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Landauer’s principle

I The energy cost of erasure of one bit of information by
the action of a thermal reservoir in equilibrium at
temperature T is never less than kBT log 2.

I What is erasure? An operation that takes any initial
state ρi to a given final state ρf.
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The setup

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure I Bistable potential well. 
x is a generalized coordinate representing 
quantity  which is switched. 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

Two states in an analog system. Fix ρf = 0 as the “erased” state.
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0→ 0

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
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or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

If the system is in 0, we don’t have to do anything to erase.
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1→ 0

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

Now consider if the system starts in state 1
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1→ 0

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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are not separated by barrier. 
Information is preserved because random 
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or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

f(t)

To get to zero, we could apply a force f (t) to the left
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1→ 0

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

g(t)

Then remove the energy we added with a force g(t) to the right
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1→ 0

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

Resulting in the system “erased” in state zero without any net
energy cost.



Landauer’s
Principle

Eric Hanson

Introduction
Motivation [Lan61]

Preliminary
notions [NC04;
Jak+11]
Quantum mechanics

Entropies

Confined
reservoir [RW13;
JP14]

Infinite
dimensional
discussion

Summary

References

The catch

I We used two different processes depending on the initial
state

I Our erasure operation should take any initial state ρi to
the given final state ρf

I Landauer’s motivation (1961): computers operate as a
function of circuit connections, not the specific data
being handled

I Quantum motivation: we have uncertainty about what
state the system is in
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The catch

I We used two different processes depending on the initial
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I Our erasure operation should take any initial state ρi to
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I Quantum motivation: we have uncertainty about what
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The catch

I We used two different processes depending on the initial
state

I Our erasure operation should take any initial state ρi to
the given final state ρf

I Landauer’s motivation (1961): computers operate as a
function of circuit connections, not the specific data
being handled

I Quantum motivation: we have uncertainty about what
state the system is in
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Impossibility

I If we could do a single noiseless operation E that maps
0 7→ 0, 1 7→ 0, we should be able to do the
time-reversed process, but inverse is multivalued (0 or
1).

I However, if we allow some noise / heat loss, we cannot
perform the time-reversed process. Landauer
constructed a method to erase using a damped system.
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I If we could do a single noiseless operation E that maps
0 7→ 0, 1 7→ 0, we should be able to do the
time-reversed process, but inverse is multivalued (0 or
1).

I However, if we allow some noise / heat loss, we cannot
perform the time-reversed process. Landauer
constructed a method to erase using a damped system.
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Landauer’s method: Step 1 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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x is a generalized coordinate representing 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

Consider the system starting in the state 1.
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Landauer’s method: Step 2 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

f(t)

We slowly apply a force f (t) to overcome the potential barrier
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Landauer’s method: Step 3 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

The damped system reduces the kinetic energy enough so the
system cannot move back to state 1
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Landauer’s method: Step 4 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

damped

And we have successfully transfered 1→ 0
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Landauer’s method: Step 5 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

Consider performing the process starting in the state 0.
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Landauer’s method: Step 6 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

f(t)

First we add kinetic energy to the system by applying a force to
the left.
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Landauer’s method: Step 7 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure I Bistable potential well. 
x is a generalized coordinate representing 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

damped

But then the damping reduces the kinetic energy enough so that
the system cannot cross the potential barrier.
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Landauer’s method: Step 8 of 8

RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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x is a generalized coordinate representing 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

damped

And the system again settles into the state 0.
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Postulate 1 of 4

Associated to any isolated physical system is a Hilbert space
known as the state space of the system.

I What is a Hilbert space?
I Complete inner product space
I Finite dimensional: Cd , where d is the dimension.

Assuming finite dimensional until mentioned otherwise.
The state of the system is completely described by its
density operator, a positive trace one operator ρ acting on
the state space.

I Positive: self-adjoint, all eigenvalues real and
non-negative; written ρ ≥ 0

I Trace one: eigenvalues sum to 1.
If a quantum system is in the state ρj with probability pj
then the density operator for the system is

∑
j pjρj .
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Postulate 1 of 4

Associated to any isolated physical system is a Hilbert space
known as the state space of the system.

