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Majorization is a pre-order of vectors, giving a sense in which one vector can
be said to be more disordered than another. Two given vectors, however, may be
incomparable. This concept has been extended to quantum mechanical states, to
particular success in the theory of entanglement manipulation. Here, we investigate
the majorization pre-order over the e-ball of quantum states defined by the trace
distance. We find, suprisingly, that the e-ball admits a maximal and minimal state
in majorization order, which are comparable to every other state in the set. This
property depends in particular on the geometry described by the trace distance. We
apply these minimal and maximal states to find explicit formulas for “smooothed”
single-partite entropies, briefly consider implications for state estimation via the
MaxEnt principle, and establish local continuity bounds for a broad class of functions.
Next, we investigate further properties of the minimal state in majorization order,
and in particular of the map taking the center of the e-ball to the minimal state
in this ball. We find that this map satisfies a so-called semigroup property, which
allows us to derive continuity bounds which are uniform over the set of states from
our local results. The construction of the minimal state is motivated by a more
general result we derive via Fermat’s rule of convex optimization, providing a first
step to extending our results to functions of bipartite states, such as the conditional
entropy.
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1. Introduction

The concept of majorization, introduced in the early 20*" century by Littlewood, Hardy and
Polya [HLP29] (see also [Sch23| and [Hor54|) has turned out to be ubiquitous in a variety of
widely diverse disciplines, ranging from various branches of mathematics to economics, to areas
of physics such as entanglement theory and quantum thermodynamics. Majorization is a pre-
ordering of some set such as the space R™ of real n-dimensional vectors. It can be interpreted
as an ordering of mixedness or disorder. This is because two vectors x and y in R" satisfy the
majorization relation x < y (read x is majorized by y) if and only if x is in the convex hull of
all vectors obtained by permuting the entries of y. Hence, x is a random mixture of reshufflings
of the entries of y, and in this sense is more mixed (or disordered) than y. Note that in general
two arbitrary vectors need not be comparable in the sense of majorization, i.e. one could have
x Ay and y £ x. There are two important classes of functions which are, respectively, order-
preserving and order-reversing in the majorization sense. These are the classes of Schur convex
and Schur concave functions. For a Schur convex (resp. Schur concave) function f(-), x <y
= f(x) < f(y) (resp. f(x) > f(y)). Majorization coupled with Schur convexity (or Schur
concavity) yields a plethora of useful mathematical inequalities. The theory of majorization is
now recognized as a powerful mathematical tool which has found applications in a number of
different fields including linear algebra, geometry, numerical analysis, operational research and
quantum information theory [Marll].

In the context of quantum information theory, we are interested in quantum states on a
finite dimensional Hilbert space, namely trace-1 positive semi-definite operators on C¢ for some
dimension d € N. In this context, quantum states can be considered as a noncommutative analog
of a probability distribution on a set of d elements. In fact, the eigenvalues of a quantum state
are such a distribution. However, physical manipulations of quantum states can change their
spectral projections as well as their eigenvalues, yielding the mathematical richness of quantum
mechanics.

Majorization has proven to be an important tool in quantum information theory. We say that
two quantum states p and p satisfy the majorization relation p < o if A(p) < A\(o), where A(p)
denotes the vector of eigenvalues of p. Since the von Neumann entropy, S(p), is a Schur concave
function, p < o implies S(p) > S(o). Moreover, since S increases with the mixedness of the
state, the majorization relation p < o can be viewed as an ordering of mixedness, as in the case
of vectors in R"™.

An important class of problems in quantum information theory concerns the determination of
optimal rates of information-processing tasks such as storage and transmission of information,
and entanglement manipulation. These optimal rates can be viewed as the operational quan-
tities in quantum information theory. They include the data compression limit of a quantum
information source, the various capacities of a quantum channel, and the entanglement cost and
distillable entanglement of a bipartite state. The aim in quantum information theory is to ex-
press these operational quantities in terms of suitable entropic quantities. Examples of the latter
include the von Neumann entropy, Rényi entropies, conditional entropies, coherent information,
and mutual information.

Deriving entropic characterizations of optimal rates of information theoretic tasks is one of the
central problems of quantum information theory. In order to determine whether a given R € R
is an achievable rate for a particular task, it is sufficient to require that the final state of the
protocol is approximately equal to the desired target state. For example, consider Schumacher
compression of a quantum information source with source state p. Let &, be an encoding map
which compresses p®" to a state in a Hilbert space of dimension ~ 2" for some R € R, and



let D,, be the corresponding decompression map. Then R is an achievable rate if for n large
enough, the final state (D,, 0 &,)(p®") of the protocol is approzimately equal to p®™. The notion
of approximate equality is quantified in terms of a suitable metric on the space of quantum
states. The trace distance is one such metric. For this choice of the metric, the set of states
which are approximately equal to a desired state p are those which are at a trace distance of at
most ¢ from it, for some threshold value € € (0,1). These set of states define an e-ball around
p in the space of states D(H) on the Hilbert space H:

Bo(p) = {w € D(H) : L~ plr < <}

This e-ball also arises in the study of continuity properties of entropic functions, like the von
Neumann entropy, which play a pivotal role in quantum information theory.

The geometry of the space of states depends on the chosen metric. Here we study the geometry
of B:(p), and properties of states in it, from the perspective of majorization theory. We prove
that there are two states p}, p«. € B:(p), satisfying the majorization relation

pe W = pre,  Yw € Be(p). (1)

The state pf is unique as an element of B.(p) satisfying (1), while p, . is unique up to unitary
equivalence. Both states commute with p and can be constructed explicitly. These states were
also independently found by Horodecki, Oppenheim, and Sparaciari [HOS17|, and considered
in the context of thermal majorization [Meel6; MNW17|. A priori there is no reason to expect
that states in B.(p) are comparable in majorization order. Given any two states p and o on a
Hilbert space H, one may have both p £ ¢ and o 4 p. Hence, one does not know a priori, that
there is any state in the trace-ball around p which is comparable to every other state, let alone
states which are, respectively, maximum and minimum in majorization order, as shown by (1).
This is what makes our result novel, and it appears to be a special feature of the geometry of
B:(p)".

Tools from the field of convex optimization theory often play a key role in the analysis of the
above-mentioned quantities. This is because the relevant operational quantity of an information-
processing task is often expressed as a convex optimization problem: one in which an entropic
quantity is optimized over a suitable convex set.

The construction of the maximum entropy state can also be motivated by a result from convex
optimization theory. Maximizing the entropy over states in B.(p) can be transcribed into an
optimization problem over all states involving a non-differentiable objective function. To solve
the problem we employ the notion of subgradients (a generalization of the concept of a gradient)
and Fermat’s Rule of convex optimization (see e.g. [BCI11|). The latter provides a simple
characterization of the minimum of a convex function in terms of the zeroes of its subgradient.
In fact, we first derive the following, more general, result which might be of independent interest.
We consider a particular class of functions F, and derive a necessary and sufficient condition
under which a state in B.(p) maximizes any function in this class. The von Neumann entropy,
the conditional entropy, and the a-Rényi entropy (for a € (0,1)) are examples of functions in
F. The precise mathematical definition of the class F is given in Section 6.2. For the case of
Schur concave functions, these conditions provide strong restrictions on the set of possible states
p% which could satisfy (1), which leads to the construction of the maximum entropy state, p}.

This state is unique and is shown to satisfy a semigroup property: p: .., = oZ,, where o = p .

*
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'Whether any metric, other than the trace distance, induces e-balls admitting extrema in the majorization
order, is an interesting open question.



We also present several applications of the result (1): explicit formulas for e-smoothed Schur
concave and convex functions, local continuity bounds for such functions, and a universal con-
struction of uniform continuity bounds for a family of entropies which generalizes the Audenaert-
Fannes bound. Given the important role majorization plays in quantum and classical informa-
tion theory, it can be expected that (1) will find further information-theoretic applications in
the future.

Given a Schur concave function H on the set of quantum states on a Hilbert space H, we
define the following two e-smoothed functions;

-7 () _ . (e) _ .
H = max H : H = min H(p).
(p) e () H' (p) Duin (p)

Such quantities arise naturally in the study of information-processing tasks in the framework of
one-shot information theory [Tom16; Ren05]. The majorization relation (1) yields an explicit
formula for these quantities, namely F(E)(p) = H(pr) and H® (p) = H(ps.).

A uniform continuity bound for a function H on quantum states bounds |H(p) — H(0o)| in
terms of ¢ > 1| p—o||1 alone. In proofs, this type of bound can be useful to remove a dependence
on the particular (possibly unknown) states p and o, and reduce to their trace distance alone.
An explicit continuity bound for the von Neumann entropy was obtained by Fannes [Fan73] and
later strengthened by Audenaert [Aud07]. It is often referred to as the Audenaert-Fannes (AF)
inequality and is an upper bound on the difference of the entropies of two states in terms of
their trace distance. Alicki and Fannes found an analogous continuity bound for the conditional
entropy for a bipartite state [AF04], which was later strengthened by Winter [Win16|. Continuity
bounds for Rényi entropies were obtained in [Che+17; Ras11], although neither bound is known
to be sharp, and in the appendix of the published version of [Aud07|. These bounds are “uniform”
in the sense that they only depend on the trace distance between the states (and a dimensional
parameter) and not on any other property of the states in question. In [Winl6], Winter also
obtained continuity bounds for the entropy and the conditional entropy for infinite-dimensional
systems under an energy constraint. His analysis was extended by Shirokov to the quantum
conditional information for finite-dimensional systems in [Shil5], and for infinite-dimensional
tripartite systems (under an energy constraint) in [Shil6|. In [Shil5], Shirokov also established
continuity bounds for the Holevo quantity, and refined the continuity bounds on the classical
and quantum capacities obtained by Leung and Smith [LS09]. Continuity bounds have also
been obtained for various other entropic quantities (see e.g. [AE05; AE11; RW15| and references
therein).

In comparison, a local continuity bound for a function H at a state p is a bound on how far H
can vary from H (p) when evaluated on states in B.(p), in terms of both ¢ and p. A local bound
therefore yields sharper results by employing the additional knowledge of p. This is the natural
setup to control an error |H(p) — H(p)| incurred, when a state p is produced in an attempt to
produce a state p, in terms of the error in the state preparation, given by the trace distance
31lp = pll1. For any Schur concave function H, the result (1) immediately yields the bound

|[H(w) — H(p)| < max{H (p) — H(p), H (p) — H(p)} (2)

for any w € B.(p). Since the right-hand side of (2) only depends on p and e, the bound (2)
provides a tight local continuity bound for any Schur concave function H (including, e.g. the
von Neumann entropy).

We extended these local continuity bounds to uniform continuity bounds for a class of entropic
functions, by exploiting the semigroup property of the state pl mentioned above. In fact,



our result provides a universal construction of sharp uniform continuity bounds for a class
of functions, which include the a-Rényi entropies for o € (0, 1), the Tsallis entropies, and the
von Neumann entropy. In the case of the von Neumann entropy, the resulting bound is the
Audenaert-Fannes bound, providing a unified proof of this inequality along with the bound on
the a-Rényi entropy. This proof also provides necessary and sufficient conditions for two states
p and p to achieve equality in the Audenaert-Fannes bound, which are the same conditions as
for any other applicable function H.

The paper is organized as follows. We start with some mathematical preliminaries in Section 2.
In Section 3 we state our main results (see Theorem 3.1, Theorem 3.2, and Theorem 3.8 in
particular). The proof of Theorem 3.1 entails explicit construction of maximum and minimum
entropy states in the e-ball, which are given in Section 4. In Section 5, we prove further properties
of the minimal state in majorization order, and applications to uniform continuity bounds. In
Section 6 we investigate the more general framework of maximizing concave functions over the
e-ball, and use the tools of convex optimization to prove Theorem 3.8.

2. Mathematical tools and notation

2.1. Quantum states and majorization

We restrict our attention to finite-dimensional Hilbert spaces. For Hilbert spaces Hi, Ho, we
denote the set of linear maps from H; to Ha by B(Hi,H2), and write B(H) = B(H, H) for the
algebra of linear operators on a single Hilbert space H. We denote the set of self-adjoint linear
operators on H by Bg,(H) C H. Upper case indices label quantum systems: for a Hilbert space
M corresponding to a quantum system A, we write [¢)) , € Ha and ps € B(Ha), and we use
the notation Hap = Ha @ Hp. A quantum state (or simply state) is a density matrix, i.e. an
operator pg € B(H ) with pg > 0 and Trps = 1. We denote the set of states on H4 by D(H,).
We say a state p is faithful if p > 0, and denote by Dy (H ) the set of faithful states on Hy .

For results which only involve a single Hilbert space, H, we set Bsy = Bsa(H), D = D(H),
Dy = Dy(H) and d := dim#H. A pure state is a rank-1 density matrix; we denote the set of
pure states by Dpure(H). Let 7 := é]l denote the completely mixed state.

Note that B, is a real vector space of dimension d?, which is a (real) Hilbert space when
equipped with the Hilbert-Schmidt inner product B, X Bsa 3 (4, B) — (A, B)yg = Tr(AB),
which induces the norm [|Aljs = /Tr(A?) for A € By,. We also consider the trace norm on
Bsa, defined by [|A||1 = Tr |A] for A € Bs,. The trace norm induces the trace distance on D(H),
which is defined as

1
T(p, ) = 5llo— ol

for two quantum states p,o € D(H). We also define the fidelity [Joz94| between two quantum
states p and o as

F(p,o) = |lVpvol.
We define the e-ball around o € D(H) as the set
B.(c) ={weDH) : T(w,0) < e} (3)

We also define the e-ball of positive-definite states: B (o) := B.(c) N Dy. The following
inequality, which follows from [Bha97, eq. (IV.62)], will be useful.

Lemma 2.1. For any p,o € D,

| Eigh(p) — Eig'(o)|1 < lp = ollx (4)



where for A € By,, Bigh(A) is the diagonal matriz of eigenvalues of A arranged non-increasing
order.

For any A € Bsa(H), let AL (A) and A_(A) denote the maximum and minimum eigenvalue
of A, respectively, and ki (A) and k_(A) denote their multiplicities. Let A\;(A) denote the jth
largest eigenvalue, counting multiplicity; that is, the jth element of the ordering

A(A) > Aa(A) > - > Ag(A).

We set X(A) := (Mi(A)L; € R? and denote the set of eigenvalues of A € Bsa(H) by spec A C R,
and the kernel of A by ker A.

The notion of majorization of vectors will be useful as well. Given z € R, write 2+ = (xj)?zl
for the permutation of x such that aﬁ > azﬁ > > xfl. Given z,y € R?, we say x majorizes ¥,
written x > y, if

k

J

d d
ijZyj- Vk=1,...,d—1, and ij:Zyj (5)
1 j=1 j=1 j=1

If x <y < z, then x and y are equal up to a permutation (see e.g. [Marll, p. 18|). A function
f: R — R is Schur concave if f(z) < f(y) whenever z = y. The function f is strictly Schur
concave if f(x) < f(y) whenever 2 > y and z+ # y*. If f: RY — R? is symmetric and concave,
then it is Schur concave; similarly if f is symmetric and strictly concave, then it is strictly Schur
concave [Marll, p. 97]. Moreover, any Schur concave or Schur convex function f is symmetric,
as the relation Iz < x < Iz which holds for any permutation II yields f(x) = f(Ilz).

