.
Aj N Oy 75 .
1,7 € I are s.t.
AiNO; # 9, AiNOy # @

A; C O1 UOs, AjCOlLJOQ

by .
From , we also have,

AiﬂOlﬂOQZQ, Aij1ﬂ02:®

By assumption, A;, A; are connected.
So, A;N Oy =@ and A; N O = . That is, A; C O1 and A; C O».

AiﬂAj:AiﬂAjﬂOlﬁOgCAﬁOlﬂOQ:Q

So, A; N A; = &, which is a contradiction.

Tuesday, November 26, 2013

Assignment due Tuesday, Dec. 3.

Last class: Basic result: {4;};cr family of connected subsets of X s.t. A; N A; # @ for all 4, .

Then J;; A; is connected.

§44.1 ‘ Connected Components ‘

Definition 44.1 Let (X,7) be a top. space. A connected subset C' C X is called a connected
component if for any connected subset D C X such that C' C D, we have C' = D.

Proposition 44.2 A connected component is a closed set.

Proof. Let C' be a connected component. Since C' is connected, cl C' is also connected. By definition
of connected component then, since C' C ¢l C, we must have C' = clC. O

Proposition 44.3 If C1,Cs are two connected components, then either C; = Cy or C1 N Cy = @.

Proof. Suppose that C; N Cy # @. Then by last class proposition, C; U Cs is a connected set. Since
C1 C Cy cupCsy, we must have Cy, = C7 U Cy. Since Co C C7 U Cy we must have Cy = Cy U Cy. So
Cy =Ch. O

Proposition 44.4 Let (X, 7) be a top. space. Then any point € X is in some connected component
of X.
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Proof. Notice that singlets {z} are always connected: Suppose that {z} C O; U Oy and that {z} N
01N02=@. Then {2} NO; =@ or {z} N Oz = @.
Let now A be the collection of all connected sets that contain a given point x. A is non-empty
since {z} € A. Let now
c=Jp

DeA
Every element of the family A is connected, and intersection of any two elements of A is non-empty
since x belongs to that intersection. Hence, by last class’s proposition, C' is a connected set. Obviously,
xzeC.

Let now C be a connected set s.t.
cccC

Then = € C, C is connected, so C € A. Hence, C C C, and so C = C. Hence, C is a connected
component. O

Given a topological space (X, ), let {C;};cr be the collection of all connected components. The
sets C; are closed, disjoint, connected, and
Uci=x

iel

{Ci}ier is a decomposition of X into connected componenets.

Question: Are the connected components open? No, they don’t have to be. Take X = Q, with
the usual metric topology. If A C Q and A has more than two points, then A is not connected.
To see this, let r1,7 € A with ry < 79. Let i be an irrational number s.t. r < i < ry. Take
O1=(-00,i)={z€Q:2<i},0:=(i,00) ={z€eQ:a2>i}. ACO1UO0,=0Q. ANO1N0O2 = 2.
ANO; =71, and AN Oy =ra. So the only connected subsets of Q are singlets, {r}, and

Q=|J{r}

reQ

is the decomposition of QQ into connected components. Each component is closed, but not open.
However, if (X,7) has only finitely many connected components, then every connected component
is open and closed. If {C,...,C,} are the connected components,
X=CiU---UGC,
and the {C;} are closed and disjoint. Then
Ci=(CoU---UC,)=C5N---NCY
is the finite intersection of open sets and so is open.

Remark. Empty set is not connected.

§44.1.1 Examples of connected sets

Example 44.5

1. Any point in topological space is a connected set.

2. Tt may happen that only connected subsets of a topological space are singlets (e.g. @). Such
a space is called totally disconnected. Another example: X an arbitrary non-empty set, d the
discrete metric

1 ifx#y

d(z,y) =
0 ifz=y

Then any subset of X is open and closed. Any set A that consists of more than one point is not
connected. To see this, take x € A and define

120



45 THURSDAY, NOVEMBER 28, 2013

§45

3. Closed interval [a,b] is a connected subset of R (compact, too).
Suppose [a, b] is not connected. Then there are open sets O1, 02 with O1 N O3 N [a,b] = @ and
[a,b] € O1 U Og, but [a,b]NO; # & and [a,b] N O3 # @.