I What is a Hilbert space?
I Complete inner product space
I Finite dimensional: Cd , where d is the dimension.

Assuming finite dimensional until mentioned otherwise.
The state of the system is completely described by its
density operator, a positive trace one operator ρ acting on
the state space.

I Positive: self-adjoint, all eigenvalues real and
non-negative; written ρ ≥ 0

I Trace one: eigenvalues sum to 1.
If a quantum system is in the state ρj with probability pj
then the density operator for the system is

∑
j pjρj .
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Postulate 1 of 4

Associated to any isolated physical system is a Hilbert space
known as the state space of the system.

I What is a Hilbert space?
I Complete inner product space
I Finite dimensional: Cd , where d is the dimension.

Assuming finite dimensional until mentioned otherwise.
The state of the system is completely described by its
density operator, a positive trace one operator ρ acting on
the state space.

I Positive: self-adjoint, all eigenvalues real and
non-negative; written ρ ≥ 0

I Trace one: eigenvalues sum to 1.
If a quantum system is in the state ρj with probability pj
then the density operator for the system is

∑
j pjρj .
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Postulate 2 of 4

The evolution of a closed quantum system is given by a
unitary transformation. If ρ is the state of the system at
time t and ρ′ the state of the system at t ′, then

ρ′ = UρU∗

for some unitary U.
I Unitary: UU∗ = U∗U = 1. Preserves inner product

(probability).
I Could be different unitaries between different times; i.e.,

U = U(t) in general.
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Postulate 3 of 4
Quantum measurements are described a collection {Mm} of
measurement operators which act on the state space of the
system being measured. The index m refers to the
measurement outcomes that may occur. If the state is ρ
before the measurement, then the probability that the result
m occurs is

p(m) = Tr(M∗mMmρ).

After the measurement, the system is in the state

MmρM∗m
Tr(MmρM∗m) .

The measurement operators satisfy the completeness relation∑
m

M∗mMm = 1.



Landauer’s
Principle

Eric Hanson

Introduction
Motivation [Lan61]

Preliminary
notions [NC04;
Jak+11]
Quantum mechanics

Entropies

Confined
reservoir [RW13;
JP14]

Infinite
dimensional
discussion

Summary

References

Postulate 3 of 4
Quantum measurements are described a collection {Mm} of
measurement operators which act on the state space of the
system being measured. The index m refers to the
measurement outcomes that may occur. If the state is ρ
before the measurement, then the probability that the result
m occurs is

p(m) = Tr(M∗mMmρ).

After the measurement, the system is in the state

MmρM∗m
Tr(MmρM∗m) .

The measurement operators satisfy the completeness relation∑
m

M∗mMm = 1.



Landauer’s
Principle

Eric Hanson

Introduction
Motivation [Lan61]

Preliminary
notions [NC04;
Jak+11]
Quantum mechanics

Entropies

Confined
reservoir [RW13;
JP14]

Infinite
dimensional
discussion

Summary

References

Postulate 3 of 4
Quantum measurements are described a collection {Mm} of
measurement operators which act on the state space of the
system being measured. The index m refers to the
measurement outcomes that may occur. If the state is ρ
before the measurement, then the probability that the result
m occurs is

p(m) = Tr(M∗mMmρ).

After the measurement, the system is in the state

MmρM∗m
Tr(MmρM∗m) .

The measurement operators satisfy the completeness relation∑
m

M∗mMm = 1.



Landauer’s
Principle

Eric Hanson

Introduction
Motivation [Lan61]

Preliminary
notions [NC04;
Jak+11]
Quantum mechanics

Entropies

Confined
reservoir [RW13;
JP14]

Infinite
dimensional
discussion

Summary

References

Postulate 3 of 4
Quantum measurements are described a collection {Mm} of
measurement operators which act on the state space of the
system being measured. The index m refers to the
measurement outcomes that may occur. If the state is ρ
before the measurement, then the probability that the result
m occurs is

p(m) = Tr(M∗mMmρ).

