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What are QMA and QSEP-CIRCUIT?

I QMA is a complexity class that is the quantum
analogue of NP

I QSEP-CIRCUIT is the problem of determining whether
not a state is separable (not entangled), when given the
state as a quantum circuit
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What is a complexity class?

I A set of problems that can be solved with an amount of
resources that scale with the input in a certain way

Example

PSPACE is the set of problems that can be solved by a
deterministic Turing machine in an amount of space
(memory) polynomial in the input size.

E.g.
memory(n) ≤ n54
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Definitions and notation

Definition

I A string is a sequence of characters; say, abc. The
length of a string x is denoted |x | and is the number of
characters in the string (|abc| = 3).

I A decision problem is a problem with a yes/no answer.
That is, it is a formal language L: a set of strings that
obey certain rules. A string x is in L if x is an input to
to the problem with an “yes” answer.

I The set of valid characters for a string in a language L
is called the alphabet associated to the L

I A polynomial time verifier is an algorithm that takes in
an input x and a string y , and outputs “yes” or “no” in
time polynomial in |x |
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Decision problem example

Example

I Say I want to consider the decision problem: Given an
integer n ∈ Z, decide either:

I YES: n ≥ 5
I NO: n < 5

I Let’s call the formal version of this decision problem the
formal language L. We’ll say the alphabet associated to
L is Σ = {n,=} ∪ Z.

I Furthermore, we’ll require that every string where the
first character is n, the second character is =, and the
third character is any integer z ∈ Z greater than or
equal to 5 is in the language L, and no other strings are
in L.

I So “n = 6”∈ L, but “abc” 6∈ L, “n = 2”6∈ L, and
“= n6”6∈ L
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NP

I NP is the set of decision problems that can be solved in
polynomial time by a non-deterministic Turing machine

I Or, NP is the set of decision problems whose “yes”
instances have solutions that can be checked in
polynomial time by a deterministic Turing machine

Example

Factoring: Given a huge number N with 1 ≤ M ≤ N, (say,
RSA-210: N = 2452466449002782119765176635730880184
67026787678332759743414451715061600830038587216952
20839933207154910362682719167986407977672324300560
05920356312465612184658179041001318592996199338170
12149335034875870551067) does N have a factor d with
1 < d < M? Very difficult to do in general. But given a
prospective factor, just divide to check.
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NP

I Alternatively, NP is the set of decision problems
(“languages”, L) ...

where there exists a polynomial
time verifier V and polynomial p such that: for
instances of the problem x that have “yes” answers
(x ∈ L), then there exists a proof y with |y | ≤ p(|x |)
where V (x , y) = yes. For instances x with a “no”
answer (x 6∈ L), for any prospective proof y with
|y | ≤ p(|x |), V (x , y) = no.
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MA

I MA is the probabilistic equivalent of NP; it is the set of
decision problems whose solutions can be checked in
polynomial time by a probabilistic Turing machine

I That is, MA is the set of decision problems L where
there exists a probabilistic polynomial time verifier V
and polynomial p such that: for instances of the
problem x that have “yes” answers (x ∈ L), then there
exists a proof y with |y | ≤ p(|x |) where V (x , y) = yes
with probability at least 2/3. For instances x with a
“no” answer (x 6∈ L), for any proof y with |y | ≤ p(|x |),
V (x , y) = no with probability at least 2/3.

Definition

I A probabilistic Turing machine is simply a Turing
machine that can use randomness and is allowed to
have some (small) probability of error
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Reductions

I A problem is called “hard” for a complexity class if it
can be reduced to any other problem in the class

I A problem is called complete if it is in the class and
hard for the class

I If problem A can be reduced to problem B, that is, if we
can solve A by assuming we can solve B, then we say
A ≤ B

Definition

I A reduction is an algorithm for solving one problem by
assuming you can solve a different one
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How to prove a problem is hard

I Any problem reduced to a problem already shown to be
hard for a class is also hard

I To find the first hard problem, usually the definition of
a class is recast as an automatically-hard problem
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One more definition

Definition

I A promise problem is a problem with only two outcomes
(“yes” or “no”) like a decision problem, but only some
inputs are valid.