Suppose that a € O;. Define R={¢:0<e <b—a and [a,a+¢) C O1}. First, R is non-empty:
a € O1, O1 open, so for some ¢ > 0, (a — d,a+ ) C O1. We can always take § < b — a, and so
0 € R.

Let g = sup R. Obviously, g9 < b — a.

Claim 1. [a,a + &) C Os.
Proof: Let n > 0 be an integer s.t. n > % Consider then g9 — % Positive number,

and smaller than 5. Then ¢y — % is not an upper bound of R and so we can find
e € Rst. eg— 2+ <& <eo. Then,

[a,a +eg —1/n) Cla,a+¢€") Cla,a+ ep)

We also have that

[a,a+eg—1/n) Cla,a+€") C Oy

U [CL,CL—F{:‘() — l/n) = [a,a—!—eo) c Oy
n>-L
BN
Claim 2. a+¢g € O1. Suppose that a + g € O1. Two cases:
Case 1. a +¢9p = b. Then [a,b] C O;. Then [a,b] N Oz = [a,b] N O N Oz = @.
Contradiction of the choice of O1, Os.

Case 2. a+eg < b. Then, we can find 6 > 0s.t. at+eo+d < b, and (a+e9—9, a+ep+9) C
O;. But then [a,a+eg+6) = [a,a+£9)U[a+eg,a+eg+6) C O1. Soeg+6 € R,
contradicting the choice of €.

Claim 3. a+¢o € Oa.
Suppose that a+eg € Oa. Then there exists 6 > 0,9 > § > 0s.t. (a+eg—0, a+e9+9) C
Os. Take r € (a +e&9 — §,a+¢p). Then [a,7) ¢ O since (a+ &g — 6,7) C Oz. On the
other hand, r < a+¢¢ and [a,a+¢¢) C O;1. So, [a,r) C [a,a+¢ep) C O1. Contradiction.

Claims 2,3 state that a + 9 € O1, a + 9 &€ O2, but g < b—a, a+¢g € [a,b] and
[a, b] C O1UO0Oq

Contradiction.

Thursday, November 28, 2013

Last Class: [a,b] is a connected subset of R.

Proposition 45.1 Interval (a,b), where —co < a < b < oo is a connected subset of R.

Proof. Consider first the case a and b finite, then

(a,0) = | [a+Ynb— 1]

2
n>3=5

If A, = [a+ 1/n,b—1/n], A,’s are connected and 25 € A, N A, (center of [a,b]). So A,, n > =,
is a family of connected sets such that any two elements of the family have non-empty intersection.
Then, by our previous proposition,

U A,, is connected.

n>g2;
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If a is finite and b = oo, one can write

(a,00) = U Ay, where A,, = (a,a+n)

n=1
and conclude in the same way that (a,00) is connected. If b is finite and a = —oo, write (—oo,b) =
J A, where A, = (b —n,b) and conclude the proof. Finally, if a = —oo, b = oo, write (—o0, 00) =
n=1
U A, where A,, = [—n,n] and conclude that (—oo, 00) is connected. O

n=2

Exercise 45.2 Prove that the intervals (a,b], —co < a < b < 0o and [a,b) where —00 < a < b < 00
are connected.

Exercise 45.3 Let f : [0,1] — [0,1] be a continuous function. Then there exists = € [0,1] s.t.
flz) ==

Proof. We know [0, 1] is connected and f is continuous. Set h(z) = f(x)—z. h is continuous on [0, 1],
h(0) = f(0) > 0 and h(1) = f(1) =1 < 0. If A(0) = 0 then we know f(0) = 0; If A(1) = 0, then
f(1) = 1. Otherwise, if f(0) > 0 and h(1) < 0, we have that

a=inf{h(z): 2 €1[0,1]} <0
b=sup{h(z):x€[0,1]} >0

By intermediate value theorem, h takes all the values in the interval (a,b) and so 3z € [0,1] s.t.
h(z) =0, or f(z) = =x. O

Proposition 45.4 Let O C R be a non-empty open connected set. Then O = (a,b) for some —oo <
a<b<oo.

Proof. Let a =1inf O, b = sup O.

Claim: a,b ¢ O. If a = —o0, then a ¢ O. If a is finite and a € O, then since O is open, there
exists § > 0 s.t. (a —d,a + §) C O, but then, there is an x € O s.t. x < a, and a is NOT a lower
bound. So a ¢ O, and in the same way one shows that b ¢ O. Obviously, O C (a,b), (if z € O, then
a < x < b). We need to prove that (a,b) C O. Suppose it is not so, namely that there exists r € (a, b)
such that r ¢ O. Let O1 = (—00,7), O = (r,00). Then, O C O1UO3 and ONO;NOy = &. However,
ONO; # @, since r > a, and r is not lower bound for O. In the exact same way, O N Oy # &. But
then O is not connected, contradiction. O

Exercise 45.5 Using similar argument, prove that if A is a connected subset of R, then
A= (a,b) or A=a,b), or A= (a,b] or A=]a,]
HINT: Set a = inf A, b =sup A. For any x € A, a <z <b. A C [a,b]. Then, show that (a,b) C A by

repeating the argument of the previous proposition.

What about R"? If Ay,---, A, are connected subsets of R, then A; x --- x A,, is a connected
subset of R™.
Example 45.6 Q x Q is not a connected subset of R%. O; = {(z,y) € QxQ,y < 7}, O3 = {(z,y) €
Q x Q,y > 7} these two open sets separate Q x Q.

Example 45.7 Let A = {(z,y) € R? : either x or y is rational} this is a connected subset of RZ.
(it is path connected)

§45.1 ‘Path Connectedness (only for metric spaces) ‘

Definition 45.8 Let (X, d) be a metric space. A continuous map f : [0,1] — X is called a path in
X. f(0) = zo is the initial point of the path, f(1) = z is the final point, and the path is called a
loop iff the beginning and end point are the same. A path is called a loop if zg = 1. Two points x
and y are called path connected if there exists a path f : [0,1] — R such that f(0) = z, and f(1) = y.
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Relation: z ~y <= =z and y are path connected. ~ is a relation of equivalence. = ~ x.

f(t),t €10,1], z ~ y, and f is a path connecting x and y, then g(t) = f(1 — t) is a path connecting
y and x, so y ~ x. Suppose that z ~ y and y ~ z. Then let f be a path connecting x and y and g a
path connecting y and z. Then define

If t, — %, then h(t,) is either f(2t,) or g(2t, — 1) "Write Clear Proof.” So h is a path that connects
x and z.

Definition 45.9 A metric space (X,d) is called path connected if any two points in X can be
connected by a path. (similar in general topology but more complicated with continuity) A subset
Y C X is called path connected if the metric subspace (Y, d) is path connected. In other words, Y is
path connected if any two points =,y € Y can be connected by a path that lies entirely in Y.

Example 45.10 Let (X, -||) be a normed space and B(xo, r) a ball of radius > 0 centered at x.
Then B(xzg,r) is path connected.

Proof. Let x,y € B(xg,r) and f(t) = (1 —t)x + ty, t € [0,1] which connects points = and y. f is a
path connecting = and y, and we need to check that this path lies entirely in B(xg,7). ||f(t) — xo|| =
11— )+ ty — zol] = | (L = )+ ty — [(L — )0 + ol | = (1 — 1) (& — x0) + £y — yo)| < (1 )]z —
zol +tlly —yoll < (L —t)r +tr =r. O

Proposition 45.11 Suppose that the metric space (X, d) is path connected. Then (X, d) is connected.

Proof. Let x € X be fixed. For any y € X there is a path f, : [0,1] — X connecting x and y.
Set Uy, = f,([0,1]) = {fy,(t) : t € [0,1]}. Then U, is connected since f, is continuous and [0, 1] is

connected. y € Uy so |J U, = X. For any y1,y2 € X, x € Uy, NU,,, since z € U, for all y. So, X
yeX
is connected. O

Friday, November 29, 2013

Last class: Prop: Let (X,d) be path connected metric space. Then (X, d) is connected.