Given two states p,o € D, if X(p) =< X(a), we write p < 0. Note if p < ¢ < p, then p and
o must have the same eigenvalues with the same multiplicities, and therefore must be unitarily
equivalent. We say that ¢ : D — R is Schur-concave if p(p) > (o) for any p,o € D with p < o.
If p(p) > ¢(o) for any p,o € D such that p < o, and p is not unitarily equivalent to o, then ¢
is strictly Schur-concave. As in the vector case, ¢ is Schur convex (resp. strictly Schur convex)
if — is Schur concave (resp. strictly Schur concave).

It can be shown that p < o if and only if p = Y, p;U;cU; for some n € N, p; >0, > . p;i =1,
and U; € B(H) unitary for i = 1,...,n [AU82, Theorem 2-2|. Hence, if ¢ : D — R is unitarily
invariant and concave, and p < ¢ , then

e(p) = ZPi@(UiUUz*) = (o).

iely,

Hence any unitarily-invariant concave function ¢ is Schur concave. Moreover, by the same
argument, if ¢ is strictly concave and p < o is such that p is not unitarily equivalent to o, we
have

¢(p) > ¢(0) (6)

and ¢ is strictly Schur concave. Moreover, if ¢ is Schur concave or Schur convex, then it
is unitarily invariant: @(UpU*) = ¢(p) for any unitary U. This follows from the relation
p = UpU* < p.

2.2. Entropies

Entropies play a fundamental role in quantum information theory as characterizations of the
optimal rates of information theoretic tasks, and as measures of uncertainty. The mathematical



properties of entropic functions therefore have important physical implications. The von Neu-
mann entropy .S, for instance, as a function of d-dimensional quantum states, is strictly concave,
continuous, and is bounded by logd. As the von Neumann entropy characterizes the optimal
rate of data compression for a memoryless quantum information source [Sch96], continuity of
the von Neumann entropy, for example, implies that the quantum data compression limit is con-
tinuous in the source state. The a-Rényi entropies S, are parametrized by a € (0,1) U (1, 00),
and are a generalization of the von Neumann entropy in the sense that lim, 1 Sy, = S. The
a-Rényi entropy has been used to bound the quantum communication complexity of distributed
information-theoretic tasks [vHO02|, can be interpreted in terms of the free energy of a quantum
or classical system [Baell|, and is the fundamental quantity defining the entanglement a-Rényi
entropy |Wan-+16].

In fact, the a-Rényi entropies are members of a large family of entropies called the (h, ¢)-
entropies, which are parametrized by two functions h,¢ on R subject to certain constraints
(see Section 2). This family includes the Tsallis entropies [Tsa88| and the unified entropies
(considered by Rastegin in [Rasll]). Note that the (h,¢)-entropy of a quantum state is the
classical (h, ¢)-entropy of its eigenvalues, and therefore the results here apply equally well to
probability distributions on finite sets.

Let h : R - R and ¢ : [0,1] — R with ¢(0) = 0 and h(¢(1)) = 0, such that either h is
strictly increasing and ¢ strictly concave, or h strictly decreasing and ¢ strictly convex. Then
the (h, ¢)-entropy, Hj, 4), is defined by

Hpg)(p) := h(Tx[6(p)]) (7)

where ¢ is defined on D(H) by functional calculus, i.e. given the eigen-decomposition p =
> Ailp)mi, we have ¢(p) = >, d(Ni(p))mi. Every (h, ¢)-entropy is strictly Schur concave and
unitarily invariant; moreover, if h is concave, then H, 4) is concave [Bos+16]. Here, we are most
interested in the following three examples of (h, ¢) entropies:

e The von Neumann entropy
S(p) = —Tr(plogp).
S is the (h, ¢) entropy with h = id, i.e., h(z) = x for x € R, and with ¢(x) = —xlog x for
xz € [0,1].
An important property of the von Neumann entropy, of particular relevance to us, is its
continuity. It is described by the so-called Audenaert-Fannes (AF) bound which is stated
in the following lemma [Aud07] (see also Theorem 3.8 of [Pet08]).

Lemma 2.2 (Audenaert-Fannes bound). Let € € [0,1], and p,o € D(H) such that ||p —
olli <e, and let d = dim M. Then

elog(d—1)+ h(e) ife<l-1

8
logd if521_éa ®

1S(p) = S(0)| < {

where h(e) := —eloge — (1 — €)log(1 — &) denotes the binary entropy.

Without loss of generality, assume S(p) > S(o). Then equality in (8) occurs if o is a pure
state, and either

Le<l—tandXp)=(1—-e 75,...55), or
2. 621—% andp:szé]l'

We recall a proof of Lemma 2.2 in Appendix B.



e The ¢-Tsallis entropy for ¢ € (0,1) U (1, 00),

Ty(p) = 7—[Tr(p?) — 1.

1—g¢q

Ty can be written as the (h, ¢)-entropy with h(z) =z — ﬁ for z € R and ¢(z) = — i
With these choices, h is strictly increasing and affine (and therefore concave) and ¢ is

strictly concave, for all ¢ € (0,1) U (1, c0).

e The a-Rényi entropy for a € (0,1) U (1, 00),
1
Sa(p) = 7— log (Trp%).

Sa is the (h, ¢)-entropy with h(z) = = logz for z € R and ¢(z) = 2 for z € [0,1]. For

€ (0,1), h is concave and strictly increasing and ¢ is strictly concave. For o > 1, h is

convex and strictly decreasing, and ¢ is strictly convex. It is known that lim,_,; So(p) =
S(p).

We will also also consider the min- and max-entropy introduced by Renner [Ren05] which

play an important role in one-shot information theory (see e.g. [Tom16] and references therein):

Huin(p) == —logA1(p),  Hmax(p) := S1/2(p) = 21og Tr[\/p].
Note A\+(p) = ||plloo is unitarily invariant and convex, and therefore Schur convex: if p < o,
then A\ (p) < A4(0). Since x — —log(x) is decreasing, Huin(p) > Hmin(0); therefore, Hyin is
Schur concave. As a Rényi entropy, Hmax is Schur concave as well.
We also can define the conditional entropy of a bipartite state. Given a bipartite state pap €
H ap, the conditional entropy S(A|B), is given by

S(A|B), = S(pas) — S(pB), 9)

where pp = Tra pap denotes the reduced state on the system B. This quantity cannot be
written as an (h, ¢)-entropy.

The Shannon entropy of a classical random variable X (taking values in a discrete alphabet X)
with probability mass function (p.m.f.) (p(x))zex is given by H(X) := — > » p(z)logp(x).
The joint- and conditional entropies of two random variables X and Y, with joint probability
distribution (p(z,y))., ,, are respectively given by

H(X,Y) == p(x,y)logp(z,y)
z,Y
H(X|Y) = H(X,Y) — H(X).

Fano’s inequality (|[FH61, p. 187]) with equality conditions (|[Han07, p. 41]), stated as Lemma 2.3
below, provides an upper bound on H(X|Y) and will be employed in our proofs.

x7y’

Lemma 2.3 (Fano’s inequality). For two random variables X,Y which take values on {1,...,d},
we have, for e :==Pr(X #Y),
H(X|Y) <elog(d—1) + h(e),
with equality if and only if
1 s

Pr(X =iy =y =4 ¢ 11=J
a1 if i #j
for each j such that Pr(Y = j) # 0.

In the above, all logarithms are taken to base 2.



3. Main results

Fix € € (0, 1] and a state p € D(H), with d := dim #H. Our first result is that the e-ball around
p, the set B:(p) defined by (3), admits a minimum and maximum in the majorization order.
Note that since majorization is a partial order, a priori one does not know that there are states
in B.(p) comparable to every other state in B:(p).

Theorem 3.1. Let p € D and e € (0,1]. Then there exists two states p} and ps in B:(p) (which
are defined by Equation (32) in Section 4.1 and Equation (39) in Section 4.3 respectively) both
of which commute with p and satisfy

Pe =W = Paes Vw € Be(p). (10)

Moreover, pf is the unique state in B.(p) satisfying the left-hand relation of (10), and ps. is
the unique state in B(p) satisfying the right-hand relation of (10) up to unitary equivalence.

Remark. See Figure 1 for an example of pZ and p, . for a particular state p.

T+

0.15

0.1

spec p spec p; SPEC Px,e

Figure 1: An example. The spectrum of a quantum state p is on the left, the spectra of p:
in the center and p.. on the right, with ¢ = 0.03. The states are constructed in
Section 4.1 and Section 4.3 respectively, and have the structure of raising or lowering
some eigenvalues of p according to a prescribed formula.

Our characterization of the minimal state p} originates from the following theorem, which is
a condensed form of Theorem 6.3 in Section 6. Given a suitable function ¢ : D(H) — R, and
any state p € D(H), the theorem provides a necessary and sufficient condition under which a
state maximizes ¢ in the e-ball (of positive definite states), BX (p), of the state p.

Theorem 3.2. Let p € D(H), € € (0,1], and ¢ : D(H) — R be a concave, continuous function
which is Gateaua-differentiable® on Dy (H). A state & € BF (p), satisfies & € argmaxp,_(,) ¢
if and only if both of the following conditions are satisfied. Here L¢ := V(§) denotes the
Gateauz-gradient of ¢ at &.

1. Either 3||€ — plli = & or Lg = A1 for some A € R, and

2For the definition of Gateaux-differentiability and Gateaux gradient see Section 6.1.
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2. we have
T4 Lemy = )\i(Lg)Tri, (11)

where w4 is the projection onto the support of Ay, and where A = A, — A_ is the Jordan
decomposition of A =& — p.

A corollary of this theorem concerns the conditional entropy S(A|B)¢ of a bipartite state {4p.
It corresponds to the choice p(é4p) = S(A|B)e whose Gateaux gradient L¢ := Vp(£ap) is given
by L¢,, = —(logéap — 14 ® log&p) (see Corollary 6.9).

Corollary 3.3. Given a state pap € D+ (Ha @ Hp) and e € (0,1], a state Eap € BF (pap) has
mazimum conditional entropy if and only if

S(A|B)e — S(A|B), + D(pasll§aB) — D(ppllés) = e(A+(Lg) — A-(Le))
where Le = 14 ® logép — log&{ap.

Remark. Interestingly, the states p} and p. . were derived independently by Horodecki and Op-
penheim [OH17], and in the context of thermal majorization by van der Meer and Wehner [Meel6|.
They referred to these as the flattest and steepest states. Horodecki and Oppenheim also used
these states to obtain expressions for smoothed Schur concave functions.

3.1. Immediate applications of Theorem 3.1

Theorem 3.1 immediately yields maximizers and minimizers over B(p) for any Schur concave
function ¢. Note that, as stated in the following corollary, the minimizer p? (resp. the maximizer
px¢) in the majorization order (10) is the maximizer (resp. minimizer) of ¢ over the e-ball B.(p).

Corollary 3.4. Let ¢ : D — R be Schur concave. Then

p: € argmaxp_(, ¢, and Pxe € Argming (.

Additionally, if ¢ is strictly Schur concave, any other state p' € argmaxp_(,) ¢ (resp. p' €
argming_(, @) is unitarily equivalent to p} (resp. p«c). If @ is strictly concave, then argmaxp_(,) ¢ =
{n}.

In an experimental setup, one may not know a quantum state exactly, and need to determine
an estimate of the state for mathematical analysis. Let us briefly investigate Corollary 3.4’s
implications for this task. The so-called MaxEnt (or maximum-entropy) principle gives that an
appropriate estimate of ¢ is one which is compatible with the constraints on ¢ and which has
maximum entropy subject to those constraints [Buz+99; Jay57].

Consider an experimental device which attemps to produce a given target pure state otarget,
and let o denote the actual state produced by the device. One can estimate the fidelity between
o and Ogarget efficiently, using few Pauli measurements of o [FL11; SLP11|. Using the bound
%Ha — Otarget|[1 < € 1= \/1 — F(0, 0target)?, one therefore obtains a bound on the trace distance
between o and oyarget. Theorem 3.1 gives that the state with maximum entropy in B.(ctarget)
is pX(0target). Using that otarget is a pure state, one can check using Lemma 4.3 that

. {diag(l—e,dfl,...,dfl) ife<1-1

(12)

U pu—
( target)a P — % else

in the basis in which ogarget = diag(1,0,...,0), where d is the dimension of the underlying

Hilbert space. The maximum-entropy principle therefore implies that (oiarget): defined by (12)
is the appropriate estimate of o, when given only the condition that %HJ — Otarget||1 < €.
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e it may be possible to determine additional constraints on ¢ by the Pauli measurements
performed to estimate F(o,0target). In that case, MaxEnt gives that the appropriate
estimate of o is the state with maximum entropy subject to these constraints as well, and
not only the relation %HO‘ — Otarget||1 < €.

e it may be possible to devise a measurement scheme to estimate %H P — Otarget|[1 directly,
which could be more efficient than first estimating the fidelity and then employing the
Fuchs-van de Graaf inequality to bound the trace distance.

Moreover, Corollary 3.4 yields maximizers and minimizers of any (h, ¢)-entropy, not simply
the von Neumann entropy. This allows computation of (trace-ball) “smoothed” Schur-concave
functions. Given ¢ : D — R, we define

5 (0) := max (o), ©)(5) := min o). 13
P0) = max (o). o) = min o) (13)

By Corollary 3.4, we therefore obtain explicit formulas: () (o) = (%), and ¢ () = (p.c).
In particular, this provides an exact version of Theorem 1 of [Sko16|, which formulates approx-
imate maximizers for the smoothed a-Rényi entropy S,ﬁf).

Note that by setting ¢ = Hyin or Hpax, the min- and max-entropies, in (13), yields explicit
expressions for the min- and max- entropies smoothed over the e-ball. These choices are of
particular interest, due to their relevance in one-shot information theory (see e.g. [Ren05; Tom16|
and references therein). In particular, let us briefly consider one-shot classical data compression.
Given a source (random variable) X, one wishes to encode output from X using codewords of a
fixed length log m, such that the original message may be recovered with probability of error at
most . It is known that the minimal value of m at fixed e, denoted m.(g), satisfies

HE) (X) <logm.(e) < inf [HE) (X)+log %] (14)

= max (SG(O,E) = max

as shown by [Tom16; RR12|. Equation (13) provides the means to explicitly evaluate the quantity
Hr(fgx(X) in this bound.

Remark. Although this essay is concerned with the e-ball defined via the trace distance, these
results have some implications for other distance measures. For example, the so-called purified
distance is often used in defining smoothed entropies [Tom12|. The purified distance between
two states p and o, denoted P(p, o), satisfies the inequality

T(p,0) < P(p,0) (15)
by Lemma 3.5 of [Tom16]|. Therefore, denoting B (p) by the e-ball
Bu(p) = {w € D(H) : P(w,0) < ¢} (16)
one has B.(p) C B.(p). Therefore, for any Schur concave function f,

f(pxe) < min f < max f < f(o7) (17)
Be(p) Bs(p)

by Corollary 3.4. We therefore obtain immediate bounds on the maxima and minima of Schur
concave functions over B.(p).
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Additionally, from Corollary 3.4 we may obtain tight local continuity bounds (with respect to
the trace distance) for any Schur concave function.

Proposition 3.5 (Local continuity bounds). Let f be Schur concave on D(H). Let p € D and
e € [0,1]. Then for any state w € B:(p),

[f(w) = f(p)| < max{f(pZ) = f(p), F(p) = Fpsc)}- (18)

Remark. Note that this inequality indeed gives a local continuity bound: the right-hand side
of (18) only depends on p and £. Moreover, the value of the right-hand side may be computed
via the definitions of p} and p, .

By taking f = S, the von Neumann entropy, we obtain a local continuity bound given by
inequality (19) in the following corollary. We may compare it to the Audenaert-Fannes bound
(stated in Lemma 2.2), which we include as inequality (20) below. By a direct analysis of a
proof of the Audenaert-Fannes bound, we may establish necessary and sufficient conditions for

the local bound to equal the uniform one>.

Corollary 3.6 (Local continuity bound for the von Neumann entropy). Let p € D and e € (0, 1].
Then for any state w € B:(p),

[S(w) = S(p)| < max{S(pZ) — S(p),S(p) — S(pxc)} (19)
< elog(d— 1)+ h(e) ife<1—1 (20)
~ |logd ife>1— é.

for h(e) = —eloge — (1 — ¢)log(1 — ¢) the binary entropy. Moreover, equality holds in (20) if
and only if one of the following holds:

diag(l —¢, 755,... 757) ife<1l-—1%

1. p is a pure state; in this case p; = iag( e d_l) Z,fE ‘f

1/d ife>1— 3.

2. e<1-— é, and p = diag(l — €, 757, ... 357); in this case p «(p) is a pure state,

8. e>1—1% and p=1:=1/d; in this case p.(p) is a pure state.
We defer the proof of this result to Appendix B.

Remark. See Figure 2 for a comparison between the right-hand side of our bound (19) and the
right-hand side of the (AF)-bound (20) for 500 random choices of p € D and € € (0,1]. The
figure shows the merit of the local continuity bound.

3.2. Further properties of p! and applications

By regarding the transformation from a state p € D(H) to the maximal state in majorization
order in the e-ball around p, namely pZ, as a map, we can obtain additional information about
the behavior of the majorization order on the set of states. Define the map

M.:  D(H)— D(H)
p = P

Note that M. is a non-linear map on the set of states, and therefore, does not represent a
physical time evolution. Nevertheless, it has useful mathematical properties.

(21)

3and in fact, this analysis shows that the known necessary conditions for equality in Lemma 2.2 are, in fact,
sufficient.
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Figure 2:

Proposition 3.7 (Properties of M.).
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In dimension d = 6, the eigenvalues of 500 quantum states p and € € (0, 1] were chosen
uniformly randomly. For each pair (p,¢), the local bound given in the right-hand side
of (19) is plotted as a cross. The Audenaert-Fannes bound given by the right-hand
side of (20) is plotted as a function of . We see for many choices of p, the local bound
gives a tighter bound than the Audenaert-Fannes bound.

The (non-linear) map M. has following properties, for

any € € (0,1]. Let p € D(H).

Q.

Maps states to states: M. : D(H) — D(H).

b. Minimal in majorization order: Mc(p) € Bz(p) and for any w € B:(p), we have Mc(p) <

w.

c. Semi-group property: ifei, e € (0, 1] with e1+e2 < 1, we have Mg, 4¢,(p) = Mz, oMc,(p).

Magorization-preserving: let o € D(H) such that p < 0. Then Mc(p) < Mc(0).

e. T= % is the unique fixed point of M., i.e. the unique solution to p = Mc(p) for p € D(H).

Moreover, for any p # T, M:(p) is not unitarily equivalent to p.

f. For any state p € B-(T), we have Mc(p) = 7. If p & B:(7), then M(p) is on the boundary
of Be(p).
g. For any pure state ¢ € Dypyre(H), the state M. (1)) has the form
diag(l —¢, 55,...755) e<1-1
M —_ > d—-17 d—1 d
5(¢) {7‘:% 621—%.
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h. Saturates triangle inequality with T := %:
1 1 1
Slo =7l = 27— M)l + 51M(p) — ol (23

Remark. Item (d) is due to [HOS17].

These properties, and in particular the semi-group property (c) allow the local continuity
bounds discussed in the previous section to be upgraded to uniform continuity bounds. This
generalizes the inequality (20) above, which used that the uniform continuity bound for the von
Neumann entropy was already known.

Theorem 3.8 (Uniform continuity bounds). Let H, 4y be an (h, ¢)-entropy, defined through
(7)) with h concave and ¢ strictly concave. For e € (0,1] and any states p,o € D(H) such that
2llp —olli < e, we have

3 h(o(l—e)+(d—1)o(z5)) e<1—3
|Hn,0)(p) — Hing)(0)| < {h(dﬁﬁ(}i)) cx1-1, (24)
where d = dimH. In particular, for o € (0,1),
Alog((1 —e)* 4 (d— 1)) e<1-1
_ l-a d
r&m»A%w»sL%d Sl (25)
and for g € (0,1) U (1, 00),
(1 =€)+ (d—1)9%7 — 1 1-1
EMﬁ—E®NS{§%&€)+( P e (26)
e~ 1— a:

1—q
Moreover, equality in (24), (25), or (26) occurs if and only if one of the two states (say, o) is
pure, and either

]. €<1_$ andx(p):(1—67ﬁ’...,...7%)7 or

2. 621—%1, andp:T::%.

Remark.

e When (24) is applied to the von Neumann entropy S, one recovers the Audenaert-Fannes
bound, (8), with equality conditions. The sufficiency of these equality conditions were
shown in [Aud07], and their necessity is derived in Appendix B by a direct analysis of
the proof of the bound presented in [Pet08, Thm. 3.8] and [Winl6]. The above result
establishes that in fact these necessary and sufficient conditions are the same for every
(h, ¢)-entropy with h concave and ¢ strictly concave.

e The inequality (25) reduces to the Audenaert-Fannes bound (8) when the limit o — 1 is
taken on both sides of it.

e The inequalities (25) and (26) were in fact obtained in the published version of [Aud07],
in an appendix?. The necessity of the equality conditions were not established, however.
Moreover, the proof of these results was by direct optimization, and would need to be
modified for other entropies. In Section 5, we present a unified proof for any (h,¢)-
entropy (with h concave and ¢ strictly concave) that employs naturally the structure of
the majorization order on D(H).

4 Additionally, the bound (26) appeared recently in [Che+17], derived along the same lines as the proof in
[AudO7].
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4. Majorization and the s-ball

In this section, we consider the e-ball B.(p) around a state p € D(H), and motivate the con-
struction of maximal and minimal states in the majorization order given in (10) of Section 4.1.
We prove Theorem 3.1 by reducing it to the classical case of discrete probability distributions
on d symbols, and then constructing explicit states p} (in Section 4.1), and p. . (in Section 4.3),
whose eigenvalues are respectively given by the probability distributions which are minimal and
maximal in majorization order.

The reduction to the classical case is immediate: the state majorization p < ¢ by definition
means that the eigenvalue majorization X(p) < A(c) holds. Thus, instead of the set of density
matrices D, we consider the simplex of probability vectors

d
A={r=(r)}, €R?:r; >0foreach j=1,...,d, and Zri =1}
i=1

Note that A is the polytope (i.e. the convex hull of finitely many points) generated by (1,0, ...,0)
and its permutations. Instead of the ball B.(p), we consider the 1l-norm ball around p =

(Pi)y = Xp),
1 1<
B:(p) == {w = (w;){_, € A : 5\\10 —pll = 3 ; lw; — pi| < e}

The set {z € R?: ||z||; < 1} can be written
{z e RY: ||lz||; <1} = conv{er, —e1,...,eq, —eq},

where conv(A) denotes the convex hull of a set A, and ey, ..., eq are the vectors of the standard
basis (e.g. ej = (0,...,0,1,0,...,0) with 1 in the jth entry), and is therefore a polytope, called
the d-dimensional cross-polytope (see e.g. [Mat02, p. 82]). As a translation and scaling of the
d-dimensional cross-polytope, the set {w € R?: 1||w — p||; < e} is a polytope as well. As B:(p)
is the intersection of this set and A, it too is a polytope (see Figure 3a for an illustration of
B:(p) in a particular example).
The existence of pf and p,. in B:(p) satisfying (10) is equivalent to p} and p.. in B.(p)
satisfying
P =W = Pie (27)

for all w € Be(p). Using Birkhoff’s Theorem (e.g. [NC11, Theorem 12.12]), the set of vectors
majorized by a point w € A can be shown to be given by

My :={peA:w>p}=conv{r(w):me Si}, (28)

where Sy is the symmetric group on d letters (see [Marll, p. 34]). Let us illustrate this with
an example in d = 3. Let us choose p = (0.21,0.24,0.55) and € = 0.1. The simplex A and ball
B:(p) are depicted in Figure 3a. A point w = (0.14,0.28,0.58) € B.(p) is shown in Figure 3b,
and the set M,, in Figure 3c.

The geometric characterization (28), depicted in Figure 3, requires that B.(p) € M,, ., and
conversely, pf € M, for each p € B.(p). Figure 3c shows that for the point w, B.(p) € My,
implying that w # ps .. Moreover, one can check that that e.g. w ¢ M, and hence w # p}.

Next we consider Schur concave functions on A, in order to gain insight into the probability
distributions p, . and p} which arise in the majorization order (27). In particular, let us consider
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T x T
(a) Be(p), with p in black (b) A point w € B.(p) in white. (c) The set M, in green.

Figure 3: In dimension d = 3, the simplex, A, of probability vectors is the shaded triangle
shown in (a), along with the ball B.(p) which is the hexagon shown in blue, centered
at p = (0.21,0.24,0.55) (depicted by a black dot) with ¢ = 0.1. In (b), a point
w = (0.14,0.28,0.58) is depicted in white, and in (c), the set M,, is shown in green.

Shannon entropy H(w) := —Zgzl w; logw; of a probability distribution w = (w;)%_,. Tt is
known to be strictly Schur concave. Hence, if p, . € B.(p) satisfying (27) exists, it must satisfy

H(p.e) < H(w)

for any w € B¢(p). Thus, p, . must be a minimizer of H, which is a concave function, over B, (p),
a convex set. Similarly, p¥ must be a maximizer of H over B:(p). Properties of maximizers of
concave functions over a convex sets are well-understood; in particular, any local maximizer is
a global maximizer.

The task of minimizing a concave function over a convex set is a priori more difficult; in
particular, local minima need not be global minima. There is, however, a minimum principle
which asserts that the minimum occurs on the boundary of the set; this is formulated more
precisely in e.g. [Roc96, Chapter 32]. Since B.(p) is a polytope, H is minimized on one of the
finitely many verticies of B.(p). This fact yields a simple solution to the problem of minimizing
H over B.(p), as described below by example, and in generality in Section 4.3.

Let us return to the example of Figure 3. We see B.(p) has six vertices; these are {p +
m((e,—¢,0)) : m € Sg}. The vertex which minimizes H is v := (0.21 — £,0.24,0.55 + ¢), where

“1 °

@ ®

— —Y — Y
x x
(a) A minimum v of H over B.(p), in white. (b) The maximum m of H over B.(p), in white.

Figure 4: For the example of Figure 3, the (unique) maximum and minimum of the Shannon
entropy H over B.(p) are shown. Both v and m occur on the boundary of B.(p).

the smallest entry is decreased and the largest entry is increased, as shown in Figure 4b. More-

over, one can check that w < v for any w € B.(p). This leads us to the conjecture that the
vertex corresponding to decreasing the smallest entry and increasing the largest entry will yield
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P+ satisfying (27) in general. We see in Section 4.3 that this is indeed true, although in some
cases more than one entry needs to be decreased.

On the other hand, finding the probability distribution p} in B.(p) which satisfies (27) is more
than a matter of checking the verticies of B:(p), as shown by Figure 4b: in this example, p}
is not a vertex of B.(p). Interestingly, useful insight into this probability distribution can be
obtained by using results from convex optimization theory. This is discussed in the following
section.

4.1. Constructing the minimal state in the majorization order (10)

Let us assume Theorem 3.2 holds, and that the von Neumann entropy S satisfies the requirements
of the function ¢ of the theorem, with L = —log { — @]l. The proof of these facts are given
in Section 6. Using Theorem 3.2, we deduce properties of and the form of a maximizer of S in
the e-ball.

Since S is continuous and B.(p) is compact, S achieves a maximum over B.(p). Moreover,
since S is strictly concave, the maximum is unique; otherwise, if &1, &> € B:(p) were maximizers,
§= %51 + %52 € B.(p) would have strictly higher entropy.

Now, let & be the unique maximizer. Condition 1 of Theorem 3.2 yields that either log& o< 1,
sof=171= %, or else T'(&, p) = €. Since 7 is the global maximizer of S over D, we have £ = 7
whenever 7 € B.(p). If 7 & B:(p), then this condition yields the first piece of information about
the maximizer: it is on the boundary of B.(p), in that T'(£, p) = &, just as shown in Figure 4b
in the classical setup.

By Lemma 2.1, working in the basis in which p = Eig*(p), we have

T(Eigh(€),p) < T (&, p) < e

and therefore Bigh(¢) € B.(p). Since S is unitarily invariant, S(Eigh(¢)) = S(¢), and by
uniqueness of the maximizer, we have £ = Eigi(f). Hence, the maximizer £ commutes with p,
and hence with A, and the sums of its eigenprojections m4. Since [L¢,£] = 0 as well, Theorem 3.2
yields

Lemy = A (Lg)m+ (29)

For any ¢ € ni+H, we have L¢tp = Ai(Lg)tp, so (29) is an eigenvalue equation for L¢. Since
& =exp(—(L¢ + 1)) is a function of L, it shares the same eigenprojections. In particular,

§me = exp (—(Ax(Le) + 1)) mx

serves as an eigenvalue equation for . Since [£,p] = 0, we can discuss how each acts on
each (shared) eigenspace. By definition, £ and p act the same on ker A = ker(¢ — p). On
the other hand, on the subspaces where the eigenvalues of £ are greater than those of p, i.e.
on myH, we see that £ has the constant eigenvalue v_ := exp (—(Ay(L¢) + 1)), and on 7_H,
Y+ = exp (—(A-(L¢) +1)). Note that as x — —logz — 1 is monotone decreasing on R, the
subspace mH where L¢ has its largest eigenvalue, § has its smallest eigenvalue, and vice-versa.
That is, A1 (§) = v+ and occurs on the subspace m_H, and A_(§) = v—, and occurs on mH.
Let us briefly remark on the notation: v_, for example, has the subscript — as y_ is the smallest
eigenvalue of £, whereas 74 is the projector onto the subspace on which eigenvalues of p increase
to form the eigenvalues of £ (which are, in fact, v_).

Let us summarize the above observations. In ker A, the maximizer £ has the same eigenvalues
as p. On the subspace m_H, the state £ has the constant eigenvalue 7, which is the largest
eigenvalue of £, and £n_ = y4m_ < pm_. In the subspace w1 H, € has the constant eigenvalue
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~v—, which is its smallest eigenvalue, and émy = v_7m4 > pmy. It remains to choose subspaces
corresponding to w4, and the associated eigenvalues v_ and ;. Recall that as T'(§, p) = €, we
have Tr[(§ — p)+] = Tr[(§ — p)-] =&

As the entropy is minimized on pure states and maximized on the completely mixed state
T = é]l, one can guess that to increase the entropy, one should raise the small eigenvalues of
p, and lower the large eigenvalues of p. That is, 7 should correspond to the eigenspaces of the
m_ smallest eigenvalues of p, and m_ should correspond to the eigenspaces of the m4 largest
eigenvalues of p, for some m_,m4 € {1,...,d — 1}. Moreover, as -4 is the largest eigenvalue
of ¢, and v_ is the smallest one, we must have v_ < p < 4 for any eigenvalue p of p with
corresponding eigenspace which is a subspace of ker A. Figure 5 illustrates these ideas in an
example at the end of this subsection. In Lemma 4.3, we prove there exists unique y_,y4, m_
and m4 which respect these considerations. We will call the resulting state p} (instead of &).

Let us recall the task is to construct a state p} satisfying (10). Instead, we have constructed
a state in order to maximize the entropy S. However, since any state p} satisfying (10) must
maximize S over B:(p), and the maximizer is unique, we instead check that the state resulting
from this construction satisfies (10) in Section 4.2.

Let p € D(H) and ¢ € (0,1]. For notational simplicity, we often suppress dependence on p
and ¢ in this section, and write A\; = A;(p) so that the eigenvalues of p are Ay > Ay > -+ > Ay
We first define a quantity vim) = 'yim) (p,e), for m € {0,1,...,d — 1}, as follows

(m) % - Ni—e) i T(p,7)>ecand m#0
T é else.

Similarly, a quantity 'y(m) = 7(_m) (p,€) is defined by

(m) 1 (E f-l:dfmﬂ )\i+5) if T'(p,7) > ¢ and m # 0
")/_ =
% else.

Then for p # 7, we define my = m4 (p, ) as the unique solution to the following inequalities:

(m)

>\m+1§’7+ <>‘ma me{]-)?d*l} (30)
and we set m4 (7,e) = 0. Similarly, for p # 7, we define m_ = m_(p, e) as the unique solution
to the inequalities:

)\d—m-‘rl < ’7(7m) < )\d—m7 m e {17 sy d— 1} (31>

and set m_(7,e) = 0. Finally, we set 74+ = v4(p, &) = 'ysrm” and - = y_(p,e) = 7(_m’).

The proof that the above equations have unique solutions follows from Lemma 4.3, which is
postponed to the end of this section.
Given the eigen-decomposition p = Zf-l:l Ai ) (@], we define

my d—m_ d
pE= ) e G+ Y N+ > v ladl. (32)
=1 i=m4+1 i=d—m_+1

We check that pf € B.(p) as follows. From its definition, its spectrum lies in the interval (0, 1]
and p} has trace 1. Additionally, if T'(p,7) < €, then pf = 7 € B:(p). Otherwise,

mq d
oz =plli =D ==X+ > - dl=e+e=2s (33)
=1 i=d—m_+1
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so for any ¢ € [0,1], we have p* € BX(p).

To summarize, we construct p} as follows: we decrease the m largest eigenvalues of p by
setting them to 4 (where m4 and 7, are related by eq. (30)), increase the m_ smallest eigen-
values of p by setting them to v_ (where m_ and ~_ are related by eq. (31)), and we keep the
other eigenvalues of p unchanged. This is illustrated in Figure 5, for a state p € D(H) with
€ =0.07 and d = 12.

0.2 I §1 I R
S —
005 ), bty (pe) — 7\;(”’ )
0.1
0.05 g & ?y\i (p, g)
0f ——— A2
spec p spec p:

Figure 5: We choose d = 12, a state p € D(H), and ¢ = 0.07, for which m; = 2 and m_ = 4.
Left: the eigenvalues Ay > Ao > ... > Ay of p are plotted. Center: the smallest four
eigenvalues of p are increased to y_ = %[)\d + -+ 4 Agta + €], and the largest two
eigenvalues of p decreased to v4 = %[/\1 + A2 —¢]. Right: the eigenvalues of p¥ are v
with multiplicity two, A3, A\q, ..., Ag—4, and v_ with multiplicity four.

In the next section, we prove that p? satisfies the majorization order (10).

4.2. Minimality of p! in the majorization order (10)

Given p = X(p), we consider the vector p* := X(p?), i.c. the eigenvalues of p?, defined in (32).
Let w € B.(p), and consider its entries arranged in non-increasing order,

Let p1 > --- > pq be the entries of p in non-increasing order, and pj > --- > pj; be the entries of
p: in non-increasing order. In this section, we show p} < w.

1. First, we establish that p7 < w;.

To prove this, let us assume the contrary: pj > w;. Then, since pj =p5 = -+ =pp,, =¥+,
my my
myyy = pr > mawy > Zwi.
i=1 i=1

We conclude this step with the following lemma.
Lemma 4.1. If myyy > > it w;, then w & B:(p).

Proof. Multiplying each side by —1 and adding Efﬁ q;, we have

m4 m4 m4 d 1
Y i=p) <D (pi—w) <Y (pi—wi)y <D (pi—wi)y = Slp—wlli. (34)
=1 =1 i=1 =1
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Using v+ = - (301 pi — ), the far left-hand side is

my
m4 m4 m4
S~ Yom - (Som-e) -
i=1 i=1 i=1
Then (34) becomes
1
<3 - )
e < 2llp—wlh
contradicting that w € B.(p). O

. Next, for k € {1,...,m4}, we have Zlep;k < Zle wj.

We prove this recursively: assume the property holds for some k € {1,...,m4 — 1} but
not for k + 1. Note we have proven the base case of £k = 1 in the previous step. Then

k+1 k+1

k k
Zp;-k < Zwi, and pr > Zwi. (35)
=1 =1 =1 =1

Subtracting the first inequality in (35) from the second, we have

*
Pkq1 > Wkt

yielding v > wgy1 > wg > -+ > Wy, . Summing the inequalities py, , = v+ > wge for

(=23,...,my —k, we have
m4 m4
*
> P> D

Adding this to the second inequality of (35), we have
my mq
S
i=1 i=1

We thus conclude by Lemma 4.1.

. Next, let k€ {m4 +1,...,d —m_}. Assume Zle pi > Zle w;. Then

k k
sz' —-p; < sz' —w;
i=1 i=1

However, the left-hand side is

k m4
Zpi —p; = Zpi —miv4 = €.
i=1 i=1

Hence,
k

d
1
<Y pi—w; < E (Pz'—wi)+:§||w—p”1
1 =1

1=

which is a contradiction.
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4. Finally, we finish with a recursive proof similar to step 2. Assume the property holds for
ke{d—m_,...,d—1}, but not for k+ 1. For this case too we have proven the base case
k = d — m_ in the previous step. We therefore assume

k k k+1 E+1
pr < Zwi, and pr > Zwi. (36)
i=1 i=1 i=1 i=1

Subtracting the two equations, we have

*
Pi+1 > Wk+1-

Since v— = pj_, we have 7_ > wg41 > wg41 > -+ > wg. Summing pr_, = 7 > Wi for
{=2,3,---,d, we have

d d
> sy w
i=k+2 i=k+2
Adding to the second inequality of (36), we find

d d
=3 > Y
i=1 i=1
which contradicts the assumption that p € A. O

Thus, given o € D and € € (0, 1], the state pf defined via (32) has pf < w for any w € B.(0),
proving the first majorization relation of Theorem 3.1.

4.3. Constructing the maximal state in the majorization order (10)

As mentioned earlier, the minimum principle tells us that the entropy is minimized on a vertex
of B:(p). In the example of Figure 3 in d = 3, with p = (0.21,0.24,0.55) and ¢ = 0.1, we
considered the set M, of points of A majorized by w € B:(p). In the same example in Figure 4,
the minimum of the entropy over B.(p) was found to be p, = (0.21 — £,0.24,0.55 + ¢). In
Figure 6, we see that in fact B.(p) C M,,. That is, w < p, for any w € B.(p). In this section,
we provide a general construction of p,, and show that this property holds. As in the example,
the construction will proceed by forming p, by decreasing the smallest entries of p and increasing
the largest entry. Intuitively, one “spreads out” the entries of p to form p, so that M, covers
the most area, in order to cover B.(p).

1 1
® ®

— ~S Y — ~ Y
T T

Figure 6: Left: The set M, for the point w € B.(p) shown in white. Right: The set M,, for p.
the minimizer of H over B.(p).

Let ¢ € (0,1]. We construct a probability vector p.. which we show has M, . O B.(p) by
using the definition of majorization given in (5).
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Definition 4.1 (p.c). If pg > ¢, let p, . = (p1+¢,p2,...,pa—¢). Otherwise, let £ € {1,...,d—1}
be the largest index such that the sum of the ¢ smallest entries Q := E;l:d_g +1p; has Qp < e.
If ¢ =d—1,set p,. = (1,0,...,0). Otherwise, choose p, . = (pj*);l:l for

p1+e j=1
D) 2<j<d-(-1
P« =14’ . (37)
Pit41—(E—Qp) j=d—1L
0 P> d—t+1.

Note that the condition pg > ¢ is equivalent to every vector w € B.(p) having strictly positive
entries. This is the case of Figure 4, and p, . reduces to (p1 + €,p2,...,pd — €).
Using Definition 4.1, we verify that p, € B.(p), as follows. First, if pg > €, then

1 1
Sllp. = pll = 51 +2 = pal + lpa — e = pal) = .

If ¢=d—1, then p, = (1,0,...,0) and

d d
1
Sloe=pl =) (0 —pj)r =D _pj=Qc<e
j=1 J=2
yielding p, € B(p). Otherwise, (pj*)?zl is defined via (37). For j # d — ¢, that p;, > 0 is
immediate, and by maximality of ¢, we have p4_s), = Qry1 —€ > 0. Additionally, Z?:l Djx =
Z;-l;f_lpj +Qr—e+e= Z?:lpj = 1. Furthermore,

d—0—1 d

d
> lpie—pil =Ilpr+e—pl+ D Ipj—pil + Ipa—e — (6 = Q) —pa—el + Y Ip;j — 0l
Jj=1 Jj=2 j=d—L+1

= Q¢+ (e — Q) +¢ =2,
so px € Be(p).

The following lemma shows that p, is indeed the maximal distribution in the majorization
order (27).

Lemma 4.2. We have that p. = w for any w € B:(p).

Proof. If p, = (1,0,...,0), then the result is immediate. If p, = (p1 +¢€,...,pq — €), then
consider £ = 0 and Qo = 0 in the following. Now, p, = (pj;x) for pj;. defined via (37). Our task
is to show that for any w = (wj);.lzl €A,

k k

D wj <
J

Dji (38)
j=1 1

holds for each k € {1,...,d — 1}. Equality in (38) obviously holds for k£ = d since w, p, € A.
Since Z?Zl(wj —Dj)+ = Z?Zl(wj —pj)— <, in particular Z?zl(wj —pj) < € and therefore

k

k
ij S&—FZ])]‘.
j=1

j=1
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For k < d — ¢ — 1, we have Z§:1 Pjx = €+ Z§:1 pj, yielding (38) in this case. On the other
hand, for &k > d — £ we have Z?:M’j* = Z;l:l pj« = 1. Since Z?:l w; < 1, this completes the
proof. O

Given ¢ € (0,1] and a quantum state p € D, with eigen-decomposition p = Zf-l:l pi 1) (| in
the sorted eigenbasis for which p = Eig*(p), we define

d
pec =3 pili)(i (39)
=1

where p, . is defined via Definition 4.1 where p = X(p) Lemma 4.2 therefore proves p, . > w for
any w € B(p), proving the second majorization relation of Theorem 3.1. The state p, . is unique
up to unitary equivalence as follows. If another state p € B:(p) had p = w for all w € B.(p),
then in particular, p > p«. > p, which implies that p and p, . are unitarily equivalent.

4.4. Uniqueness of construction for p}

The uniqueness claims in the construction of p} in Section 4.1 follow from the following lemma.
These properties prove useful in Section 5.3.

Lemma 4.3. Let p € D(H) have eigenvalues X(p) = (A1, ..., Ag). Assume Hlp—7ll > e, where
T=1/d, i.e. T & Bc(p). There is a unique pair (y—,m_) € [0,1] x {1,...,d — 1} such that

Z ”}/_ — )\z‘ =& and >\d—m,+1 < Y- S )\d—m,) (4())
i=d—m_+1

and similarly, a unique pair (y+,m4) € [0,1] x {1,...,d — 1} with

™4
Z|fy+—)\i]:5 and  Apy 41 < V4 < Ay - (41)
j=1
We define the index sets
Ip=A{1,....omy}, Iy={me+1,...0d—m_}, Ip={d—m_+1,...,d} (42)

corresponding to the “highest” m4 eigenvalues, “middle” d —m_ —my eigenvalues, and “lowest”
m_ eigenvalues of p, respectively.

We have the following properties. The numbers v— and v+ are such that v_— < é < Y4, and
we have the following characterizations of the pairs (y—,m_) and (y4+,m4): For any m € N,
defining the functions

d m
my 1 , (my _ L o

== | Z Aj+e], QAN Z)\] el, (43)

j=d—m+1 Jj=1
we have y_ = vgm*) and vy = vim”, where m—_ and my are, respectively, the unique solutions

of the following:
Mom/ 41 <7= < Agepy = mle{l,....,d—1}, (44)
)\m;+1§’)/+<)\m/+ . m/_,_E{l,,d—l},
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and satisfy

m_ =min{m’ € {1,...,d—r} :’y_(m') <X’ b (45)
my = min{m’ € {1,...,r}: fy+ ) > A 1}
where r is defined by
Arg1 < é < A (46)

Proof of Lemma 4.3 Here we prove the results pertaining to the pair (y4,m4). The results
for the pair (y—,m_) can be obtained analogously. Note that if any pair (y4,m4) € [0,1] x
{1,...,d — 1} satisfies (40) then we have

m4
5:Z|V+*>\i|zz>\*V+ ZA - MY+,
i=1 i=

implying vy = n%r (XN —e) = Vim”. Conversely, if for some m/, € {1,...,d — 1}, the

(m’,)

m/,) .
*7 satisfies Amf 41 <94 < Ay, then

. (
corresponding value 7y,

/ /

o () M) s ()
522)\i_m/-|-'7++:Z()\i_7++)22|7++_)\i|
=1 =1 =1

and in particular

m/, )
> W - Al =
i=1

Hence, the existence and uniqueness of (v, m.) satisfying (40) is equivalent to the existence

and uniqueness of m4 € {1,...,d — 1} such that ’yim” satisfies A, 41 < 'yim” < Ay
Next, we show that
o / L my)
mq =min{m, € {1,...,r} 7, 7 > X ’+1}
by checking that the minimum exists and uniquely solves Ay, 41 < Vim” < Amy. The proof

(m4)

is then completed by showing that we must have v’ > %. The steps of the construction are
elucidated below.

m/, )

Step 1. {mﬁre{l,...,r}:’y >)\/+1}7$@
(r)

Let us assume the contrary. Then, in particular, that v’ < A.11. By substituting

T) 1 ZZ LN — 75 in this inequality, we have

D Xi<rAhqite (47)
i=1
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Step 2.

Step 3.

Using Tr(p — 7) = 0, we have 1||p — 7||1 = Tr(r — p)_. Using the definition of r, eq. (46),
this can be written as

1 - 1 - r
QHP*THl:Z(Ai*g):Z)\i*E- (48)
i=1 i=1
Employing (47), and using the definition of r, we find that
1 T 1
§”P—TH1 <r)\r+1+€—g:€+r()\r+1—a) <e. (49)

That is, 7 € B-(p), which contradicts our assumption.

+) > )‘mﬁ,_+1} solves Apy1 < ’yf) < Ag-

If x = 1, then using eq. (43) we see that A\; > Ay —e = 'ysrl), and hence A\, 41 < ’yf) < Ag-

The value z := min{m/_€ {1,...,r}: yim

Otherwise, by minimality of z, we have fyf*l) < Xz. We first establish that for m/, €
{2’37"'7(1}7
(!, 1) (m,)
i <A o= oy T < (50)

and the result follows by taking m/ = x. To prove (50), we write

m/, — 1
7i+ Vo, — . 1[2)\j—5}<)\n
my =1L
mq_—l
= > N—e<(my = DA =miA, — A
j=1
,
= > N —e<mi,
=1
T R
— m,+[Z)\j—s}</\n
7j=1

= v <
Uniqueness of m satisfying A, 41 < ’yim*) < Ay -
By substituting the inequality A, _1 > A, into (50), we find for m/, € {2,3,...,d},

Ap > fyim” = A 1> 71m+—1)' (51)

Now, assume that there exists a y satisfying y > = > 0 for which A\, > ﬁ’) > Ays1. By
applying the implication (51) a total of (y — x — 1) times, we see that

() (y=1)

1
Ay >0 = A1 > (@+1)

= = g1 >y

which by (50) is equivalent to ’y_(f) < Az+1. This contradicts the assumption that 'y_(f) >

Az+1. Hence, such a y cannot exist.
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Step 4. ’ys_m+) > 1

We prove this by showing that if yim” < é then we obtain a contradiction to the assump-

tion %Hp —7||1 > & of Lemma 4.3.

Assume ’ysrm” < 1. Then,
m4 m4
(er):L )\4_i<l<:> )\—1 <
gas er;J my = d ; iTgq) =

Now, since my < r by (45), A\j — é >0 for each j € {1,...,m4}.

If my = r, then

zT: (Aj - ;) <e. (52)

j=1
On the other hand, if my < r, then my + 1 < r. Then, using the assumption ’ysrm+) < %,
1 1
2" 2 > 2 >
SO Ayl = Amuq2 ==\ = é. Then, (52) holds in this case as well. Then by (48),
1 dJ 1
Sl =l :Z <)‘j_d) <e,
7j=1
which contradicts the assumption that 7 & B:(p). O

5. Further properties of pZ and uniform continuity bounds

Proposition 3.7 presents further properties of the state p:. This result is proven in Section 5.3
below. First, let us discuss an application of these properties: uniform continuity bounds for
(h, ¢)-entropies.

5.1. Uniform continuity bounds

Consider an (h,¢) entropy H(j4), and let ¢ € (0,1], and p,0 € D(H) with T'(p,0) < e. If
H.4) (p) > H(h,¢>)(0), then since p € B.(0),

|H(p) — H(o)| = H(p) — H(0) < e H(w) — H(o) = H(oZ) — H(0) (53)

where the last equality follows from the first majorization relation in eq. (10) and the strict
Schur concavity of Hy, 4. Similarly, if H, ¢)(0) > Hp g)(p), eq. (53) holds with o (resp. o7)
replaced by p (resp. p%). Hence, in general,

Hng)(0) = Hing)(0)] < max{Ac(p), Ac(o)} < max Ac(w), (54)

where

AE : D(H) — RZO

(55)
w H(h,¢>) o Mg(w) — H(h#,)(w),
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and M. is the majorization-minimizer map,

M.:  D(H)— DH)

*
W w;.

(56)

This map is defined explicitly by eq. (32) in Section 4.1. Note that A.(w) > 0 for w € D(H)
follows from the Schur concavity of the (h, ¢)-entropy. To prove Theorem 3.8, it remains to
maximize A; over D(H).

We show that for (h, ¢)-entropies for which h is concave and ¢ (strictly) convex, A is a Schur
convex function on D(H). We defer the proof of this to Section 5.2.

Theorem 5.1. Assume h is concave and ¢ is strictly concave. Lete € (0,1]. Then Az : D(H) —
R>q s Schur convex. That is, if p < o,

Ac(p) < Ac(0).

Moreover, A.(p) = A-(o) implies Ay (p) = A(0). Lastly, if h is strictly concave, then A; is
strictly Schur convex.

Note that if h is not strictly concave, A, need not be strictly Schur convex. In fact, for the
von Neumann entropy we can find a counterexample to strict Schur convexity of A.. Setting
p = diag(0.1,0.2,0.2,0.5) and o = diag(0.1,0.15,0.25,0.5) yields p < o and that p and o are
not unitarily equivalent. However, for ¢ < 0.05, we have A.(p) = A (o).

Corollary 5.2. If h is concave, ¢ strictly concave, and € € (0, 1], then A achieves a mazimum
on D(H), and moreover argmax A; = Dpyre(H).

Proof. Since any pure state 1 satisfies p < 1 for every p € D(H), we have A.(¢)) > A.(p)
for every p € D(#H). Therefore, Dpyre(H) C argmax A.. On the other hand, if w € D(H) has
w € argmax A., then

A (w) = Ac(¥)
for a pure state 1. Therefore, Ay (w) = A1 (1) = 1, and w must be a pure state. O

Using these results, the proof of Theorem 3.8 is completed as follows. Let v be any pure state,
) € Dpure(H). Then for any w € D(H), we have w < 1. Therefore, by Theorem 5.1, we have
A (w) < Ag(v), for any w € D(H), and in particular for w € {p,c}. Therefore, by (54) we have

|Hn,g)(p) — Hing)(0)] < Ac(¥)).

By computing A.(¢) using the form given in Proposition 3.7(g), we obtain the right-hand side
of eq. (24).

It remains to check under which conditions equality occurs in (24). Assume without loss
of generality that Hj;, 4)(p) > H(pe)(0). Equality in (54) is equivalent to o0 € Dpure(H) by
Corollary 5.2. Next, since the (h, ¢)-entropy is strictly Schur concave and o} < p, equality in
(53) is equivalent to the fact that p is unitarily equivalent to o}. The expression for o} when
0 € Dpure(H) is given in Proposition 3.7(g). This completes the proof. O

Theorem 5.1 does not extend to the a-Rényi entropy for o > 1, in which case h is convex
and ¢ strictly convex. This is discussed in the remark following Lemma 5.3, and is illustrated
in Figure 7.
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Figure 7:

08
10 00 10 00 0.0

In dimensions d = 3, we parametrize o = diag(z,y, 1 —x —y), and plot (z,y) — A.(0)
for e = 0.1, with H;, 4y = Sa, the Rényi entropy. That is, above each (z,y) in the
xy-plane, the value of A.(diag(z,y,1 — z — y)) is plotted. Top row, left: a = %,
right: @ = 1. Bottom row, left: o« = 1.5, right: « = 2. The three points (0,0),
(0,1), (1,0) in the zy-plane correspond to the pure states diag(0,0,1), diag(0,1,0),

and diag(1,0,0), respectively. The central point (%, %) corresponds to the completely

mixed state 7 = %]l. We observe for o = % and o = 1 the maximum of A, appears
to occur at the pure states. On the other hand, for a = 1.5, the maximum is along
the boundary (i.e. for a state o with exactly one zero eigenvalue), and for o = 2, the

maximum occurs at states without any zero eigenvalues.

5.2. Proof of Theorem 5.1
5.2.1. Reducing to h =id

Our first task is to reduce to the case when h = id, i.e. h(x) = x for all z € R. Fix ¢ € (0, 1]
and p,0 € D(H) such that p < o and p and o are not unitarily equivalent. Let us define four

variables

a =

Hiq,4) © Mc(p), b:= Hq,¢)(p), c:= Hq,g) 0 Mc(0), d := Hiq,4)(0)

which are non-negative real numbers. Theorem 5.1 is the statement that

h(a) — h(b) < h(c) — h(d). (57)
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Lemma 5.3. Let h be concave, and ¢ strictly concave. If a —b < ¢ — d, then (57) holds.
Moreover, if h is strictly concave, then (57) holds with strict inequality.

Proof. By the strict Schur concavity of the (id, ¢)-entropy, we have b < a and d < ¢, and
by Proposition 3.7 (b), we have b > d and a > c¢. Therefore, since h is concave, we apply
Proposition A.1 to obtain

h(b) —h(d) _ hla) = h(c)
b—d — a—c
That is,
[h(b) = b)) — = hla) = h(e)

Since we have a — ¢ < b — d using the assumption, then 7=7 <1, and therefore
h(b) — h(d) > h(a) — h(c)
and adding h(c) — h(b) to each side yields (57). O
Therefore, it remains to establish a — b < ¢ — d, which is Theorem 5.1 when h = id.

Remark. An extension of Theorem 3.8 to treat the a-Rényi entropy for o > 1 would need to
address the case in which A is convex and strictly decreasing, and ¢ is strictly convex. In this
case, p — Tr¢(p) is Schur convex, and we have a < b, ¢ < d, b < d, and a < ¢. The analog to
Lemma 5.3 would be to show that a — b > ¢ — d implies (57). However, repeating the proof of
Lemma 5.3 in this case yields e.g.

c—a
d—2>
which is inconclusive in showing (57) when a —b > ¢ —d. This is the technical reason this proof
does not extend to the a-Rényi entropy for a > 1.

In fact, the associated quantity A, for an a-Rényi entropy with « > 1 is not Schur convex.

For the example stated after Theorem 5.1, it can be shown that choosing Hj, 4) = Sq for a > 1
yields A.(p) > A (o).

[1(b) — h(d)]

< h(a) = h(c)

5.2.2. The case h =id

We prove Theorem 5.1 in several steps. First, we use the semigroup property of M. to decompose
A, for e = 1 + &9 in terms of €1 and &2 in Lemma 5.4. Then we define a quantity 6(p,o) in
Definition 5.1 such that for ¢ < §(p, o), we can show that A-(p) < A (o) if p < o (Lemma 5.6),
using properties of d(p, o) presented in Lemma 5.5. Finally, we show that for arbitrary e € (0, 1],
we can use Lemma 5.4 finitely many times to prove Theorem 5.1. We state the lemmas here but
defer their proofs to Section 5.2.3.

Lemma 5.4. Let p € D(H), and 1,2 € (0,1] with €1 +e2 < 1. Then
Aciter(p) = Acy 0 Mey (p) + Acy (p).

Definition 5.1 (§(p,0)). Let p € D(H) for p # 7. Let ug > po > -+ > py denote the distinct
ordered eigenvalues of p, and define

5(0) = mingls (0) (i — ). k() (e — o)} (59)
For p,o € D(H) with p # 7 # o, define
6(p, ) = min{d(p),6(0)}- (59)
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Ar(o?)
A2(07)
Az(0?)
Aa(o?)
0.26 - a As(07)
0.20 - e—
0.19 = p— =
0.13 | i
.1 | | | |
0 8.00 0.03 0.06 0.15 0.18

[

Figure 8: For the 5-dimensional state o = diag(0.32,0.26,0.19,0.13,0.10), the spectrum of o =
M. (o) is plotted as a function of €. This plot is a continuous (in €) analog to the
type of plot shown in Figure 5, which shows the spectrum of o} at two discrete points,
e =0 and € = 0.07, in a different example. Here, at € = 0, the five lines correspond to
the five eigenvalues of o, each with multiplicity one. For ¢ < 0.03, ¢} = diag(0.32 —
£,0.26,0.19,0.13,0.10+¢) and differs from o only in the smallest and largest eigenvalue.
When ¢ reaches 0.03, the multiplicity of the smallest eigenvalue of o} increases to
2. Between € = 0.03 and ¢ = 0.06, again only the smallest and largest eigenvalues
change, but the smallest eigenvalue has multiplicity 2. This process continues until
every eigenvalue reaches 7 = 0.2 at T'(o,7) = 0.18.

For any ¢ < §(p, o), the map M. only “moves” the largest and smallest eigenvalue of p and of

o, as shown by the following result and illustrated through an example in Figure 8.

Lemma 5.5. Let p # 7. For any € < §(p), we have
m+(p7 E) - k+(p)7 and m—(p7 E) = k—(p)

Moreover, if e = 0(p) then either ki (Mc(p)) > ky(p) or k—(Mc(p)) > k—(p).

Using this result, we can prove the Schur convexity of A, for € small enough (depending on p
and o).

Lemma 5.6. Let p,o € D(H) with p < 0. Let € < §(p,0), defined by (59). Then
Ac(p) < Ac(o). (60)
Moreover, equality in (60) implies that Ay (p) = Ax(0).

We can iterate this result using Lemma 5.4 to prove Theorem 5.1 in general.
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Proof of Theorem 5.1 Let p,o0 € D(H) and ¢ € (0,1]. Note that if o = 7, then p < ¢
implies p = 7, and hence A.(p) =0 = A (o). If p =7 # o, then A.(p) = 0 < A(0) by the
strict Schur concavity of the Hyj, 4y entropy. Therefore, we can assume p # 7 # 0.

Step 1.

Step 2.

Step k.

Set p1 = pand o1 = 0. If e < ;1 :=6(p1,01), we conclude via Lemma 5.6. Otherwise, set
€1 =€ — d1. Then by Lemma 5.4,

As1+51(p1) = A61 o M51 (101) + A51 (101)

and

Acits, (01) = Ae o Ms, (Ul) + As, (Ul)'
We invoke Lemma 5.6 to find Ag, (p1) < As, (01); it remains to show

Acy (Ms; (1)) < Ay (M, (01))-

Set p2 = M, (p1) and o9 = Ms;,(01). If either po = 7 or 09 = 7 we conclude by
the argument presented at the start of the proof. Otherwise, we set dy := 0(p2,02) and
proceed.

If &1 < §2, we conclude by Lemma 5.6. Otherwise, set €5 = €1 — §2, expand e.g.

A€2+52 (p2) = A, 0 Ms, (,02) + A(SQ (,02), A62+52 (02) = A, 0 M, (02) + A52 (UQ)a
and conclude Ag, (p2) < As,(02) by Lemma 5.6. It remains to show

AEQ S M52 (/)2) < Aag o M52 (02)'

We continue recursively: for k > 3, we define p, = Ms, _, (pr—1), ok = Ms,_,(0p—1). If
either pp = 7 or o, = 7, we conclude as before; otherwise, set 6 = d(pg, ox). If ex—1 < Ig,
we conclude by Lemma 5.6; otherwise, define € = €1 — g, expand by Lemma 5.4 to
find

Acyis,(pr) = Ay 0o M, (pr) + As, (k) Acpro, (o) = Agy 0 M, (0%) + Ag, (o),

and conclude Ag, (pi) < Ag, (o) by Lemma 5.6. At the end of step k, it remains to show
that
A€k o M§k (pk) S Aék S M(Sk (Jk)

This process must terminate in less than 4d steps, as follows. At each step k for which the
process does not conclude, we have either (pk, o) = d(px) and therefore ki (px) > ki (pr—1)

or k_

(pr) > k_(pr_1) or else 6(px,or) = d(ok) and therefore ki (ox) > ki(ok_1) or k_(o) >

k_(og—1), by Lemma 5.5. Since ki(w) < d for w € D(H) and one of each of the four integers

k+(p),k+ (o) increases at each step, there cannot be more than 4d steps in total. Note that
A (p) = As(o) implies equality in the use of Lemma 5.6 in Step 1, which requires Ay (p) =
)\+(O’). ]

5.2.3. Proof of lemmas

Proof of Lemma 5.4 We expand

AS1+52 (P) = H(h,qS) © MS1+82 (p) - H(h,(b) (P)

By Proposition 3.7(c), we have M., 4c,(p) = M., o M., (p). Thus,

Aciier(p) = Hp,gy 0 Moy (Mey(p) — Hing) (Mey (p)) + Hng)y(Mey () — Hin gy (p)
= Asl (M62 (P)) + AE2 (p) O
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Proof of Lemma 5.5 We use the notation of Definition 5.1. We check that the choice
m = k4 (p) satisfies the definition of m4 (p, €), namely that the choice m = k. (p) solves (30).

o If T(p,7) > €, then yim) (p,e) = = (3", Ni(p) —€). And indeed, taking m = k4 (p) we

find "
1 i €
Mep+1(p) = p2 < — D Ailp)—e | =m— r
+ \i= +
since ﬁ < ﬁé(p,a) < py — po. Additionally, p; — ﬁ < p1 = M (p). Therefore,

<
m = k4 (p) solves (30), hence m(p,e) = ki (p).

e In the case 0 < T'(p,7) < e. Then v4(p,e) = é. Since p # 7, we have A\, (,)(p) = p1 > é.
Moreover,

ke (p) (1 — g) < Tel(p—71)4] = T(p,7) < & < ki (p) (11 — p2)

and therefore p; — é < py — peo, yielding po < é. Thus, m4(p,e) = ky(p).

Proving that m_(p,e) = k_(p) is analogous.

Next, consider ¢ = §(p). If 0 < T(p,7) < ¢, then M.(p) = 7 (by Proposition 3.7(f))
and d = ki (Mc(p)) > ki+(p), by the assumption that p # 7. Otherwise, without loss of
generality, assume 0(p,0) = k4 (p)(pu1 — p2). We show that ky(Mc:(p)) > k4 (p). By the above,
m4(p,e) = ky(p), and therefore

g
Y+(p,e) = p1 + ——~ = p1 + (1 — p2) = po.

k+(p)
As
m+(p7€) d—m_ (p,E) d
Me(p)= Y wpo i+ Y NG+ D> =(pe) il
i=1 i=m+1 i=d—m_(p,e)+1
by eq. (32) and A, (p.e)4+1(p) = p2, we have that ki (Me(p)), the multiplicity of uz for Mc(p),
is strictly larger than ky(p) = my(p,e). O

Proof of Lemma 5.6 As in the proof of Theorem 5.1, if ¢ = 7, then p < ¢ implies p = 7, and
hence A (p) =0 = A (o). If p=17 # o0, then A(p) =0 < A-(0) by the strict Schur concavity
of the Hiq 4 entropy. Now, assume p # 7 # 0. We aim to show

Hq,p) © Mc(p) — Hia,p)(p) < Ha,p) © Me(0) — H(ig,g)(0)- (61)

By two applications of Lemma 5.5, we have m(p,e) = ki (p), m—(p,e) = k_(p), m4(0,¢) =
ki(c), and m_(o,e) = k_(o). Therefore, by (7) and (32),

d—k_(p)

Hiqp)(Me(p) = kr(p)d(rr (0) + D o(Ni(p) + k- (p)d(7-(p))

i=ky (p)+1

since h = id. The ¢(\i(p)) terms for i = ky(p) + 1,...,d — k_(p) therefore cancel in A.(p)
yielding

Hiq,p)o Me(p) = Hia,p) (p) = kv (p)[0(1+ (0, €)) = d(Ar(0)]+k—(p) [(v—(p,€)) — (A (p))] (62)
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and similarly

Hiia,g) © Me(0) = Hia,g)(0) = k1(0)[0(7+(0,€)) — d(A1(0))] + k—(0)[d(7-(0,€)) — ¢(A-(0))].

(63)
We conclude by invoking Lemma 5.7 below, which bounds the first term (resp. second term) of
(62) by the first term (resp. second term) of (63). O

Lemma 5.7. For p <o withp# 7 # 0 and 0 <& < d(p,0), we have

kx(p)[¢(v=(p,€)) — ¢(A£(p))] < kx(0)[¢(7£(0,€)) — P(Ax(0))] (64)
and that equality in (64) implies A+ (p) = Ax(0).
To prove this result, we first recall a simple consequence of the majorization order p < o.
Lemma 5.8. If p < o, then T(p,7) < T(o, 7).

Proof. If p < o, then by Theorem 2-2 (b) of [AU82|, we have p = ®(o) for a map ®(-) =
>; piU; - U where p; is a finite probability distribution and each Uj; is unitary. ® is completely
positive and trace-preserving (CPTP) as well as unital. Since ®(7) = 7,

T(p,7) =T(p,@(7)) = T(®(0), ®(r)) < T(0,T)

where the inequality follows from the monotonicity of the trace distance under CPTP maps. [

Proof of Lemma 5.7 We prove the case + in eq. (64); the case — is proved analogously.
First, we have v1(p,e) < v4(0,¢) and Ay (p) < Ay (o), using that p < o and M.p < Mo by
Proposition 3.7. Moreover, by definition, v4(p,€) < A+ (p) and v4(0,¢) < Ay (o). Therefore, by
applying Proposition A.1 and multiplying by minus one, we have

¢(v+(p,€)) = dA+(p)) _ 8(1+(9,¢)) = ¢(A+(0))
Ar(p) =v+(pe) = Ap(0) —v4(oye)

(65)

and that equality requires Ay (p) = A (0).
Now, we complete the proof of (64) in three cases.

Case 1: T(0,7) <e. Then T(p,7) < ¢ as well, and

Ae(p) =14 (pre) = A lp) —

As shown in the proof of Lemma 5.5, the second-largest eigenvalue of p is less or equal to
%. Therefore,

T(p,7) =Tr[(p —7)+] = k4 (p) ()Ur(P) - %),

and hence, .
At (p) = v+(p,e) = mT(IL 7). (66)
As T(o,7) < &, we likewise have Ay (o) — vy (0,¢) = k+1(U)T(O‘, 7). Then (65) yields
ki (p)[o(r+(p:2) = d(A+(p)] _ k+(0)[6(1+(0,€)) = oA+ (0))]
T(p,T) - T(o,7) '

Since T'(o,7) > T(p,7), we may bound the right-hand side by k+(g)[QS(W}‘EZ)T))_M)‘*(U))].
Then multiplying by T'(p, 7) yields (64).
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Case 2:

Case 3:

T(p,7) <e <T(o,7). In this case, (66) holds, and vy (0,¢) = A (o) — ﬁ Therefore,
(65) yields

k1 (p)¢(r+(p,€)) = dA+ ()] _ k1 (0)[6(1+(9,¢)) = (A1 (0))]
T(p,T) - € '

Similarly to the previous case, the inequality € > T'(p,7) bounds the right-hand side by
k+(0)[¢(7+}C(f16)))—¢(/\+(0))}
psT

T(T(,iT) > ¢. Then v4(p,e) = A\t(p) — ﬁ, and v4(o,e) = Ay (o) — m Therefore, (65)
yields
ki (p)[o(v+(p:2) = dA+(p)] _ E+(0)[0(714(9,€)) = oA ()]

e 9

, and multiplying by T'(p, T) yields (64).

and multiplying by ¢ yields (64).

Note that in each case, equality in (64) requires equality in (65). O

5.3.

Proof of Proposition 3.7

Let us recall Proposition 3.7.

Proposition 3.7 (Properties of M.). The (non-linear) map M. has following properties, for
any € € (0,1]. Let p € D(H).

Q.

b.

Maps states to states: M. : D(H) — D(H).

Minimal in majorization order: Mc(p) € Be(p) and for any w € B:(p), we have Mc(p) <
w.

. Semi-group property: ifeq,e2 € (0,1] withe14e2 < 1, we have Mg, 1¢,(p) = Mg, o Mg, (p).

Majorization-preserving: let o € D(H) such that p < 0. Then M.(p) < Mc(o).

LT = % is the unique fized point of M., i.e. the unique solution to p = Mc(p) for p € D(H).

Moreover, for any p # 7, M:(p) is not unitarily equivalent to p.

For any state p € Bo(7), we have M.(p) = 7. If p & B:(7), then Mc(p) is on the boundary
of Be(p)-

For any pure state 1 € Dpyre(H), the state M (1) has the form

diag(l — e, 55,... 52 e<1—4
Me(p) = § 9080~ S a) 2 (22)
T .= d > 1-— a:
Saturates triangle inequality with T := %:
1 1 1
Slo =7l = Sl = Melp)lls + 51M(0) — il (23)

The properties (a), (f) and (g) follow from the construction given in Section 4.1. Note in
particular, that eq. (33) establishes the statement that p. (o) lies on the boundary of B.(¢) when
o} # 7. Property (c) is shown by Proposition 5.10 below. Property (b) is due to Theorem 3.1,
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and is proven in Section 4.1. Property (d) can be found in Lemma 2 of [HOS17]. The property
(e) can be shown as follows. M_.(p) is not unitarily equivalent to p for p # 7 follows from
the construction presented above, in particular, the fact that the eigenvalues of M. (p) differ
from p. One immediately has that 7 is a fixed point of M., and uniqueness follows from the
fact that M. (o) is not unitarily equivalent to o for o # 7. Lastly, Property (h) is shown by
Proposition 5.9 below.

Proposition 5.9. The state p} saturates the triangle inequality for the completely mized state
T = é]l and p, in that

1 1 T
Yo =7l = Slir = il + Slez — ol
Proposition 5.10. Ife1,e2 € (0,1] and p € D(H), we have
M te, (P) =M., (M82 (p))

Proof of Proposition 5.9 Note

1, . - 1
nge—p\h:mm 675\\0—TH1 ;

from the construction of pf. Now, if p} = 7, we have the result immediately. Otherwise, for
)\(p) = ()\1, PN ,)\d),

d—m_

1 1
I7 = pe(Plls = m_ (d—7_>+m+(%_d>+ S Loy
Jj=my+1
m m+ d m d—m_
- +
=g XN mEr ) Amrmet 3 A
Jj=1 j=d—m_+1 j=m4+1
d
= -l -2

1
7 = plly =2 = lI7 = plly = Iz = pll- O

<.
Il

Proof of Proposition 5.10 We first treat the cases in which M., 1.,(p) = 7; that is, when
tHlp—7h < e1+e I dlp— 7|1 < &2, then M., (p) = 7 as well; since M., (1) = 7, we
have M., 4., (p) = M, (Me,(p)). Next, consider the case e2 < 3|p — 7|j1 < €1 + £2. To show
M, (Me,(p)) = 7, we need 3| M.,(p) — 7|1 < e1. By Proposition 5.9,

1 1 1 1
ST = Me ()l = Sl =7l = S IMes () = pll < 1+ 2 — 5 Mes (o) — gl

but since 3| M., (p) — plli = €2, using that Mc,(p) # 7, we have 3||T — Mo, (p)|1 < &1 as
required. This completes the proof of the cases for which M. 4.,(p) = 7.

For the remainder of the proof, we will consider the construction of the states generated by
M via their characterization in Lemma 4.3. The uniqueness results of that lemma will allow
us to show that M. 4., (p) indeed is the same state as M., o M., (p).

Assume that [|p — 7|l1 > &1 + 2. Let p = Zle i |#)(i| and write

Mey(p) =D ac |i)(il+ D Nli)(l + Y ax li) il

iely, i€l t€ly
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for Iy ={d—m_+1,...,d}, Iny = {m4++1,...,d—m_},and Iy = {1,...,m4}, and (a—,m_)
and (a4, my) are determined by p and 9 via Lemma 4.3.
Now, consider

Me,(Mey(p)) = D7 B il + Y Xeliyil+ D By |l (67)
i€l i€l i€l g
with Iy ={d—m/_+1,...,d}, Iy = {m/_+1,...,d—m!}, and Iy = {1,...,m/ }, and where
(B=,m") and (B4, m4) are determined by M, (p) and &1 via Lemma 4.3.
We aim to compare the expression (67) of M., (Mc,(p)) to the following:

Meyter(p) = Y =)+ D NGl + D v 19) (|
i€lpn i€l ym 1€lgn

with IL// = {Cl— m’i + 1,...,d}, ]M” = {m/_;_ + 1,...,d— m'i}, and IH// = {1,...,m[{_}, and
where (y—,m”) and (v4,m/.) are determined by (p,e1 + €2) via Lemma 4.3. That is, we wish
to show (S_,m’) = (v—,m”), and (B4, m/.) = (4, m/.). We only consider the first equality
here; the second is very similar.

Let (V);?lzl be the eigenvalues of M., (p). That is, v; = a_ for i € Iy, v; = \; for i € I, and
v; = ag for ¢ € I'y. Equation (44) for M., (M.,(p)) in Lemma 4.3 yields

1
l/m/Jr >ﬁ+:m—/ Z V; — €1 ZVmﬁr-‘rl' (68)
+ 1€l

Thus,

o m/ > m,. Otherwise, 4 = ay —

€1 —
< Oy = Vyy .
m’+ + m/ +1

e m/, < d—m_. Otherwise, B < Vpt, = @ < %, contradicting that g4 > % by Lemma 4.3.

Hence,
m/ m/

1 i 1 i
5+:m7, g v; + g Vi — €1 = mycy + E Ai — €1
+ ; 1 + 1
i€ly m4+ my+

m/
1 X 1
= — E Ai — €2+ E Ai—e1 | = — E Ai —€1— &2
m+ k m+ .
i€l my+1 1€l

That is, 84 = vy4(m/). It remains to show m/ = m/].

o If m/, = my, then Vi, = 0ty < Apy, by equation (41) for M., (p).

o If m/_ > m,, then Vinl, = Ay, -

In either case, v, < Ay, . Hence, (68) becomes
Am+ Z Vm; > /B-i- Z Vm+-|—1'
Either vp,, 11 = Ay 41, OF Vi 11 = @ > Ay 115 in either case, By > Ap, 1. Thus, writing
B4+ = v+(m!y), we have
A, > Y4 (M) = Ay 11
Equation (44) in Lemma 4.3 defines m/| as the unique solution of
At > Y4 (ML) 2 A 1

and therefore m/[ = m/,. O

37



6. Beyond the classical case: convex optimization applied to
conave functions over the e-ball

The main results of sections Sections 4 and 5, while formulated in the language of quantum
states, are essentially classical in that the first step of the proofs consists of a reduction to the
case of probability vectors in R?. In this section, we motivate the construction of p: by finding
necessary and sufficient conditions for maximizing concave functions over the e-ball. Moreover,
we can treat— to some extent— functions beyond the the spectral theorem, which act non-
trivially on the eigenprojections as well. In particular, we will find necessary and sufficient
conditions for a state { to maximize the conditional entropy over the e-ball (Corollary 3.3).
Unfortunately, we will not be able to determine a formula for a specific maximizer, and we don’t
expect such a maximizer to have the universality of p? (which maximizes any Schur concave
function over the e-ball B:(p)).

6.1. Tools from convex optimization

Let X be a real Hilbert space with inner product (-,-) and f: X — RU{+o0} be a function. In
our applications, we take X = Bga(H) equipped with the Hilbert-Schmidt inner product (-, -)yg-
Let dom f = {z € X : f(z) < oo} and assume dom f # (. Let X* = B(X,R) the set of bounded
linear maps from X' to R, equipped with the dual norm ||¢||. = supjj,—; [¢(z)| for £ € X™*. Since
X is a Hilbert space, by the Riesz-Fréchet representation, for each ¢ € X'* there exists a unique
ug € X such that ¢(z) = (uy, z) for all z € X. We call uy the dual vector for ¢ (in particular the
Hilbert-Schmidt dual in the case of X = (Bsa(H), (-, -)pg)). We say f is lower semicontinuous if
liminf, ., f(z) > f(xo) for each zo € X. The directional derivative of f at x € dom f in the
direction h € X is given by

/'_-1
(i) = lim 7 (f (@ + th) - (@) (69)

If f is convex, this limit exists in R U {£oo}. If the map ¢,(h) := X > h — f'(x;h) is linear
and continuous, then f is called Gdteaux-differentiable at x € X. Moreover, if f is Gateaux
differentiable at every z € A C X, then f is said to be Gateaux-differentiable on A. If f is
convex and continuous at z, it can be shown that the map ¢, is finite and continuous. However,
a continuous and convex function may not be Gateaux-differentiable. For example, f : R — R,
f(z) = |z| has ¢o(h) = limyo 1[f(2 + th) — f(z)] = limyyo |th| = |h| which is nonlinear. If f
is Gateaux-differentiable at x, we call the dual to ¢, as the Gdteauz gradient of f at x, written
Vf(z) € X. That is, (Vf(x),h) = ¢,(h) for each h € X.
The function f is Fréchet-differentiable at x if there is y € X' such that

lim | f(z+ ) — f(2) — (g,r) | =0 (70)

im
llrl—0 [|7]]

and in this case, one writes D f(x) € X* for the map X 3 z — D f(z)z = (y, z). If f is Fréchet-
differentiable at z, then by taking r = th in (70) we find (y,h) = f'(x,h) and therefore f is
Gateaux-differentiable at x with (V f(x),h) = D f(x)h.

By regarding differentiability as the existence of a linear approximation at a point, we can
generalize it by defining a notion of a linear subapproximation at a point.

Definition 6.1. The subgradient of a function f: X — R at x is the set

Of(x) ={ue&: fly) - f(x) 2 (u,y —z) Vy e X} C X. (71)
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For a convex function f, the following properties hold:
e if f is continuous at x, then Jf(z) is bounded and nonempty.
o if f is Gateaux-differentiable at z, then df(x) = {Vf(x)}.

We briefly prove the second point here. Assume f is Gateax-differentiable at x. Then

(VF@)y —a) = (e — ) = lm ~[f(1— )z + ty) — F(@)].

tlo t

By convexity, f((1 — )z + ty) < (1 — £)(z) + £(y). Therefore, (Vf(z),y — z) < f(y) — f(2);
hence, Vf(x) € 0f(x).
On the other hand, given v € 9f, h € X, and t > 0, we can set y = th + x. Then

(u, th) = (u,y —x) < f(y) — f(2) = f(z +th) — f(2).

Dividing by ¢ and taking the limit ¢ | 0 yields u = V f(z).

Fermat’s Rule of convex optimization theory, stated below, provides a simple characterization
of the minimum of a function in terms of the zeroes of its subgradient. Moreover, since the
subgradient of a Gateaux differentiable function consists of a single element, namely, its Gateaux
gradient, finding its minimizer amounts to showing that its Gateaux gradient is equal to zero.

Theorem 6.1 (Fermat’s Rule). Consider a function f: X — RU{+oo} with dom f # (). Then
z € X is a global minimizer of f if and only if Ox € Of (&), where Ox is the zero vector of X.

Proof. 0x € 0f(z) if and only if
fly) = f(@) >0,y —2) =0
for every y € X, i.e. if and only if Z is a global minimizer of f. O

The following result proves useful in computing the subgradient of a sum of convex functions
(see e.g. [Peyl5, Theorem 3.30] for the proof).

Theorem 6.2 (Moreau-Rockafellar). Let f,g: B(H) - RU {400} be convex and lower semi-
continuous, with non-empty domains. For each A € B(H), we have

0f(A) +09(A) :=={a+b:acdf(A),bedg(A)} CI(f +g)(A). (72)

Equality holds for every A € B(H) if f is continuous at some Ay € dom(g).

6.2. Gateaux-differentiable functions

Let F denote the class of functions ¢ : D(H) — R which are concave and continuous, and
Gateaux-differentiable on D4 (#H). Note that these functions need not be Schur concave, and in
particular, need not be unitarily invariant. These include the following;:

e The von Neumann entropy & — S(§) := — Tr({log&). In Lemma 6.8, we show for £ > 0,

VS(f) = —logf — @]].
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e The conditional entropy {ap +— S(A|B)¢ := S(a) — S(€B), for which
VS(A|B).(€an) = —(log £ap — 14 @ log&p)

as shown in Corollary 6.9. Note that for ¢(§) := S(A|B)¢, the conditional entropy satisfies
the interesting property that

0(&) = (Ve(£), Ous - (73)
e The a-Rényi entropy for o € (0,1). The map & — S,(§) is concave for a € (0,1),
continuous, and has Géteaux gradient
« 1
T 1- aTr[ee]
by Lemma 6.10. Note that the a-Rényi entropy for o > 1 is not concave.

VSa(§) gt

e The function —T,, for £ — T, (&) := Tr[¢*] and o > 1. This map is concave for a > 1,
continuous, and by Lemma 6.10, has Gateaux gradient

V(=Ta)(€) = —ag*™".

A state £* € B.(p) maximizes —T,, over B.(p) if and only if £* minimizes T, over B:(p).
For a > 1, minimizing T, is equivalent to maximizing S, (&), using that x — ﬁ log x is
decreasing. Therefore, £* maximizes —T, over B.(p) if and only if it maximizes S, over
B.(p). Thus, by considering the function f(§) = —T4(&) for @ > 1 in Theorem 3.2, one
can establish conditions for £€* to maximize the a-Rényi entropy for a > 1.

6.3. A convex optimization result and its proof

Theorem 3.2 is a condensed form of the following theorem, whose proof we include below.

Theorem 6.3. Let f : D(H) — R be a concave, continuous function which is Gateaus-
differentiable on D4 (H). Moreover, given a state p € D(H) and € € (0,1], for any & € B (p),

Te(VF()(E = p)) < (A (VF(E) = A-(V(E)))- (74)

Furthermore, the following are equivalent:
1. Equality in (74),
2. § € argmaxp_(,) f,
8. a) Either 3||& — plli =€ or Vf(&) = AL for some A € R, and

b) we have
TV f(Eme = A (Vf(§))m+
where T4 is the projection onto the support of Ay, and where A = AL — A_ is the
Jordan decomposition of A :=§£ — p.

We first prove the inequality (74) by considering the Jordan decomposition of A := £ — p.
Next, we convert the constrained optimization problem max¢cp,(,) f(§) to an unconstrained
optimization problem min A for a non-Géteaux differentiable function h defined on all of Bs,(H)
by adding appropriate indicator functions for the sets D(H) and {4 € Bea(H) : 5[|A—pll1 < €}

The Moreau-Rockafellar Theorem (Theorem 6.2) allows us to compute 9h(§) in terms of
0f(&) = {Vf(¢)} and the subgradients of the indicator functions. We then show 0 € 0h(§) if
and only if equality is achieved in (74).
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Proof of Theorem 6.3 We start with the following general result, which does not use convex
optimization.

Lemma 6.4. Let ¢ > 0 and A € By, with Tr(A) =0, %HAHl <e. Let L € Bsq. Then
Tr(LA) < e(A (L) — A (L)) (75)
with equality if and only if
1. Either 3||All1 = ¢ or else L =1 for A := Ay (L) = A_(L), and
2. we have
melmy = A (L)my

where w1 1s the projection onto the support of Ay, and where A = Ay — A_ is the Jordan
decomposition of A.

Proof. Note |A| = Ay + A_, and since A has trace zero, Tr(A;) = Tr(A_). We expand
Tr(LA) = Tr(LAL) — Tr(LAL).
Now, we use that L is self-adjoint so that
A(L)1 < L < Ay (D)1
Since A4 > 0, we have
Te(LA,) — TH(IA_) < Te(LA,) — Tr(A_(L)A_) (76)

< T (L)AL) — Tr(A(L)A) (77)
= (A+(L) = A (L)) Tr(Ay),

where the last line follows from the fact that Tr(A4) = Tr(A_). However, Tr(Ay) < e, so we
have
(s (L) = A (L)) Tr(A4) < (0 (L) — A_(L). (79)

Thus, (75) follows. To obtain equality in (75), we require equality in (76), (77) and (78). Equality
in (78) is equivalent to condition 1 in the statement of the lemma. We now show that equality
in (76) and (77) is equivalent to condition 2.

Set A = Ay (L). Then since 7 is the projection onto the support of A;, we have A, =
m+Aymy. Using cyclicity of the trace, we obtain

TT(LA+) = TI'(L7T+A+7T+) = TI'(7T+L7T+A+).
Equality in (76) implies Tr(LA4+) = A4 Tr(A4), so
Tr((my L )Ay) = Tr(AAq)

and thus
TF(A+()\+7T+ — 7T+L7T+)) =0. (79)

Since Ay is the largest eigenvalue of L which is self-adjoint, we have L < A;1. Since conjugating
by any operator preserves the semi-definite order, we have Aymy — 7y Ly > 0. Then since Ay
restricted to w4 is positive definite, (79) implies 7 L7y = Apmy. Similarly, equality in (77)
implies m_Lw_ = A_(L)m_.

Conversely, if 74 L7y = Aymy, we immediately obtain equality in (76) and (77). d
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This lemma with the choices A = § — p and L = L¢ := Vf(§) gives the inequality (74) of
Theorem 6.3. It also gives the equivalence between the conditions 1 and 3 of the theorem.

We now turn to the theory of convex optimization to establish the equivalence between condi-
tions 1 and 2. Recall f : D — R is a continuous, concave function which is Gateaux-differentiable
on Dy. Let us write f = —f which is convex, and note L¢ = —Vf(ﬁ). With this choice, it
remains to be shown that £* € argmingcp_(,) f(&) if and only if

Tr(Le- (6" — p) = e (Lew) = M- (Le-)): (80)

The Tietze extension theorem (e.g. [Sim15, Theroem 2.2.5]) allows one to extend a bounded
continuous function defined on a closed set of a normal topological space (such as a normed
vector space) to the entire space, while preserving continuity and boundedness. We use this to
extend f (which is bounded as it is a continuous function on the compact set D) to the whole
space Bg,, using that D is a closed set in Bg,. We consider the closed and convex sets D and

T:= {A € Bga : ||A_ PABHl < 25}7 (81>
and note B = DNT. We define h : Bsy - RU {00} as
h=f+6p+6r

0 AeS

where for S C Bg,, the indicator function dg(A) = { .
400 otherwise.

We have the important fact that, by construction,
argmingcp_(,) flw) = argmin sz h(A). (82)

By Theorem 6.1 A € B, is a global minimizer of h if and only if 0 € ah(fl). Note each of
f,0p, o7 is lower semicontinuous, convex, and has non-empty domain. Moreover, both f and dp
are continuous at any faithful state w € BX (p) C dom dp. Hence, by Theorem 6.2,

Oh = Of + 06p + 067 == {l; + p + by : £y € Df, lp € Ddp, L1 € Dér}.
Hence, to obtain a complete characterization of
argminh = {A € Bsy : 0 € Oh(A)}

we need to evaluate the subgradients of f, 7, and dp.

Since f is Gateaux-differentiable on Dy, for any w € D, we have df(w) = {—L,} for
Ly, = —V f(w). The following two results (proven in Section 6.4) describe the other two relevant
subgradients.

Lemma 6.5. For A € By, with 0 < 3||A— pagl1 <e,
007 (A) ={u € Bsg : 2¢||t|loc = (u, A — pap)}
where

[ulloo == Ag(lul) = sup — [{u, A)|.
A€Byq, | Al1=1

Lemma 6.6. Let w € Dy. Then 9ép(w) = {zl : z € R}.
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Putting together these results, we have, for &* € BX (p),
0€0h(l") <= 0=—Le¢=+ G+l
for some G € 007 (£*) and = € R, where G satisfies
2¢|Glloo = Tr(G(E" — p))-
Then G' = L¢« — 1, which implies that
Te(Le (€7 — p)) = 22| Ze — 1 o

_ Tr(Le= (6" )

Set « . ) Note o and L depend on £*. Then we have

0€0h((") <= JzeR:a=|Ls — 21|

Since [|Lgx — 210 = maxyespec L. |A — [, we have that 0 € Oh(£”) if and only if

JdreR:a=_ max |\—zx|. (83)
A€spec L«
Let
= A — 4
o) = max ]\—al (31)

We immediately see that ¢ is continuous, ¢(0) = A (|L¢+|), and lim, 44 q(2) = +oo. In fact,
we can write a simple form for ¢(z) as the following lemma, which is proven in Section 6.4,
shows. Set Ay = A (L¢+) and A = A_(L¢+) in the following.

Lemma 6.7. The quantity q(x) defined by (84) can be expressed as follows:

Ay 4 A
2

Ay — A
q(z) = +2

— .

Thus, Lemma 6.7 implies that the range of the function g is [Mg)‘* ,00). Hence, (83) holds if
and only if

7)\+ —A < a.

5 <
Substituting o = %{f*_p)) in the above expression yields (80) and therefore concludes the
proof of Theorem 6.3. O

Below, we collect some results (proven in Section 6.4) relating to the Gateaux gradients of
relevant entropic functions which are candidates for f in Theorem 6.3.

Lemma 6.8. The von Neumann entropy & — S(§) := — Tr({log&) is Gateaua-differentiable at
each & >0 and VS(&§) = —log& — m]l.

Corollary 6.9. The conditional entropy {ap — S(A|B)e = S(ap) — S(&B) is Gateaua-
differentiable at each Exp > 0 and VS(A|B).(Eap) = —(logéap — 14 ® logép).

Lemma 6.10. For a € (0,1) U (1,00), the map T, and the Rényi entropy S, are Gateauz-
differentiable at each & € Dy, with Gateauzr gradients

« 1

— a—1
1 —oler[fa]§ ‘

VTa(&) =™, VSa(§)
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6.4. Proofs of the remaining lemmas and corollaries

Proof of Corollary 3.3 We write the conditional entropy (defined in eq. (9)) as the map

S(A|B). : D(Hap) =R (85)
§ — S(A|B)e.
By Corollary 6.9, for any 45 > 0 we have
VS(A|B).(§) = —(logéap — La®logép) = — L.
Substituting this in the left-hand side of (74), we obtain
Tr(Le(pap — €aB)) = Tr[paplogap] — Tr[€ap log £a] — Tr[pplog £p] + Tr[¢p log &)
= S(A|B)¢ + Tr[paplog pap] — Trlpap(log pap — log §aB)]
— Tr[pp log ps] + Trpp(log pp — log &p)]
= S(A|B)¢ — S(A|B), — D(pasll€as) + D(pslI€B)-
The statement of Corollary 3.3 then follows from Theorem 6.3. O

Proof of Lemma 6.5 Let A:= {u € Bsy : 2¢]jul|oc = (v, A — pap))} and set
C:={B € Bs:|B—pasli <€} C Bga.
Let u € A. Then for y € C,

<u,y - A> = <u’y - pAB> + <U7/0AB - A> = <u7y - PAB> - 25”“”00
< lulloolly = paslli — 2e|ulloo
= [Julloo(ly — paplli —2e) <0

and thus u € 967 (A). On the other hand, take v € 9d7(A). Then

[ulloo = sup |(u,z)]
lef1=1

is achieved at some x* € Bs, since the set {x € Bs, : ||z]|1 = 1} is compact, using that Bg, is
finite-dimensional. Then y = pap + 2¢x € C. Hence,

0> {u,y— A) = (u, pan — A) + 2= (u,3) = (u, pap — A) + 2¢l|uflc
and thus (u, A — pap) > 2¢||ul/so. Then by the bound
(u, A= pap) < |ulloo]lA = papli < 2¢julle

we have u € A. o
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Proof of Lemma 6.6 By definition,
00p(w) = {u € Bsa : (u,y —w) <0 for all y € D}.

Since u is self-adjoint, we can write its eigen-decomposition as u = Zi:l ai |k)(k|. If a = a for
each j, k, then u o< 1. Conversely, ;1 € 00p(w) since Tr[axl(y — w)] = ag(Tr(y) — Tr(w)) = 0.
Otherwise, assume ay, > «; for some k, j € {1,...,d}. Let

yi= > (ilwld) i) (] + (klwlk) + (jlwl]5)) k) (k] € Bs.
i,i#k, i#]

Then Tr(y) = >, (i|w|i) = Tr(w) = 1, and y > 0 since all of its eigenvalues are non-negative.
Note |j) is an eigenvector of y with eigenvalue zero. Next,

Tr(u(y —w)) = Y (il(y — w)i)

= > (ilwli) — Gilli))
i,1#£k,i#]
+ ax((klwlk) + (jlwlj) — (klw]k)) + a; (0 = (jlwlj))
= (ar — ) (jlwlj) > 0.

Thus, u € 00p(w). O
Proof of Lemma 6.7 First, we establish
q(z) = max(|Ay —zf, |\ —z]). (86)
Given )\ € spec L and = € R, if x < A, then
lz— A =A—2z <Ay —z=|\y — 1z

and otherwise
[t — A=z —A<z—A_=|\_—1z,

yielding (86). Next, set r := % and m := % Then A+ = m &+ r. Therefore, for x € R,
My —z|=mEtr—z|<r+|m-— x|,

yielding ¢(z) = r + |m — x| as claimed. O
Proof of Lemma 6.8 Let us introduce the Cauchy integral representation of an analytic

function. If g is analytic on a domain G C C and A is a matrix with spec A C G, then we can
write

o) = 5= [ 9t - )7
and .
§(4) = 5= [ o)1 - 47 (57)
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where I' C G is a simple closed curve with specA C T', and ¢’ : G — C is the derivative of
g. [Sti87] shows that with these definitions, the Fréchet derivative of g at A exists, and when
applied to a matrix X yields

D@N@X:Q;]ﬂ@XﬁMUMAXQH—AY%M

Therefore, by cyclicity of the trace,

lﬁm@un—Ar%uX — Te(g/(4)X) (85)

2im

TH(D(g)(4)%) = Tr |

using (87) for the second equality.
We may write consider von Neumann entropy as the map

S:D R, s S(€) =—Tr[¢logé].

Then we may write S = Tron for n(z) = —xlogx which is analytic on {¢ € C: Re{ > 0}, with
derivative n'(z) = —logz — 15 o (2) Then for £ > 0,

D(5)(&) = D(Tron)(€) = D(Tr)(n(&)) o D(n)(&)-

by the chain rule for Fréchet derivatives. By the linearity of the trace, D(Tr)B(X) = Tr(X) for
any X, B € Bg,. So for X € Bg,,

D(S)(§)X = Tr[D(n)(£) X].
By (88) for ¢ =1, we have

D(S)(©)X = el () X] = Tr{(~log € — iy D X]. O

Proof of Corollary 6.9 We decompose the conditional entropy map (Equation (85)) by
writing
S(A’B) = SAB(') — SB o TI‘A(~) : D(HAB) —R

where we have indicated explicitly the domain of each function in the subscript. That is,
Sap : D(Hap) — R is the von Neumann entropy on system AB, and S : D(Hp) — R is
the von Neumann entropy on B.

Since Try : Bsa(Hap) — Bsa(Hp) is a bounded linear map and Sp concave and continuous,
the chain rule for the composition with a linear map (see Prop. Prop. 3.28 of [Pey15]) gives

V(SB o TrA)(oJAB) = TI“Z OVSB(LUB) =1a4® VSB(wB)

for any wap € D(Hap), where Tr’ is the dual to the map Try. As VSp(wp) = —(logwp +
bg © )]IB) we have

VS(A’B).(WAB) = VSAB(LUAB) V(SpoTra)(wap)
(logwAB—i—lo ()]IAB)+]1A®(10gWB+10g()]1B)
= —(logwap — 14 ®logwp). O
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Proof of Lemma 6.10 The a-Rényi entropy o € (0,1) U (1, 00) can be described by the map

Sa:D— R, §+—>Sa(§)::11

—

log Tr(£°).
Let us use the notation pow,, : Bsa — Bsa, A — pow, (A) := A%. Then
Ty = Tropow,,

and (1 — «)S, = logoT,. For £ € Dy, the function pow, is analytic on {¢ € C: Re( > 0}. As
in the proof of Lemma 6.8 then, using the chain rule and linearity of the trace we find

D(Ta)(€) = Tr[D(pow,)(§) X].

Invoking (88) for g(z) = 2%, with I' C {¢ € C : Re( > 0} a simple closed curve enclosing the
spectrum of &, we have
D(TL)(©)X = a Tr(€*1X). (89)
Moreover,
1
D(Sa)(§)X = ED(log oTa)(§)
1
= ——D(log)(Tx(¢")) o D(T.)(€)

1

_ 1 o e
_1—aTr[ga]Tr(’S X). O

A. An elementary property of concave functions

Given a function ¢ : I — R defined on an interval I C R, we define the “slope function,”

P(z2) — ¢(71)

S(xl,xg) = Ty — 71

for x1,z9 € I with z1 # x2. Note that s is symmetric in its arguments. It can be shown that ¢ is
concave (resp. strictly concave) if and only if s is monotone decreasing (resp. strictly decreasing)
in each argument.

Proposition A.1. Let I C R be an interval and ¢ : I — R be concave. For any x1,x2,y1,y2 € 1
such that T1 # T2, y1 # Y2, v1 < Y1 and xo < yo we have

s(z1,z2) > s(y1,92).
If ¢ is strictly concave, then equality is achieved if and only if x1 = y1 and xo = ys.

Proof. For ¢ concave, we have s(z1,z2) > s(y1,22) > s(y1,y2). Next, assume ¢ is strictly

concave. Then equality holds in the first inequality if and only if 2 = g2, and in the second if
and only if 1 = y1, completing the proof. O
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B. Proof of Corollary 3.6

Let us recall Corollary 3.6.

Corollary 3.6 (Local continuity bound for the von Neumann entropy). Let p € D and e € (0, 1].
Then for any state w € B:(p),

S(w) = S(p)| < max{S(pZ) — S(p), S(p) = S(pse)} (19)
< elog(d— 1)+ h(e) ife<1—1% (20)
" |logd ife>1-— é.

for h(e) = —eloge — (1 — e)log(1 — €) the binary entropy. Moreover, equality holds in (20) if
and only if one of the following holds:

diag(l —¢, 757, .. 757) if5<1—é,

1. p is a pure state; in this case p: = {]l/d ifes1_ 1
- d‘

£

2.e<1— %17 and p = diag(l — €, 757, ... 757); in this case pe «(p) is a pure state,
3. e>1—1% and p=1:=1/d; in this case pe.(p) is a pure state.

The inequality (19) is an immediate consequence of Corollary 3.3, which in turn follows directly
from Theorem 3.2. This can be seen by noting that

S(pxe) < Sw) < 5(07),

by Schur concavity of the von Neumann entropy, and the minimality of ¢} and maximality of
Ps.e in the majorization order (10).
The inequality (20) follows by applying the (AF)-bound (Lemma 2.2) to the pairs of states
(0%,0) and (0, p« ) as follows. The (AF)-bound gives
S(oZ) — S(0) < AF(e), S(0) — S(ove) < AF(¢) (90)
for
log(d — 1)+ h(e) ife<1-2
AF(e) = {E og( )+ h(e) ife< 3 (91)

logd ifaZl—é.

What remains to be established is the necessary and sufficient condition for equality in (20). A
sufficient condition for equality in the (AF)-bound was obtained by Audenaert, and is stated in
Lemma 2.2. Here we prove that this condition is also necessary. In order to do this, it is helpful
to recall the proof of the (AF)-bound in detail.

Proof of Lemma 2.2 Without loss of generality, assume S(p) > S(o). Let us first consider
e>1-1 As0 < S(w) < logd for any state w € D, the left-hand side of (8) is bounded by
S(p)—S(0) <logd—0 = logd, which is the right-hand side of the inequality (8) in this range of
values of . Moreover, equality is achieved if and only if S(p) = logd and S(o) = 0. As only the
completely mixed state, 7 = é]l, achieves S(7) = logd, and only pure states have zero entropy,
we have established the equality conditions for ¢ > 1 — é. Note that 7 € B.(0) for any state
UGDandszl—é.

Next, let ¢ < 1— 1. Note that if p = diag(1—¢, 755, .. ., 757), then S(p) = h(e) +elog(d—1).
If o is a pure state, then S(o) = 0. Hence, these choices of p and o are sufficient to attain
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equality in (8). It remains to show that in this range of values of ¢, equality is achieved in the
(AF)-bound only for this pair of states. To show this, we first reduce the problem to a classical
one. This is because, by comparing the 1-norm on R¢ to the trace norm between mutually
diagonal matrices, we have

IX(p) = X(0)l1 = || Eig"(p) — Eig" (@)l < o —oli < e (92)

where the first inequality follows from Lemma 2.1. Since H(X(p)) = S(Eig*(p)) = S(p), and
H(X(0)) = S(Eig(c)) = S(0), we can reduce to the classical case of probability distributions
on p,q € A. This argument is due to [Aud07|. Thus the (AF)-bound is equivalently stated in
terms of probability distributions as in the following lemma.

Lemma B.1. Let £ € (0,1] and p,q € A such that §|p —q|ls < e, then

elog(d— 1)+ h(e) ife<1—1

93
logd ierl—é. (93)

[H(p) — H(q)| < {
Without loss of generality, assume H(p) > H(q). Then equality in (93) occurs if and only if for
some m € Sg, we have w(q) = (1,0,...,0), and either

1.e<1l-— d,andTr() (1—¢& 75, go1), or
2. 621—%1, cmdp:(é,...,%i).

Using this result, by setting p := X(p), and ¢ := A(¢), by (92) and Lemma B.1, we obtain
inequality (8). Moreover, to attain equality in (8), we require equality in (93). This fixes
p = diag(l — ¢, 757,..., 757) in some basis, and o a pure state. O

It remains to prove the equality condition in Lemma B.1 for the range ¢ < 1 — é

Proof of Lemma B.1 To establish the inequality (93), we recall the proof presented in
[Win16] in detail®. This also helps us to investigate when equality occurs, and deduce the form
of p and gq.

Without loss of generality, assume H(p) > H(q). A coupling of (p, ¢) is a probability measure
w on [d] x [d], for [d] = {1,...,d}, such that } .y w(i,j) = q(j) and 3 c1q w(i, ) = p(i). For
any coupling w, it is known that, if (X Y') are a pair of random variables with joint measure w,

e. (X,Y) ~w, then Pr[X # Y] $llp—qllx. Moreover there exist optimal couplings w* which
achleve equality: if (X,Y) ~ w*, then Pr[X # Y] = 1|lp— ¢|1. In fact, we can choose

o min(p(i), (7)) iti=j
wW*(1,7) = @) —a(D)+-(a())—p())+ otherwise
Tlip—dlh ’

(94)

using the notation (z)4 = max(z,0) for z € R.

Lemma B.2. w* is a mazimal coupling of (p,q).

Proof. First, 37, w*(i,i) = 3=, min(p(d), q(i)) = 3 3;[p(i) + q(3) = [p(i) — a(D)] = 1 = 3llp — qll1,
and therefore Pr[X # Y] =1—-Pr[X =Y] = 5||p — ¢|]1. Moreover, w* is a coupling of p and q.

We have (p(i) — i)+
2w (i) = min(p(0). o) + 2,,p_q,,1 27;

N[ ||

This proof is originally due to Csiszar (see [Pet08, Theorem 3.8]).
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If p(2) < q(@), then (p(i) — q(é))+ = 0, and hence >, w* (i, j) = p(i). Otherwise,

St =t 2D = 6l s~y gy

+ 1
2llp —dlly 5
However, Zj(Q(j)—p(j))+ = 3llp—ally, yielding 3= w* (7, j) = p(i). Checking 3%, w*(i, j) = a(j)

is similar. O

Let (X,Y) ~w*. As H(X,Y) > H(X), we have

H(X) - H(Y) < HX,Y) - HY) = HX|Y) < h(e) + ¢ log(d — 1) (95)

where the second inequality is Fano’s inequality, Lemma 2.3. Since H(X) = H(p) and H(Y) =
H(q), this concludes the proof of the inequality (93).

Now, assume we attain equality in (93). Note first that we must have 3||p—q||; = . Otherwise,
if Llp—qlli =€’ <e<1—1, then by (93),

H(p) — H(q) < €'log(d — 1) + h(g') < elog(d — 1) + h(e)

by the strict monotonicity of € — elog(d — 1) + h(e) for € € [0,1 — 1), which can be confirmed
by differentiation. As H(X,Y) = H(X) + H(Y|X), to have equahty in H(X,Y) > H(X), we
require H (Y |X) = 0. The second inequality in (95) is Fano’s inequality, and to obtain equality,
we require

w* (i, 7) :{1—5 i=3j (96)

. o
=1 1#J
whenever ¢(j) # 0, by Lemma 2.3. Let k be such that g(k) > 0. Then by (94) and (96),
w*(k, k) = min(p(k), q(k)) = (1 - £)q(k).
Since g(k) > 0, we cannot have ¢(k) = (1 — €)q(k), and therefore p(k) = (1 — ¢)q(k). Next, by

(96), for i # k,
€y () —q(@)+ - (g(k) — p(k))+

k)= = (i) = :
using (94) for the second equality. Since (q(k) — p(k))4 = eq(k), we have (p(i) — q(i))+ = 757,
and thus .

p(3) = ali) + . (97)

Now, if we sum (97) over all ¢ such that i # k, we obtain
=3 "p(i) =Y qli) e =1—q(k) +e.
i#k i#k
Substituting p(k) = (1 — €)q(k), we have
eq(k) =1—q(k) +e¢
That is, q(k) = 1, and therefore p(k) = 1 —e. This fixes ¢(i) = 0 for i # k, so (97) yields
p(i) = 755 for i # k. This completes the proof.

For completeness, one can note that although we did not use the assumption H(Y|X) = 0
directly, the deductions above from equality in Fano’s inequality yield

0 fizjAtkorjtimh,
. LA e i) _ [0 iti £k
wi(i,j) = 75 iHiFj=k, = S = o

e p(i) 1 if j =k,
1l—¢e fiztj=k
and therefore H(Y|X) = 0, as required. O
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Proof of Proposition 3.6 From the discussion at the beginning of the Section, it only remains

to establish the equality conditions for Equation (20). By (90), if either S(pZ(0))—S(c) = AF(¢)

or S(o) — S(04c) = AF(¢), then we achieve equality in (20). Here, AF(¢) is as given by (91).
If o is a pure state, in some basis we can write o = |0)(0|. Then

d—1
= (1= ) |0)(0] + Y ——= [i)i
=1

yielding S(07) = —(d—1) 757 log(757) —(1—¢) log(1—¢) = AF(¢). Likewise, if o = (1—¢) |0)(0|+
Z?;ll =7 |9)(i], then |0)(0] € B-(0). Hence, pi(0) = | (0|, and by the same computation, as
for the pure state case, we recover S(o) — S(ox ) = AF(¢).

On the other hand, let us assume equality in (20). Then in particular, either S(p%(c))—S(o) =
AF(e) or S(o) — S(o4e) = AF(¢).

1. Case 1: S(pi(0)) — S(0) = AF(e). Since S(pk(c)) > S(o), we have by Lemma 2.2 that o
must be a pure state.

2. Case 2: S(0) — S(0v:) = AF(g). Then by Lemma 2.2, as S(c) > S(p..), if e < 1— 13,
then o = diag(1l — ¢, 75,..., 757), and if € > 1—7, then o = 7.

This completes the proof. O
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