E.g. is n below 5 or above 10? If you
give it n = 7, it can output “YES” or “NO”; either
would be correct.
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A non-trivial example of a reduction

I We will consider two promise problems: one called
called “WMEMδ′(K )”, the weak membership problem
with two-sided error, and one called “WMEM1

δ(K )”, the
weak membership problem with one-sided error.

I The idea is that if we have certain type of set of points
called a convex set, and we know if a point we ask
about, y , is either deep inside the set, or far away from
the set, we can make an algorithm that does even
better: our algorithm will tell us if a point is inside the
set (even if it’s close to the boundary), or far from the
set.

I In this way, we’ve reduced the weak membership
problem with one-sided error to the weak membership
problem with two-sided error – in effect, we’ve shown
that getting rid of half the error doesn’t make the
problem any easier!
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Defining our terms

Definition

I A convex set K ⊆ Rn is a set of points such that for
any two points x , y ∈ K , the line segment connecting x
and y is also in K .

I That is, for all λ ∈ [0, 1], if x , y ∈ K , then
(1− λ)x + λy ∈ K

I The ball centered at point p ∈ Rn of radius r is
B(p, r) = {x ∈ Rn : ‖x − p‖ ≤ r}

I The ball of radius ε around K is
S(K , ε) = {x ∈ Rn : ∃ y ∈ K such that ‖y − x‖ ≤ ε}

I The interior of K with radius ε is
S(K ,−ε) = {x ∈ Rn : B(x , ε) ⊆ K}
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What do these sets look like?

K

δ

S(K, δ)

K

“−δ”

S(K,−δ)

Figure 1: An intuitive picture of the sets S(K, δ) and S(K,−δ), respectively. We use the term
“−δ” in the latter illustration to stress the fact that K is contracted.

We have assumed ζ ≥ 0 without loss of generality above, since g(B1, . . . , Bk) ≥ 0. This will be
necessary later in Lemma 4, when we need to take

√
g(B1, . . . , Bk). We have also defined RSDF as

a promise problem, meaning we are promised the input will fall into one of two disjoint cases which
may be separated by a non-zero gap, and we must distinguish between the two cases. One could
equivalently lift the promise and allow input falling in the “gap” region (i.e. ζ−η < g(B1, . . . , Bk) <
ζ + η) — for any such input, we would consider any output to be correct (i.e. YES or NO).

Moving on, in order to discuss the Weak Optimization and Weak Membership problems, we
first require the following definitions. Let K ⊆ Rm be a convex and compact set, and define the
sets S(K, δ) := {x ∈ Rm | ∃ y ∈ K s.t. ‖x− y‖2 ≤ δ}, and S(K,−δ) := {x ∈ K | S(x, δ) ⊆ K}.
Roughly, S(K, δ) can be thought of as extending the border of K by δ in Euclidean distance, and
S(K,−δ) can be thought of as taking the core of K, which is δ away from the border of K. The two
sets are depicted in Figure 1. As per Ref. [22], we shall require that K be a well-bounded p-centered
set, meaning that K ⊆ S(0, R) for 0 ∈ Rm the origin and some rational R > 0, and S(p, r) ⊆ K for
a known point p ∈ K and some rational r > 0. This ensures K is full-dimensional and bounded.

Finally, we set the encoding size of K as 〈K〉 = m + 〈r〉 + 〈R〉 + 〈p〉 [17]. The presence of
parameter m in this expression allows us to perform vector addition and scalar multiplication on
elements of K in polynomial time. We can now formally define Weak Optimization and Weak
Membership over the set K as follows.

Definition 3 (Weak Optimization (WOPTε(K))[24]). Let K ⊆ Rm be a convex, compact, and
well-bounded p-centered set. Then, given c ∈ Qm with ‖c‖2 = 1, and γ, ε ∈ Q, such that ε > 0,
decide, with respect to the complexity measure 〈K〉+ 〈c〉+ 〈γ〉+ 〈ε〉:

If there exists y ∈ S(K,−ε) with cTy ≥ γ + ε, then output YES.
If for all x ∈ S(K, ε), cTx ≤ γ − ε, then output NO.

