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Overview

What are repeated interaction systems? What did we prove?
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Outline

What are repeated interaction systems? What did we prove?
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Framework I: Finite-dimensional quantum systems

Definition (Quantum system)
A quantum system S is associated to a Hilbert space HS (finite
dimensions: HS ∼= CdS for some dimension dS)

Definition (State)
A state (aka density matrix) on S is a dS × dS Hermitian matrix ρ
such that tr[ρ] = 1 and ρ ≥ 0 (i.e. positive semi-definite: all
eigenvalues are ≥ 0).

Definition (Combining systems)
A composite system made up of two systems S and E is given by
SE with Hilbert space HS ⊗HE .
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Framework II: Quantum channels

Definition (Quantum channel)
A quantum channel N on S is a linear map which takes states on
S to states on S such that N ⊗ idE takes states on SE to states
on SE , for any finite-dimensional system E .

I Mathematically, this corresponds to to N being
completely-positive and trace-preserving (CPTP).

I General form of open time evolution; e.g.

N (ρ) = trE
[
USE(ρ⊗ ξE)U†SE

]
is CPTP for any unitary USE on SE and state ξE on E .
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Repeated interaction systems (RIS)
I System S in initial state ρi

0
I Interacts with probe E1 which is in initial state ξi

1 via a joint
evolution USE1 .

I Trace out the probe, yielding state ρ1 on S.
I Repeat! ρk = N k(ρ0) if all probes and couplings identical.

ρk−1

S

coupled evolution of SEk
ρk−1 7→ trE

[
USEk (ρk−1 ⊗ ξi

k)U†SEk

]
=: N (ρk−1) =: ρk

Ek

ξi
k

Ek−1

Ek−2 Ek+2

ξi
k+2

Ek+1

ξi
k+1

· · · · · ·
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Example RIS: Haroche experiment (doi:10.1038/nature05589)

LETTERS

Quantum jumps of light recording the birth and death
of a photon in a cavity
Sébastien Gleyzes1, Stefan Kuhr1{, Christine Guerlin1, Julien Bernu1, Samuel Deléglise1, Ulrich Busk Hoff1,
Michel Brune1, Jean-Michel Raimond1 & Serge Haroche1,2

A microscopic quantum system under continuous observation
exhibits at random times sudden jumps between its states. The
detection of this quantum feature requires a quantum non-
demolition (QND) measurement1–3 repeated many times during
the system’s evolution. Whereas quantum jumps of trapped mas-
sive particles (electrons, ions or molecules4–8) have been observed,
this has proved more challenging for light quanta. Standard
photodetectors absorb light and are thus unable to detect the same
photon twice. It is therefore necessary to use a transparent counter
that can ‘see’ photons without destroying them3. Moreover, the
light needs to be stored for durations much longer than the QND
detection time. Here we report an experiment in which we fulfil
these challenging conditions and observe quantum jumps in the
photon number. Microwave photons are stored in a superconduct-
ing cavity for times up to half a second, and are repeatedly probed
by a stream of non-absorbing atoms. An atom interferometer
measures the atomic dipole phase shift induced by the non-
resonant cavity field, so that the final atom state reveals directly
the presence of a single photon in the cavity. Sequences of hun-
dreds of atoms, highly correlated in the same state, are interrupted
by sudden state switchings. These telegraphic signals record the
birth, life and death of individual photons. Applying a similar
QND procedure to mesoscopic fields with tens of photons should
open new perspectives for the exploration of the quantum-to-
classical boundary9,10.

A QND detection1–3 realizes an ideal projective measurement that
leaves the system in an eigenstate of the measured observable. It can
therefore be repeated many times, leading to the same result until the
system jumps into another eigenstate under the effect of an external
perturbation. For a single trapped ion, laser-induced fluorescence
provides an efficient measurement of the ion’s internal state5–7. The
ion scatters many photons while evolving on a transition between a
ground sublevel and an excited one. This fluorescence stops and
reappears abruptly when the ion jumps in and out of a third, meta-
stable level, decoupled from the illumination laser. Quantum jumps
have also been observed between states of individual molecules8 and
between the cyclotron motional states of a single electron in a
Penning trap4. As a common feature, all these experiments use fields
to probe quantum jumps in matter. Our experiment realizes for the
first time the opposite situation, in which the jumps of a field oscil-
lator are revealed via QND measurements performed with matter
particles.

We exploit light shifts resolved at the single-photon level, which
are experienced by an oscillating dipole in the field of a high-quality-
factor (high-Q) cavity. This resolution requires a huge dipole
polarizability, which is achieved only with very special systems, such
as circular Rydberg atoms10 or superconducting qubits11,12 coupled to

microwave photons. In our experiment, the measurement of the
light shift induced by the field on Rydberg atoms is repeated
more than 100 times within the average decay time of individual
photons.

The core of the experiment is a photon box (see Fig. 1), which
is an open cavity C made up of two superconducting niobium
mirrors facing each other (the Fabry–Perot configuration)13. The
cavity is resonant at 51.1 GHz and cooled to 0.8 K. Its damping
time, as measured by the ring-down of a classical injected micro-
wave field, is Tc 5 0.129 6 0.003 s, corresponding to a light travel
distance of 39,000 km, folded in the 2.7 cm space between the
mirrors. The QND probes are rubidium atoms, prepared in circular
Rydberg states10, travelling along the z direction transverse to the
cavity axis. They cross C one at a time, at a rate of 900 s21 with a
velocity v 5 250 m s21 (see Methods). The cavity C is nearly res-
onant with the transition between the two circular states e and g
(principal quantum numbers 51 and 50, respectively). The posi-
tion- (z-)dependent atom–field coupling V(z) 5 V0exp(2z2/w2)
follows the gaussian profile of the cavity mode (waist w 5 6 mm).
The maximum coupling, V0/2p5 51 kHz, is the rate at which the
field and the atom located at the cavity centre (z 5 0) exchange a
quantum of energy, when the initially empty cavity is set at res-
onance with the e–g transition10.

1Laboratoire Kastler Brossel, Département de Physique de l’Ecole Normale Supérieure, 24 rue Lhomond, 75231 Paris Cedex 05, France. 2Collège de France, 11 place Marcelin Berthelot,
75231 Paris Cedex 05, France. {Present address: Johannes Gutenberg Universität, Institut für Physik, Staudingerweg 7, 55128 Mainz, Germany.
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Figure 1 | Experimental set-up. Samples of circular Rydberg atoms are
prepared in the circular state g in box B, out of a thermal beam of rubidium
atoms, velocity-selected by laser optical pumping. The atoms cross the cavity
C sandwiched between the Ramsey cavities R1 and R2 fed by the classical
microwave source S, before being detected in the state selective field
ionization detector D. The R1–C–R2 interferometric arrangement,
represented here cut by a vertical plane containing the atomic beam, is
enclosed in a box at 0.8 K (not shown) that shields it from thermal radiation
and static magnetic fields.
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Abstraction: from RIS to N k

In the following, we will just consider the quantum channel

N (ρ) := trE
[
USE(ρ⊗ ξi)U†SE

]
in the case in which all the probes are identical. N is called the
reduced dynamics of the repeated interaction system, and governs
the time evolution at each step, instead of ξi, USE , etc.

We also study N k := N ◦N ◦ · · · ◦ N︸ ︷︷ ︸
k times

for natural numbers k,

which gives the time evolution from the initial state to the state
after step k.
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Entanglement

Definition (Entanglement)
Consider a state ρSR on SR, where R is just another system,
called the reference. We say ρSR is entangled if

ρSR 6=
∑

i
piσ

(i)
S ⊗ τ

(i)
R

for any probabilities {pi}i , states {σ(i)
S }i on S, and states {τ (i)

R }i
on R. In other words, ρSR is entangled if it cannot be written as a
(weighted) average of product states.
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Entanglement-breaking channels

Definition (Entanglement-breaking channel)
A quantum channel N is entanglement-breaking (EB) if the output
state N ⊗ idR(ρSR) is not entangled for any input state ρSR.

There are several characterizations of entanglement-breaking
channels; while computationally it is NP-hard to check in general,
it is fairly well understood mathematically. We will use the
following characterization: N is entanglement-breaking iff
N ⊗ idR(Ω) is non-entangled, where

Ω := |Ω〉〈Ω|; |Ω〉 := 1√
d
∑

i
|i〉 ⊗ |i〉 (1)

where R is such that dR = dS ≡ d . Ω is called the maximally
entangled state.
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Instead of asking if N is EB, we ask:

Main question
What quantum channels N are eventually entanglement-breaking
(EEB)? In other words, for which channels N is it true that for
some number k, the channel N k is entanglement-breaking?

I Could check each k: is N EB? What about N 2? N 3? . . .
I Instead: can we characterize EEB channels just looking at N

itself? (almost)
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Motivation: connection with long-time convergence

We were led to this question by the following observation:

I Consider a quantum channel N on S such that there exists a
full-rank state σ on S and we have the long-time convergence

N n(ρ) n→∞−−−→ σ ∀ρ on S (?)

I Then N n is entanglement-breaking for some finite n ∈ N.

(Relevance: (?) is very common! N is called primitive if (?) holds
for some full-rank state σ.)
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Proof.
1. First, it suffices to check if N ⊗ idR(Ω) is entangled.
2. Fact: If N n(ρ)→ σ for all states ρ, then N n(X )→ tr[X ]σ for

all matrices X .
3. Then,

N n ⊗ idR(ΩSR) = 1
d
∑

ij
N n(|i〉〈j |S)⊗ |i〉〈j |R

→ 1
d
∑

ij
tr[|i〉〈j |S ]σ ⊗ |i〉〈j |R

= σ ⊗ 1
d
∑

ij
δij |i〉〈j |R

= σ ⊗ 1
d
∑

i
|i〉〈i |R = σ ⊗ τ

where τ = 1
dR

IR. A product state!
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That’s not quite enough, since we only showed asymptotic
entanglement-breakingness, not finite n.

One tool:

Corollary (H., Rouzé, Stilck França ