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Introduction

» The energy cost of erasure of one bit of information by
the action of a thermal reservoir in equilibrium at
temperature T is never less than kg T log 2.

» What is erasure? An operation that takes any initial
state p; to a given final state ps.
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Figure I Bistable potential well.
x is a generalized coordinate representing
quantity which is switched.

Two states in an analog system. Fix pf = 0 as the “erased” state.
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If the system is in 0, we don't have to do anything to erase.
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Now consider if the system starts in state 1
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To get to zero, we could apply a force f(t) to the left
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Then remove the energy we added with a force g(t) to the right
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Resulting in the system “erased” in state zero without any net
energy cost.
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The

catch

We used two different processes depending on the initial
state

Our erasure operation should take any initial state p; to
the given final state pr

Landauer’s motivation (1961): computers operate as a
function of circuit connections, not the specific data
being handled

Quantum motivation: we have uncertainty about what
state the system is in
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> If we could do a single noiseless operation E that maps
0+— 0, 1~ 0, we should be able to do the
time-reversed process, but inverse is multivalued (0 or
1).

» However, if we allow some noise / heat loss, we cannot
perform the time-reversed process. Landauer
constructed a method to erase using a damped system.
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Consider the system starting in the state 1.
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f(t
2o

We slowly apply a force f(t) to overcome the potential barrier
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(=)

The damped system reduces the kinetic energy enough so the
system cannot move back to state 1
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And we have successfully transfered 1 — 0
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(=)

Consider performing the process starting in the state 0.
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First we add kinetic energy to the system by applying a force to
the left.
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@ damped
N

But then the damping reduces the kinetic energy enough so that
the system cannot cross the potential barrier.
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And the system again settles into the state 0.
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BUT IDG&CHN OB&H?VE Eric Hanson
THE WORLD, WHICH MEANS
THAT ACCORDING TO
QUANTUM MECHANICS
THEY MUST- HAVE SOULS.

i

Quantum mechanics

PROTiP: You CAN SAFELY
IGNORE. ANY SENTENCE THAT
INCLUDES THE PHRASE
ACCORDING TO
QUANTOM MECHANICS"

http://xkcd.com/1240/
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Associated to any isolated physical system is a Hilbert space
known as the state space of the system.
» What is a Hilbert space?
» Complete inner product space Quantum mechanics
» Finite dimensional: C9, where d is the dimension.
Assuming finite dimensional until mentioned otherwise.
The state of the system is completely described by its
density operator, a positive trace one operator p acting on
the state space.

» Positive: self-adjoint, all eigenvalues real and
non-negative; written p > 0

> Trace one: eigenvalues sum to 1.

If a quantum system is in the state p; with probability p;
then the density operator for the system is }_; p;p;.
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The evolution of a closed quantum system is given by a
unitary transformation. If p is the state of the system at
time t and p’ the state of the system at t’, then

Quantum mechanics

p/: UpU*

for some unitary U.
» Unitary: UU* = U*U = 1. Preserves inner product
(probability).

» Could be different unitaries between different times: i.e.,
U = U(t) in general.
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Quantum measurements are described a collection {M,,} of
measurement operators which act on the state space of the
system being measured. The index m refers to the
measurement outcomes that may occur. If the state is p
before the measurement, then the probability that the result Quantum mechanics
m occurs is

p(m) = Tr (M, Mp).
After the measurement, the system is in the state

MpmpMy,
Tr(MmpM:)

The measurement operators satisfy the completeness relation

> MpMp = 1.
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A x-algebra is a complex vector space A equipped an
associative and distributive multiplication operation, and a

map * : A — A that acts like complex conjugation: For any
ABeA

1. A=A
2. (AB)* = B*A*
3. (tkA+ B)* =aA* + B*.

Quantum mechanics
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A x-algebra is a complex vector space A equipped an
associative and distributive multiplication operation, and a

map * : A — A that acts like complex conjugation: For any o Gt
ABeA
1. A=A

2. (AB)* = B*A*
3. (tkA+ B)* =aA* + B*.
Given a Hilbert space H, the set Oy of linear maps H — H

is a x-algebra. The self-adjoint subset of Oy is the set of

“observables”. Notice also that density operators also live in
Opy.
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where A; are the eigenvalues of O and O; the orthogonal
projections into the eigenspaces.
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If we consider a physical observable O then O is a
self-adjoint operator. We can write