Definition 4 (Weak Membership (WMEMβ(K))). Let K ⊆ Rm be a convex, compact, and well-
bounded p-centered set. Then, given y ∈ Qm, and error parameter β ∈ Q, such that β > 0, decide,
with respect to the complexity measure 〈K〉+ 〈y〉+ 〈β〉:

If y ∈ S(K,−β), then output YES.
If y 6∈ S(K,β), then output NO.

Both of these problems are also stated as promise problems. Roughly speaking, the former asks
whether there exists a point in the “core” of K that achieves a threshold value slightly higher than

4
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The Problems

I First, we’re going to put a two more constraints on our
convex set K :

I We require there exists a R > 0 such that K ⊆ B(0,R)
I There exists p ∈ Rn and a r > 0 such that B(p, r) ⊆ K

I The weak membership problem with 2-sided error,
WMEMδ(K ): For (K , n, p,R, r) as before, given
y ∈ Rn, δ > 0, decide:

I YES: y ∈ S(K ,−δ)
I NO: y 6∈ S(K , δ)

I The weak membership problem with 1-sided error,
WMEM1

δ′(K ): For (K , n, p,R, r) as before, given
y ∈ Rn, δ′ > 0, decide:

I YES: y ∈ K
I NO: y 6∈ S(K , δ)
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The Algorithm

I Goal: Solve WMEM with 1-sided error δ > 0 by
assuming we can solve WMEM with 2-sided error
δ′ = r

4R δ.

I If ‖y − p‖ ≥ 2R, answer “NO”

I In that case, 2R ≤ ‖y − p‖ ≤ ‖y‖+ ‖p‖ ≤ ‖y‖+ R, so
R ≤ ‖y‖

I Otherwise, solve WMEM(K )δ′ for the point
y ′ =

(
1− δ

4R

)
y +

(
δ
4R

)
p, and output the answer.

Reminder

I δ′ = rδ
4R

I B(p, r) ⊆ K ⊆ B(0,R) ⊆ Rn
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Case: WMEMδ′ outputs “YES” for y ′

I In this case, we know y ′ ∈ S(K , δ′). (Either could have
output “YES” because y ′ ∈ S(K ,−δ′), or because y ′ is
not a valid input and is too close to the border).

I Then ∃ x ∈ K with ‖y ′ − x‖ ≤ δ′ by definition of
S(K , δ′)

I Also, ‖y − y ′‖ = δ
4R ‖y − p‖ < δ/2 (‖y − p‖ < 2R,

otherwise would have output “NO” earlier)

I ‖y − x‖ = ‖(y ′ − x) + (y − y ′)‖ ≤
‖y ′ − x ||+ ‖y − y ′‖ < δ′ + δ/2 < δ/4 + δ/2 < δ

I So y ∈ S(K , δ), and we were correct to output “YES”

Reminder

I δ′ = rδ
4R

I B(p, r) ⊆ K ⊆ B(0,R) ⊆ Rn
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Case: WMEMδ′ outputs “NO” for y ′

I Then we know that y 6∈ (K ,−δ). We want to show
then that y 6∈ K , so assume y ∈ K to try to reach a
contradiction

I We know for any d ∈ Rn with ‖d‖ < r that p + d ∈ K
(because B(p, r) ⊆ K )

I So α :=
(
1− δ

4R

)
y +

(
δ
4R

)
(p + d) ∈ K , because this

point lies on the line between y and p + d , and K is
convex

I α = y ′ + δ
4R d ∈ K , so B(y ′, rδ

4R ) ⊆ K , i.e.
y ∈ S(K ,−δ′)
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What have we done and why?

I We’ve shown that weak membership with 1-sided error
is just as hard as weak membership with 2-sided error
by a reduction, by creating an algorithm that assumes
we can solve weak membership with 2-sided error in
order to solve weak membership with 1-sided error

I The set of separable states is convex, so this is actually
relevant to QSEP-CIRCUIT
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Interactive Proof Systems

I An interactive proof system models computation as the
exchange of messages between a “prover” and
“verifier”.