If X = R, the converse is true. If a subset A C R is connected, then A is an interval ([a, b],(a, b),[a, b),
(a,b]) and is path connected. If z,y € A then f(t) = (1 —t)z + ty connects = and y. In R?, a subset
can be connected but not path connected. Examples on the assignment:

ACR* A= {(x,sin1/s,0 <2 <2/x)}U{(0,y): 1<y <1}

Proposition 46.1 Let (X, || - ||) be a metric space and let O C X be open and connected. Then O is
path connected.

Proof. Let x € O be given and let O; = {y € O:x ~ y} (x ~y <= x and y path connected.) O; is
non-empty (z € O1) and open: let y € O1 and r > 0 s.t. B(y,r) C O. Now if z € B(y,r), y ~ z (our
first example: f(t) = (1 —t)y + tz). Since z ~ y and y ~ z, we have x ~ z. Thus, B(y,r) C Oy, and
hence O; is open.

Suppose that O7 # O. This means there is a point y € O that is not connected to x. Let then

Os={yeO0y:y Lz}

O, is non-empty; it is disjoint from O; and we claim that Os is also open. Let y € O5. Let r > 0
be such that B(y,r) C O. Then for any z € B(y,r), we have y ~ z. Now, if © ~ z, then z ~ z ~ y,
and we would have z ~ y, so we must have x ¢ z. So for any z € B(y,r), z € O2. So O3 is open and
O =01U0Oy, O1 N0y = &, with both O; and Os non-empty. This contradicts that O is connected,
and so we must have that Oy is empty. Hence, O = O, which is path-connected. O
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§46.1 ‘Fundamental group (not on exam) ‘

Let (X,d) be a path-connected metric space. Fix z € X and consider the collection of all loops
f:00,1] — X, f(0) = f(1) = . We say that two loops are homeotopically equivalent if there exists
a continuous map

H:[0,1] x [0,1] = X s.t.

H(t,0) = f(t) : t €[0,1]

H(t,1) =g(t) : t € [0,1]
H(0,s) = H(1,s) =x¢ : for s € [0,1]

for any fixed s € [0, 1].

The map t — H(t,s) is a loop; s = 0, the loop is f(t); s = 1, the loop is g(¢). H is a continuous
deformation of the loop f to the loop ¢ in X.

Introduce the relation f ~ g <= f, g are homeotopically equivalent. This is a relation of
equivalence on the set of all loops with the same basepoint zy. Consider classes of equivalences,

§47 December 13, 2013 - Review Session

§47.1 |Problem 2

(X, d) a metric space, F' C X closed. Show that there exists a sequence of continuious functions f,
st. 0< £, <1, and limy, 00 fro = xF(x) for € F.

Solution: Let 1
F,={zeX:d(xz F)> =}
n

Then d(x, F) is continuous, F, is closed, and F,, N F = &, since d(z,F) =0 <= z € F (since F is
closed).
Then, by previous problem,
d(z, F,
d(z, F) + d(z, Fy,)
satisfies 0 < f,(z) <1, fu(z) =0 <= z € F,, fu(z)=1 < z € F.
We want to show that

lim f, = xFr

That is,
lim f,(z) = 0 if z € F°

If z € F¢, there is N > 0 (depending on z) s.t. d(x,F) > 3-. BUt then # € F, for n > N. So
fn(x) =0 for n > N, so lim, e fr — 0.

§47.2 |Problem 3

Consider C([a,b]) and let S C C([a,b]) consirts of all functions f s.t.
1. f is continuous and differentabile on [a,b] and |f/(z)| < 1 for = € [a, b].
2. There exists a least one x € [a,b] s.t. f(z) =0.

Show that clS is a compact subset of C([a, b]).