After the measurement, the system is in the state

MmρM∗m
Tr(MmρM∗m) .

The measurement operators satisfy the completeness relation∑
m

M∗mMm = 1.



Landauer’s
Principle

Eric Hanson

Introduction
Motivation [Lan61]

Preliminary
notions [NC04;
Jak+11]
Quantum mechanics

Entropies

Confined
reservoir [RW13;
JP14]

Infinite
dimensional
discussion

Summary

References

Observables

A ∗-algebra is a complex vector space A equipped an
associative and distributive multiplication operation, and a
map ∗ : A → A that acts like complex conjugation: For any
A,B ∈ A

1. A∗∗ = A
2. (AB)∗ = B∗A∗

3. (αA + B)∗ = αA∗ + B∗.
Given a Hilbert space H, the set OH of linear maps H → H
is a ∗-algebra. The self-adjoint subset of OH is the set of
“observables”. Notice also that density operators also live in
OH .
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Remark on postulate 3

If we consider a physical observable O then O is a
self-adjoint operator. We can write

O =
∑

i
λiOi =

∑
i
λiO2

i =
∑

i
λiO∗i Oi

where λi are the eigenvalues of O and Oi the orthogonal
projections into the eigenspaces. Then if the system is in the
state ρ,

Tr(Oρ) =
∑

i
λi Tr(O∗i Oiρ) =

∑
i
λip(i) = E(O)

the expectation value of O.
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Hamiltonian

I For a physical finite-dimensional system with Hilbert
space H, the energy of the system is often described by
an observable (self-adjoint operator acting on H) called
the Hamiltonian, denoted by H.

I The eigenvalues of H are then the possible measured
values of the energy of the system.

I The Hamiltonian also generates the time evolution
unitary U from postulate 2. U satisfies differential
equation

i dU
dt = HU
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Postulate 4 of 4

The state space of the complete physical system is the
tensor product of the state spaces of the component physical
systems. Moreover, if we have systems numbered 1 through
n, and system number i is prepared in the state ρi , then the
joint state of the total system is ρ1 ⊗ ρ2 ⊗ . . .⊗ ρn.
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Tensor products

I What is the tensor product? Consider two Hilbert
spaces HA and HB with orthonormal bases {ai} and
{bj}

I Tensor product of vectors: We can think of ai ⊗ bj as
formal symbols, and define the tensor product of other
vectors ψ =

∑
i αiai ∈ HA, ϕ =

∑
j βjbj ∈ HB

(αi , βj ∈ C) by imposing linearity:
ψ ⊗ ϕ =

∑
ij αiβjai ⊗ bj .

I Of spaces: we define HA ⊗HB := span({ai ⊗ bj}), with
the inner product 〈ai ⊗ bj , ai ′ ⊗ bj′〉 = δii ′δjj′ .

I Of operators: If X acts on HA (X ∈ OHA) and Y on
HB, then X ⊗ Y acts on HA ⊗HB by
(X ⊗ Y )ψ ⊗ ϕ = Xψ ⊗ Yϕ. Then, OHA ⊗OHB is the
∗-algebra generated by such operators.
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Remark on Postulate 4

I Given a composite system with Hilbert space HA ⊗HB
and state ρAB a density operator on the joint Hilbert
space, we would like a way to recover the state on
system A, which we’ll denote ρA.

I We would like to have that if we have an observable
O ∈ OHA and any density operator ρAB on HA ⊗HB,
the value we measure for O only depends on ρA.



Landauer’s
Principle

Eric Hanson

Introduction
Motivation [Lan61]

Preliminary
notions [NC04;
Jak+11]
Quantum mechanics

Entropies

Confined
reservoir [RW13;
JP14]

Infinite
dimensional
discussion

Summary

References

Remark on Postulate 4

I Given a composite system with Hilbert space HA ⊗HB
and state ρAB a density operator on the joint Hilbert
space, we would like a way to recover the state on
system A, which we’ll denote ρA.

I We would like to have that if we have an observable
O ∈ OHA and any density operator ρAB on HA ⊗HB,
the value we measure for O only depends on ρA.



Landauer’s
Principle

Eric Hanson

Introduction
Motivation [Lan61]

Preliminary
notions [NC04;
Jak+11]
Quantum mechanics

Entropies

Confined
reservoir [RW13;
JP14]

Infinite
dimensional
discussion

Summary

References

The partial trace: First definition

Theorem
Consider two Hilbert spaces HA and HB.
Then there is a unique map Φ : OHA ⊗OHB → OHA such
that for all C ∈ OHA ⊗OHB and B ∈ OHA ,

Tr( (B ⊗ 1)C︸ ︷︷ ︸
∈OHA⊗OHB

) = Tr(BΦ(C)︸ ︷︷ ︸
∈OHA

)

We call Φ the partial trace over B, and denote it by TrB.
I Interpretation: C = ρAB, Φ(C) = TrB C =: ρA. If we

only measure B on the joint system (so measurement
on both systems is B ⊗ 1), we get the same as just
measuring ρA on the A system.
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Operational definition of partial trace

I We can always write our state as ρAB =
∑

i λiρ
A
i ⊗ ρB

i
for some numbers λi and ρA

i ∈ OHA , ρB
i ∈ OHB .

I We define the reduced density operator on system A by

ρA := TrB ρ
AB =

∑
i
λi TrB(ρA

i ⊗ ρB
i ) =

∑
i
λi Tr(ρB

i )︸ ︷︷ ︸
∈C

ρA
i
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Von Neumann Entropy
I We consider a density operator ρ with eigenvalues {λi}.

Then we define the entropy of ρ as

S(ρ) : = −Tr ρ log ρ = −
∑

i
λi log λi

I S(ρ) ≥ 0 with equality iff ρ is a projector. Why zero for
projector? No uncertainty; exactly one non-zero
eigenvalue.

I S(ρ) ≤ log d with equality iff ρ = 1/d , the “chaotic
state”. Maximal uncertainty; every outcome equally
likely.

I Since S(ρ) only depends on the eigenvalues of ρ, for
any unitary U, S(ρ) = S(UρU∗).

I Furthermore, for two density operators ρ1, ρ2, we have
S(ρ1 ⊗ ρ2) = S(ρ1) + S(ρ2).
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Then we define the entropy of ρ as

S(ρ) : = −Tr ρ log ρ = −
∑

i
λi log λi

I S(ρ) ≥ 0 with equality iff ρ is a projector. Why zero for
projector? No uncertainty; exactly one non-zero
eigenvalue.

I S(ρ) ≤ log d with equality iff ρ = 1/d , the “chaotic
state”. Maximal uncertainty; every outcome equally
likely.

I Since S(ρ) only depends on the eigenvalues of ρ, for
any unitary U, S(ρ) = S(UρU∗).

I Furthermore, for two density operators ρ1, ρ2, we have
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Relative entropy

For two states ρ1, ρ2, we define the relative entropy as

S(ρ1|ρ2) : = Tr(ρ1(log ρ1 − log ρ2))

Furthermore, S(ρ1|ρ2) ≥ 0 with equality iff ρ1 = ρ2.
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Hamiltonian HR
State νi on HR

System

S

HS , dimHS = d <∞

State ρi on HS
Joint state: ωi = ρi ⊗ νi
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The state on the reservoir, νi

I We fix the initial state on the reservoir to be
νi = e−βHR/Z =: ρβ, where Z = Tr

(
e−βHR

)
, and

β = 1/T (T being the temperature).
I This is known as a Gibbs state or thermal equilibrium

state.

Theorem
For a Hamiltonian H and energy E ∈ R, there exists a β ∈ R
such that Tr(ρβH) = E. Moreover, if
SE = {ρ is a state such that Tr(ρH) = E}, then

max
ρ∈SE

S(ρ) = S(ρβ)

that is, ρβ maximizes entropy at fixed energy.
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Dynamics

I We are considering processes ρi → ρf. Since we are
working in quantum mechanics, we consider operations
unitary on the joint system U : H → H

I This induces a transformation on the joint state:
ωU = UωiU∗

I The transformed state on the system S is given by
ρU = TrR(ωU). We’d like ρf = ρU , i.e. U is the
operation that induces ρi → ρf.