I The prover has unlimited computational power but
cannot be trusted

I so the prover always wants to convince the verifier that
the input is a “yes” instance of the problem

I The verifier only has bounded computational power

I The verifier and prover exchange messages

I Require completeness: if the statement is true, the
verifier will be convinced by the prover

I and completeness: if the statement is false, the prover
will only have a small probability of convincing the
verifier
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NP and MA (again)

I NP is the set of problems that can be solved by a
computationally unbounded prover sending a single
polynomial-length message to a polynomial-time
deterministic verifier such that if the prover is given a
“yes” instance, he can always send a message that is
accepted by the verifier as a correct proof, and if he is
given a “no” instance, any message the prover sends
will be rejected.

I MA is the set of problems that can be solved by a
computationally unbounded prover (“Merlin”) sending a
single polynomial-length message to a polynomial-time
probabilistic verifier (“Arthur”) such that if the prover
is given a “yes” instance, he can always send a message
that is accepted by the verifier as a correct proof with
probability ≥ 2/3, and if he is given a “no” instance,
any message the prover sends will be rejected with
probability ≥ 2/3.
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Postulate 1: Quantum States

I To every isolated quantum system (say, a single particle,
or the universe) there is an associated complex inner
product space (a “Hilbert space”) called the state
space. A quantum state is a vector in the state space.

I We only need to consider finite dimensional spaces, in
which case the space is isomorphic to Cn. This is just
the set of vectors of length n that have complex
numbers as entries with which we can perform vector
addition, scalar multiplication, and a generalization of
dot product.

I We ignore “global phases” - multiplying a state by e iθ

doesn’t make a new state

I We don’t care about the vector’s length, so we make
the convention that states are unit vectors (length 1)
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More notation!

Definition

I A quantum proof is a quantum state |y〉

I The size of a quantum proof |y〉, denoted ||y〉| is the
number of qubits: log base 2 of the dimension of the
vector

I A quantum polynomial time verifier is an algorithm that
in an input state |x〉 and a quantum proof, a state |y〉,
is allowed to use randomness, and outputs “yes” or
“no” in time polynomial in ||x〉|.



Is QSEP-CIRCUIT
QMA-hard?

E. Hanson

What is QMA?

Classical Complexity
Classes

Reductions

Interactive Proof
Systems

Quantum Mechanics

Quantum Complexity
Classes

What is
QSEP-CIRCUIT?

More Quantum
Mechanics

Quantum Circuits

QSEP-CIRCUIT

Summary

More notation!

Definition

I A quantum proof is a quantum state |y〉
I The size of a quantum proof |y〉, denoted ||y〉| is the

number of qubits: log base 2 of the dimension of the
vector

I A quantum polynomial time verifier is an algorithm that
in an input state |x〉 and a quantum proof, a state |y〉,
is allowed to use randomness, and outputs “yes” or
“no” in time polynomial in ||x〉|.



Is QSEP-CIRCUIT
QMA-hard?

E. Hanson

What is QMA?

Classical Complexity
Classes

Reductions

Interactive Proof
Systems

Quantum Mechanics

Quantum Complexity
Classes

What is
QSEP-CIRCUIT?

More Quantum
Mechanics

Quantum Circuits

QSEP-CIRCUIT

Summary

More notation!

Definition

I A quantum proof is a quantum state |y〉
I The size of a quantum proof |y〉, denoted ||y〉| is the

number of qubits: log base 2 of the dimension of the
vector

I A quantum polynomial time verifier is an algorithm that
in an input state |x〉 and a quantum proof, a state |y〉,
is allowed to use randomness, and outputs “yes” or
“no” in time polynomial in ||x〉|.



Is QSEP-CIRCUIT
QMA-hard?

E. Hanson

What is QMA?

Classical Complexity
Classes

Reductions

Interactive Proof
Systems

Quantum Mechanics

Quantum Complexity
Classes

What is
QSEP-CIRCUIT?

More Quantum
Mechanics

Quantum Circuits

QSEP-CIRCUIT

Summary

Outline

What is QMA?
Classical Complexity Classes
Reductions
Interactive Proof Systems
Quantum Mechanics
Quantum Complexity Classes

What is QSEP-CIRCUIT?
More Quantum Mechanics
Quantum Circuits
QSEP-CIRCUIT



Is QSEP-CIRCUIT
QMA-hard?