0= Z)\;O; = Z/\,O,2 = Z)\/O,*O:

where A; are the eigenvalues of O and O; the orthogonal
projections into the eigenspaces. Then if the system is in the
state p,

Tr(Op) = Z)\,- Tr(O; Oip) = Z/\,-p(i) =E(O)

Quantum mechanics

the expectation value of O.
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Hamlltonlan Principle
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» For a physical finite-dimensional system with Hilbert
space H, the energy of the system is often described by
an observable (self-adjoint operator acting on H) called Quantum mechanics
the Hamiltonian, denoted by H.
» The eigenvalues of H are then the possible measured
values of the energy of the system.
» The Hamiltonian also generates the time evolution
unitary U from postulate 2. U satisfies differential
equation

du

STy
"t



Landauer’s

POStUlate 4 Of 4 Principle

Eric Hanson

Quantum mechanics

The state space of the complete physical system is the
tensor product of the state spaces of the component physical
systems. Moreover, if we have systems numbered 1 through
n, and system number / is prepared in the state p;, then the
joint state of the total system is p1 ® p2 ® ... ® pp.
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» What is the tensor product? Consider two Hilbert
spaces Ha and Hp with orthonormal bases {a;} and
{bj}

» Tensor product of vectors: We can think of a; ® b; as
formal symbols, and define the tensor product of other
vectors ¢ =3, a;ai € Ha, ¢ = 32 Bjbj € Hp
(e, Bj € C) by imposing linearity:

PR = ZU a;Bjai ® b;.

» Of spaces: we define Ha ® Hp := span({a; ® b;}), with
the inner product (a; ® bj, ajy ® byr) = 6iirdjpr.

» Of operators: If X acts on H, (X € Oy,) and Y on
Hp, then X ® Y acts on Ha ® Hp by
(X@Y)W®p=Xp® Yep. Then, Oy, @ Oy, is the
x-algebra generated by such operators.

Quantum mechanics
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» Given a composite system with Hilbert space Ha ® Hp B e
and state p”B a density operator on the joint Hilbert
space, we would like a way to recover the state on
system A, which we'll denote p*.

» We would like to have that if we have an observable

O € O34, and any density operator p B on Ha® Hp,
the value we measure for O only depends on p*.
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Consider two Hilbert spaces H and Hpg.

Then there is a unique map ® : Oy, ® Oy, — Oy, such
that for all C € Oy, ® Oy, and B € Oy,

Quantum mechanics

Tr((B®1)C)=Tr(B®(C))

GOHA®OHB EOHA

We call ® the partial trace over B, and denote it by Trg.
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Theorem

Consider two Hilbert spaces H and Hpg.

Then there is a unique map ® : Oy, ® Oy, — Oy, such

that for all C € Oy, @ Oy, and B € Oy, SR

Tr((B®1)C)=Tr(B®(C))

GOHA®OHB EOHA

We call ® the partial trace over B, and denote it by Trg.

» Interpretation: C = p*B, ®(C) = Trg C =: pA. If we
only measure B on the joint system (so measurement
on both systems is B® 1), we get the same as just
measuring p? on the A system.
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» We can always write our state as p”8 = 3, \ipf @ pB Quantum mechanic
A B
for some numbers \; and pi' € Oy, p7 € Oy

> We define the reduced density operator on system A by

p’ti=Tre p"® = NiTra(pf @ pf) =Y X Tr(p?) o7t

! ! E(C
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We consider a density operator p with eigenvalues {\;}.
Then we define the entropy of p as

S(p):=—Trplogp = —Z)\,-Iog)\,-

S(p) > 0 with equality iff p is a projector. Why zero for
projector? No uncertainty; exactly one non-zero
eigenvalue.

S(p) < log d with equality iff p = 1/d, the “chaotic
state”. Maximal uncertainty; every outcome equally
likely.

Since S(p) only depends on the eigenvalues of p, for
any unitary U, S(p) = S(UpU*).

Furthermore, for two density operators p1, p2, we have
5(p1® p2) = S(p1) + 5(p2).
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For two states p1, p2, we define the relative entropy as

S(p1lp2) : = Tr(p1(log p1 — log p2))
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Entropies

For two states p1, p2, we define the relative entropy as

S(p1lp2) : = Tr(p1(log p1 — log p2))

Furthermore, S(p1|p2) > 0 with equality iff p1 = po.
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Hamiltonian Hgp
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Reservoir System

Confined
reservoir [RW13;
JP14]

Hpr, dimHr < 0 Hs, dmHs =d < o0
Hamiltonian Hgp
State v; on Hy State p; on Hs

Joint state: wi = pi ® Y
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The state on the reservoir, v;

» We fix the initial state on the reservoir to be
v = efﬁHR/Z =: pg, where Z =Tr (e*BHR), and
B =1/T (T being the temperature).

» This is known as a Gibbs state or thermal equilibrium
state.

Theorem

For a Hamiltonian H and energy E € R, there exists a § € R
such that Tr(pgH) = E. Moreover, if

Sg = {p is a state such that Tr(pH) = E}, then

max S(p) = 5(pp)

pESGE

that is, pg maximizes entropy at fixed energy.

Landauer’s
Principle

Eric Hanson

Confined
reservoir [RW13;
JP14]
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» We are considering processes p; — ps. Since we are
working in quantum mechanics, we consider operations
unitary on the joint system U :H — H

» This induces a transformation on the joint state:
wy = UuwU*
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» We are considering processes p; — ps. Since we are
working in quantum mechanics, we consider operations

unitary on the joint system U :H — H e s,
» This induces a transformation on the joint state: APy
wy = UuwU*

» The transformed state on the system S is given by
pu = Trr(wy). We'd like pr = py, i.e. U is the
operation that induces p; — ps.

» On the reservoir R, we have vy = Trs(wy)
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Landauer’s

Quantities to consider Principle

Eric Hanson

» Energy (heat) loss from the system is the energy gained
from the reservoir (called AQ)

» Initial energy of the reservoir is the expectation of the Garifiined]
Hamiltonian: Tr(viHg). el
» Final energy is Tr(vyHg).
» Entropy change of the system is AS = S(py) — S(pi).
» Landauer's bound: SAQ > AS.
» If py is a pure state and p; = 1/d, AS = log d, and
Landauer’'s bound reads AQ > T logd.
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Calculations (1/2)

First,

e—BHr
S():=—Tr(ylogr;) = —Tr (Vi log ( Va ))

— Tr (ui log (e‘ﬁ”ﬁ)> +log Z - Tefr)
= BTr(viHR) + log Z

Next,

S(wu) = S(wi) = S(pi) + S(v1)

Landauer’s
Principle

Eric Hanson

Confined
reservoir [RW13;
JP14]



Calculations (2/2)

Define o = S(wy|pu @ vj). Then

Tr(wy(logwy — log(pu ® vj)))
—=S(wu) — Tr(wy log(pu @ 1))
—S(wy) = Tr(wy(log py + logv;)
—=S(pi) = S(vi) — Tr(pu log pu) — Tr(vy log vi)
—=S(pi) = S(vi) + S(pu) + B Tr(vyHR) + log Z
—S(pi) — BTr(viHR) — log Z
+ S(pu) + BTr(vyHR) + log Z
=S(pi) + S(pu) + B (Tr(vuHr) — Tr(viHR))

=—-AS+ BAQ
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—S(wy) — Tr(wy log(pu @ i)
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Calculations (2/2) B

Eric Hanson
Define o = S(wy|pu @ vj). Then
o = Tr(wy(logwy — log(py ® ;)))

= —S(wy) — Tr(wy log(py @ vi))

Confined

(
= _S(WU) - Tr(wU(IOg pU + Iog Vi) reser\]/oir [Rw13;
JP14
= —5(pi) = S(vi) = Tr(pu log pu) — Tr(vy log v;)
= —S(pi) — S(vi) + S(pu) + BTr(vuHR) +log Z



Calculations (2/2)

Define o =

S(wulpu @ vi). Then

Tr(wy(logwy — log(py ® v4)))
~S(wy) — Tr(wy log(py © v1))
—S(wy) — Tr(wy(log pu + log v7)
=S(p1) = (1) = Tr(pulog pu) — Tr(vylog ;)
—=S(pi) = S(vi) + S(pu) + B Tr(vyHg) + log Z
(pi) — BTr(viHR) — log Z

+ S(pu) + B Tr(vyHR) 4 log Z

—S(pi

Landauer’s
Principle

Eric Hanson
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Calculations (2/2)

Define o = S(wy|pu @ vj). Then

g

= Tr(wU(long — |0g(PU b2y ’/i)))

S(wuy) — Tr(wy log(pu ® vi))
S(wu) = Tr(wu(log pu + log vi)
S(pi) = S(vi) — Tr(pu log pu) — Tr(vy log vi)
S(pi) = S(i) + S(pu) + BTr(vuHR) + log Z
S(pi) — BTr(viHR) — log Z

+ S(pu) + BTr(vuHR) + log Z

= —S(pi) + S(pu) + B (Tr(vyHR) — Tr(viHg))

Landauer’s
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Calculations (2/2)

Define o = S(wy|pu @ vj). Then

g

= Tr(wy(logwy — log(pu ® 1))
= —S(wy) — Tr(wy log(py @ 1))

(
S(wuy) — Tr(wy(log pu + log vj)
S(pi) — S(vi) = Tr(puy log pu) — Tr(vy log v;)
S(pi) — S(vi) + S(pu) + B Tr(vyHR) + log Z
S(pi) — BTr(viHR) — log Z

+ S(pu) + BTr(vyHR) + log Z
S(pi) + S(pu) + B (Tr(vyHr) — Tr(viHr))
AS + BAQ

Landauer’s
Principle

Eric Hanson

Confined
reservoir [RW13;
JP14]



Landauer's

Landauer’s Bound Principle

Eric Hanson

We are left with

Confined
o + AS = /BAQ reservoir [RW13;

JP14]

Using that relative entropies are non-negative,

AS < BAQ
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Infinite dimensional discussion (1 of 1) Prinipk

Eric Hanson

» Now, the quantum system is described by a C*
dynamical system (O, ), where O is a C* algebra with
unit 1 and 7 a strongly continuous one-parameter group
of x-automorphisms of O.

» A C*-algebra is a x-algebra A with the property that for
all Ac A, |A*A| = ||Al|?, and A is complete with
respect to the norm topology.

Infinite

» The observables of the system are elements of O and 7 e -
describes their time evolution in the Heisenberg picture.  discussion

» Heisenberg picture: evolve the observables instead of
the states
» A state is a positive linear functional w on O with
w(l) =1;itis 7-invariant if wo 7t = w for all t € R
(e.g. a thermal equilibrium state is T-invariant).
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Landauer’s
SU mmary Principle

Eric Hanson

> In 1961, Landauer posited his principle on physical
grounds
» Recently it has been proven very generally using
quantum statistical mechanics [JP14]
» The much easier proof of the finite-dimensional case
was presented today

Summary
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XY spin chain (2 of 2) Landauer's

Principle

Eric Hanson

> We consider the time evolution unitary U generated by
the Hamiltonian H = Hgr + K(t) + Hs via Schédinger's
equation, where K(t) = Jo(t) J(()l)ogl) + 0(()2)0?) is
an interaction term.

» My goal is to look in more detail about how Landauer’s
bound comes about for this system, especially when the

limit M — oo is considered (recall: M is number of References
spin-1/2 particles in the chain).
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