I On the reservoir R, we have νU = TrS(ωU)
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Quantities to consider

I Energy (heat) loss from the system is the energy gained
from the reservoir (called ∆Q)

I Initial energy of the reservoir is the expectation of the
Hamiltonian: Tr(νiHR).

I Final energy is Tr(νUHR).
I Entropy change of the system is ∆S = S(ρU)− S(ρi).
I Landauer’s bound: β∆Q ≥ ∆S.

I If ρU is a pure state and ρi = 1/d , ∆S = log d , and
Landauer’s bound reads ∆Q ≥ T log d .
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Calculations (1/2)

First,

S(νi) : = −Tr(νi log νi) = −Tr

νi log
(

e−βHR

Z

)
= −Tr

(
νi log

(
e−βHR

))
+ log Z ·����:1Tr (νi)

= β Tr(νiHR) + log Z

Next,

S(ωU) = S(ωi) = S(ρi) + S(νi)
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Calculations (2/2)

Define σ = S(ωU |ρU ⊗ νi ). Then

σ = Tr(ωU(logωU − log(ρU ⊗ νi )))
= −S(ωU)− Tr(ωU log(ρU ⊗ νi ))
= −S(ωU)− Tr(ωU(log ρU + log νi )
= −S(ρi )− S(νi )− Tr(ρU log ρU)− Tr(νU log νi )
= −S(ρi )− S(νi ) + S(ρU) + β Tr(νUHR) + log Z
= −S(ρi )− β Tr(νiHR)− log Z

+ S(ρU) + β Tr(νUHR) + log Z
= −S(ρi ) + S(ρU) + β

(
Tr(νUHR)− Tr(νiHR)

)
= −∆S + β∆Q
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Landauer’s Bound

We are left with

σ + ∆S = β∆Q

Using that relative entropies are non-negative,

∆S ≤ β∆Q
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Infinite dimensional discussion (1 of 1)

I Now, the quantum system is described by a C∗
dynamical system (O, τ), where O is a C∗ algebra with
unit 1 and τ a strongly continuous one-parameter group
of ∗-automorphisms of O.

I A C∗-algebra is a ∗-algebra A with the property that for
all A ∈ A, ‖A∗A‖ = ‖A‖2, and A is complete with
respect to the norm topology.

I The observables of the system are elements of O and τ
describes their time evolution in the Heisenberg picture.

I Heisenberg picture: evolve the observables instead of
the states

I A state is a positive linear functional ω on O with
ω(1) = 1; it is τ -invariant if ω ◦ τ t = ω for all t ∈ R
(e.g. a thermal equilibrium state is τ -invariant).
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Summary

I In 1961, Landauer posited his principle on physical
grounds

I Recently it has been proven very generally using
quantum statistical mechanics [JP14]

I The much easier proof of the finite-dimensional case
was presented today
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XY spin chain (1 of 2)

I The reservoir R is described by a finite dimensional
Hilbert space HR = (C2)⊗M , equipped with the
Hamiltonian

HR = 1
2

∑
x∈[1,M[

Jx (σ(1)
x σ

(1)
x+1 + σ(2)

x σ
(2)
x+1) + 1

2
∑

x∈[1,M]
λxσ

(3)
x

where the σ(j)
x are the three Pauli matrices: traceless,

self-adjoint 2× 2 matrices corresponding to the
observables for spin-1/2 particles.

I The system S has HS = C2 is just another spin-1/2
particle; the system’s Hamiltonian is given by
HS = λ0σ

(3)
0 .
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XY spin chain (2 of 2)

I We consider the time evolution unitary U generated by
the Hamiltonian H = HR + K (t) + HS via Schödinger’s
equation, where K (t) = J0(t)

[
σ

(1)
0 σ

(1)
1 + σ

(2)
0 σ

(2)
1

]
is

an interaction term.
I My goal is to look in more detail about how Landauer’s

bound comes about for this system, especially when the
limit M →∞ is considered (recall: M is number of
spin-1/2 particles in the chain).
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