E. Hanson

What is QMA?

Classical Complexity
Classes

Reductions

Interactive Proof
Systems

Quantum Mechanics

Quantum Complexity
Classes

What is
QSEP-CIRCUIT?

More Quantum
Mechanics

Quantum Circuits

QSEP-CIRCUIT

Summary

QMA
I QMA is just the quantum analogue of MA: it is the set

of promise problems whose solutions can be checked in
polynomial time by a quantum, probabilistic Turing
machine.

I That is, the set of promise problems L where there exists
a quantum polynomial time verifier V and polynomial p
such that: for instances of the problem |x〉 that have
“yes” answers (x ∈ L), then there exists a proof |y〉
with ||y〉| ≤ p(||x〉|) where V (|x〉, |y〉) = yes with
probability at least 2/3. For instances x with a “no”
answer (x 6∈ L), for any proof |y〉 with ||y〉| ≤ p(|x |),
V (|x〉, |y〉) = no with probability at least 2/3.

Reminder

I A promise problem is a problem with only two outcomes
(“yes” or “no”) like a decision problem, but only some
inputs are valid. E.g. is n below 5 or above 10?
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MA

I MA is the probabilistic equivalent of NP; it is the set of
decision problems whose solutions can be checked in
polynomial time by a probabilistic Turing machine

I That is, MA is the set of decision problems L where
there exists a probabilistic polynomial time verifier V
and polynomial p such that: for instances of the
problem x that have “yes” answers (x ∈ L), then there
exists a proof y with |y | ≤ p(|x |) where V (x , y) = yes
with probability at least 2/3. For instances x with a
“no” answer (x 6∈ L), for any proof y with |y | ≤ p(|x |),
V (x , y) = no with probability at least 2/3.
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QMA and MA (again)

I MA is the set of decision problems that can be solved
by a computationally unbounded prover (“Merlin”)
sending a single polynomial-length message to a
polynomial-time probabilistic verifier (“Arthur”) such
that if the prover is given a “yes” instance, he can
always send a message that is accepted by the verifier
as a correct proof with probability ≥ 2/3, and if he is
given a “no” instance, any message the prover sends
will be rejected with probability ≥ 2/3.
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QMA and MA (again)

I QMA is the set of promise problems that can be solved
by a computationally unbounded quantum prover
(“Merlin”) sending a single polynomial-length message
to a polynomial-time quantum verifier (“Arthur”) such
that if the prover is given a “yes” instance, he can
always send a message that is accepted by the verifier
as a correct proof with probability ≥ 2/3, and if he is
given a “no” instance, any message the prover sends
will be rejected with probability ≥ 2/3.
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Easily generalized: QIP(k)
I QIP(k) is the set of promise problems that can be

solved by a computationally unbounded quantum prover
exchanging k polynomial-length messages with a
polynomial-time quantum verifier such that if the prover
is given a “yes” instance, he can always send a message
that is accepted by the verifier as a correct proof with
probability ≥ 2/3, and if he is given a “no” instance,
any message the prover sends will be rejected with
probability ≥ 2/3.

I QIP is the set of promise problems that can be solved
by a computationally unbounded quantum prover
exchanging a polynomial number of polynomial-length
messages with a polynomial-time quantum verifier such
that if the prover is given a “yes” instance, he can
always send a message that is accepted by the verifier
as a correct proof with probability ≥ 2/3, and if he is
given a “no” instance, any message the prover sends
will be rejected with probability ≥ 2/3.
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Theorem
PSPACE = QIP = QIP(3)
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QSZK

I QSZK stands for quantum statistical zero-knowledge. It
is just like QIP, except that for a “yes” instance, the
verifier has to be able to generate the proof on his own:
that is, the proof must be able to be generated in
polynomial time
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Hierarchy of Complexity Classes
Interactive Proof Hierarchy 

AM[2] = AM[k] 

MA 

BPP 
P 

NP 

AM[poly] = IP = PSPACE = QIP(3) 

QIP(0) = BQP 

QIP(1) = QMA 

QIP(2) 

0 Messages 

1 Message 

2 Messages 

… 

QSZK = QSZK(2) 
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What do we know about quantum complexity
classes?

I We know several QMA-complete problems (unlike the
thousands of known NP-complete problems)

I We know very little about QIP(2); the only
QIP(2)-complete problem we know of is the trivial
rewriting of the definition

I We know a lot about QIP(3) = QIP because it equals
PSPACE
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Postulate 2: Time evolution

I Time evolution is unitary. That is, if |ϕ〉 is the quantum
state a system is in, then some time later it will be in a
state U|ϕ〉 for a unitary matrix U.

I A matrix U is unitary if UU† = U†U = 1. 1 is the
identity matrix, and U† is the complex conjugate
transpose of U.

I Unitary matrices are those that preserve inner product;
in R3 for example, they are rotations and reflections.
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Postulate 3: Measurement

I Measurement is modelled by a collection {Mj} of

operators on state space with
∑

M†j Mj = 1

I The index j labels the different measurement outcomes
I The probability of getting outcome j when the system is

in state |ϕ〉 is p(j |ϕ) = 〈ϕ|M†j Mj |ϕ〉 where 〈ϕ| := |ϕ〉†

I This is just the inner product of Mj |ϕ〉 with itself

I After measurement, the system is in the state
Mj |ϕ〉√
〈ϕ|M†j Mj |ϕ〉

(which is just Mj |ϕ〉 normalized to be a

unit vector).
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Postulate 4: Composition of Systems

I Classically, it’s easy to combine two bits: just
concatenate

I We need something that results in an inner product
space: the tensor product

I The tensor product of two vectors |ϕ〉 and |ψ〉 is
denoted |ϕ〉 ⊗ |ψ〉

I The tensor product is linear in both arguments

I The tensor product of vector spaces V ,U is denoted
V ⊗ U and contains all linear combinations of |v〉 ⊗ |u〉
for every |v〉 ∈ V and |u〉 ∈ U.

I This can contain vectors that cannot be written as
|v〉 ⊗ |u〉 for a |v〉 ∈ V and a |u〉 ∈ U. E.g.
1√
2

(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B). An entangled state!
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I We need something that results in an inner product
space: the tensor product

I The tensor product of two vectors |ϕ〉 and |ψ〉 is
denoted |ϕ〉 ⊗ |ψ〉

I The tensor product is linear in both arguments

I The tensor product of vector spaces V ,U is denoted
V ⊗ U and contains all linear combinations of |v〉 ⊗ |u〉
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Postulate 4: Composition of Systems

I Classically, it’s easy to combine two bits: just
concatenate

I We need something that results in an inner product
space: the tensor product

I The tensor product of two vectors |ϕ〉 and |ψ〉 is
denoted |ϕ〉 ⊗ |ψ〉

I The tensor product is linear in both arguments

I The tensor product of vector spaces V ,U is denoted
V ⊗ U and contains all linear combinations of |v〉 ⊗ |u〉
for every |v〉 ∈ V and |u〉 ∈ U.

I This can contain vectors that cannot be written as
|v〉 ⊗ |u〉 for a |v〉 ∈ V and a |u〉 ∈ U. E.g.
|Φ+〉= 1√

2
(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B). An entangled

state!
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Postulate 4: Composition of Systems (continued)

I The state space associated to the composition of two
systems is the tensor product of the two individual state
spaces

I Subscripts or superscripts are used to denote which
space a state lives in (e.g., |ϕ〉AB , |ϕ〉AB)
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Postulate 4: Composition of Systems (continued)

I The state space associated to the composition of two
systems is the tensor product of the two individual state
spaces

I Subscripts or superscripts are used to denote which
space a state lives in (e.g., |ϕ〉AB , |ϕ〉AB)
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Density operators

I We considered quantum states as vectors, but we could
equivalently consider them as matrices called density
operators. The density operator associated with a state
|ϕ〉 is simply |ϕ〉〈ϕ|.