124



47 DECEMBER 13, 2013 - REVIEW SESSION 47.3 Problem 4

Solution: S is bounded: Want to show that ||f|| < M for all f € S.
For fixed f, choose g so f(zg) = 0.
For all x € [a, b],

[f (@) = |f(z) = f(zo)| =

S/ |f'(T)|dT§/ ldr<b-a
o x

[¢]

| rmar
zo

So for every f € S, [|f|| <b—a.

Addtionally, S is equicontiunous: fix € > 0. Then for all z,y € [a,b] s.t. |z —y| < § = ¢, by the
mean value theorem 3¢ € (a,b) s.t.

[f@) = fWl =If'©Ollz -yl <[z -yl <e

v

f € C(Ja,b]) and there exists a sequence of polynomials p; of bounded degree, degpy < n, s.t.

Pk — f

in C([a,b]), as k — oc.
Show that f is also a polynomial of degree < n.

Solution: Polyomials of bounded degree form a finite dimensional vector subspace of C([a, b]).
We know that if X is a normed space and Y C X is a finite dimensional subspace, then Y is closed.
X =C([a,b]), Y =span{l,z,...,2"}. dimY =n+ 1.

1,x,...,2" are linearly dependent if there exists «y, ..., a, € R, not all zero, such that ag+ 12+
...+ aya™ = 0 (the zero function). This is not possible; such a polynomial has n zeros (possibly
complex).

So Y is closed, and thus f € Y. Thus, Y is a polynomial of dimension at most n + 1.

§47.4 |Problem 5

C([0,1]). S ={z™:n >0}. Is cl(S) a compact subset of C([0,1])?

Solution: No, it is not compact. Consider the sequence f,(z) = 2™ € S. This sequence does not
have a convergent subsequence in the supremum norm.

If f,, would be a convergent subsequence, say f,, — ¢ in C([0,1]), then f,, () — g(x) as k — o0
for all z € [0,1].

1 ifz=1

But limyg_, o, 2™ = .
0 if0<e<1
So g(x) is not continuous; contradiction.
Since f,, € clS, cl.S cannot be compact.

§47.5 |Problem 6

C(]0,1]), S = {sin(nz) : n > 0}. Suppose there exists subsequence sin(nyx) that converges uniformly
on [0, 1] to a continuous function g(z).
That would mean

(Ve>0)(IN >0)(Vk > N) (5?[3}2] |sin(ngz) — g(z)| < 5)

g(0) =0; |g(0)] < e for all e > 0. Set x, = 52—

2’ﬂk
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Then

Send k — oo,

Contradiction.

§47.6 |Problem 7

C([0,1]), S = {sin(n + ) : n > 0}. Is cl S compact?
By MVT, 3c € (z+n,y +n) s.t.

|sin(z +n) —sin(y +n)| = |cosc||lz +n — (y +n)| < |z — ¥
This implies equicontinuity. Since S is bounded, cl.S is compact.

§47.7 |Problem 8

C(]0,1]), S = {arctan(nzx) : n > 0}. Is cl S compact?

0, z=0
lim arctan(nz) =4 %, >0
n— oo

-z, =<0

So the pointwise limit is not continuous.

§47.8 |Problem 9

(X,d) a metric space, f : X — X continuous and onto. Let S C X be dense. Show that f(S) =
{f(z) : x € S} is also dense in X.

Since S is dense, O N S is nonempty for any open set O.

Let O C X be open. Then f~1(0) is open (and non-empty because f is surjective), so SN f~1(0)
is non-empty. Then f(S N f~1(0)) = f(S) N O is non-empty, so f(.9) is dense.

§47.9 |Problem 10

G5 set: countable intersection of open set.

Let X be a metric space and f : X — R a bounded function. Let S = {z € X : f is continuous at x}.
Show that S is Gs.

Define vg(z) = sup,ep(y,i/) f(2) — infoep(ai) f(2). Clearly, vg(x) > 0. Notice that vyi1(x) <
Vg (). So limg_ oo v (x) exists; call this limit v(z).

Show f is continuous at z <= v(z) = 0.

For n € N, set O,, = {z € X : v(z) < £}. Show that O,, is open.

Then show that S =(>—, O

n=1%Yn-
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