I A density operator represents a state if it has trace 1
and is positive semi-definite

I Density operators make it easy when we have
uncertainty about a system: ρ =

∑
i piσi is a valid

density operator for pi ≥ 0,
∑

pi = 1, and density
operators σi . i.e. a probabilistic combination of density
operators is a density operator

I A density operator ρ is separable iff it can be written as
ρ =

∑
i piσi ⊗ ωj for pi ≥ 0,

∑
pi = 1, and density

operators σi , ωj . Otherwise it is entangled.
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Distance measures

I Trace distance: ‖A‖1 = tr (
√

A†A) where
B =

√
C ⇐⇒ B2 = C

I One-way Local operations and classical communication
distance: if Alice and Bob wanted to distinguish two
states, σAB and ρAB , using only operations in their own
labs and communicating classically in one direction (e.g.
by mail), what success rate would they have above
guessing? This is the 1− LOCC distance:
‖σAB − ρAB‖1−LOCC

I Fact: ‖ ∗ ‖1−LOCC ≤ ‖ ∗ ‖1
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Quantum Gates

I Quantum gates map states to states; because quantum
states are unit vectors, gates need to preserve the inner
product, and because time evolution is linear, quantum
gates should be linear.

I Hence, a quantum gate is a n × n unitary matrix; the
composition of unitaries is unitary, so the composition
of gates is a gate

I The number of qubits it acts on is log2 n, so a quantum
gate that acts on a single qubit is simply a 2× 2 unitary
matrix.

I A quantum circuit is a sequence of quantum gates
connected by “wires”
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Quantum Circuits

Example

R

S

Uρi
|0⟩

|Φ+⟩
A

B
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How to throw away one system?

I The partial trace over the B system of a density
operator ρAB = |a1〉〈a2| ⊗ |b1〉〈b2|, is
ρA = trB(|a1〉〈a2| ⊗ |b1〉〈b2|) = |a1〉〈a2|tr (|b1〉〈b2|)

I Requiring linearity completes the definition
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Generating states
I |0〉 is usually written for the first standard basis vector.

E.g. for a qubit, |0〉 =

(
1
0

)

I Any quantum state can be written as the output of a
circuit acting on |0〉

Example

|0〉 ∈ R ⊗ A⊗ B, want to generate ρAB = trR(Uρ|0〉)

Π

P1

QFT

R

A

BUρ|0⟩

|0⟩
R'

Bk

B2

|0⟩ C
QFT -1

Figure 3: A two-message quantum interactive proof system for QSEP-CIRCUIT. It begins with the
verifier executing the circuit Uρ that generates the state ρAB. He sends the reference system to the
prover. In the case that ρAB is separable, the prover should be able to act with a unitary on the
reference system and some ancillas in order to generate a purification of a k-extension of ρAB. The
prover sends all of the extension systems back to the verifier, who then performs phase estimation
over the symmetric group (a quantum Fourier transform followed by a controlled permutation) in
order to test if the state sent by the prover is really a k-extension.

2. No: Every separable state is at least δs-far from ρAB in 1-LOCC distance:

min
σAB∈S

‖ρAB − σAB‖1−LOCC ≥ δs.

Theorem 8 QSEP-CIRCUIT(δc, δs) ∈ QIP(2) if there are polynomial-time computable functions
δc, δs : N→ [0, 1], such that the difference δ2

s/8− 2
√
δc is larger than an inverse polynomial in the

circuit size.

Proof. Figure 3 depicts a two-message quantum interactive proof system for QSEP-CIRCUIT. The
protocol begins with the verifier preparing the state |ψρ〉RAB, a particular purification of ρAB, by
running the quantum circuit Uρ specified by the input string (the problem instance). The verifier
transmits the reference system to the prover, who then acts on R and some ancillary qubits with a
unitary P1 that has output systems R′, B2, . . . , Bk. The prover transmits systems B2, . . . , Bk to
the verifier. The verifier then performs phase estimation over the symmetric group [Kit95, BBD+97]
(also known as the “permutation test” [KNY08]) on the registers B, B2, . . . , Bk, using the qubits
in system C as the control. The verifier performs a computational basis measurement on all of the
qubits in the control register C and accepts if and only if the measurement outcomes are all zeros.

This protocol is just an implementation of a k-extendibility test on a quantum computer. We
can build intuition for why it works on YES instances by examining the exact case, when ρAB is
actually a separable state. In this case, we know that ρAB has a decomposition of the form given
in (2), and as such, it has an extension of the form in (11) for all k > 1. Thus, the following state
is a purification of ρAB:

|φk,ρ〉R′ABB2···Bk ≡
∑

x∈X

√
pX (x) |x〉R′ ⊗ |ψx〉A ⊗ |φx〉B ⊗ |φx〉B2

⊗ · · · ⊗ |φx〉Bk ,

13
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protocol begins with the verifier preparing the state |ψρ〉RAB, a particular purification of ρAB, by
running the quantum circuit Uρ specified by the input string (the problem instance). The verifier
transmits the reference system to the prover, who then acts on R and some ancillary qubits with a
unitary P1 that has output systems R′, B2, . . . , Bk. The prover transmits systems B2, . . . , Bk to
the verifier. The verifier then performs phase estimation over the symmetric group [Kit95, BBD+97]
(also known as the “permutation test” [KNY08]) on the registers B, B2, . . . , Bk, using the qubits
in system C as the control. The verifier performs a computational basis measurement on all of the
qubits in the control register C and accepts if and only if the measurement outcomes are all zeros.

This protocol is just an implementation of a k-extendibility test on a quantum computer. We
can build intuition for why it works on YES instances by examining the exact case, when ρAB is
actually a separable state. In this case, we know that ρAB has a decomposition of the form given
in (2), and as such, it has an extension of the form in (11) for all k > 1. Thus, the following state
is a purification of ρAB:

|φk,ρ〉R′ABB2···Bk ≡
∑

x∈X

√
pX (x) |x〉R′ ⊗ |ψx〉A ⊗ |φx〉B ⊗ |φx〉B2

⊗ · · · ⊗ |φx〉Bk ,

13
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Figure 3: A two-message quantum interactive proof system for QSEP-CIRCUIT. It begins with the
verifier executing the circuit Uρ that generates the state ρAB. He sends the reference system to the
prover. In the case that ρAB is separable, the prover should be able to act with a unitary on the
reference system and some ancillas in order to generate a purification of a k-extension of ρAB. The
prover sends all of the extension systems back to the verifier, who then performs phase estimation
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order to test if the state sent by the prover is really a k-extension.
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QSEP-CIRCUIT

I QSEP-CIRCUIT is the problem of determining whether
a state ρAB generated by a circuit is close to a
separable state or not.

I Formally, QSEP-CIRCUIT(δc ,δs) is: Given a quantum
circuit to generate an n-qubit state ρAB and a labelling
of qubits in the reference system R and the output
qubits for A and B, decide whether

min
σAB∈S

‖ρAB − σAB‖1 ≤ δc

or
min
σAB∈S

‖ρAB − σAB‖1−LOCC ≥ δs
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Quantum separability problem

I The problem of deciding if a state is separable or not,
given its density matrix, is known to be NP-hard. This
is just the weak membership problem!

I Specifying the state as a circuit has some advantages:

I More physical way to specify a state
I More reasonable scaling: polynomial in the number of

qubits the gates act on is exponential in the number of
entries of a density matrix

I So the quantum separability problem considers states
much smaller than those considered by
QSEP-CIRCUIT, which is why QSEP-CIRCUIT is a
harder problem
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separable).

I The quantum separability problem is already NP-hard,
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What do we know about QSEP-CIRCUIT?

I It is in QIP(2)

I It is NP-hard

I It is QSZK-hard

I A slightly modified problem about channel separability
instead of state separability is QIP-complete
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So why do we care if QSEP-CIRCUIT is
QMA-hard?

I It would strongly suggest QSEP-CIRCUIT is
QIP(2)-complete, because we think QSZK and QMA
are separate classes and QIP(2) includes both

I It seems easier to prove than QIP(2)-hardness: QMA is
the analogue of NP, so maybe we can find an analogous
proof
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Proof that the quantum separability problem is
NP-hard:

CLIQUE ≤m WMQS ≤m RSDF ≤m WOPTε(SM,N) ≤T

WMEM1
δ(SM,N) ≤m WMEMβ(SM,N)
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Summary

I QMA is a quantum complexity class analogous to NP

I QSEP-CIRCUIT is the problem of determining whether
or not a state is separable when given a circuit
specifying the state

I Quantum information theory is fun!
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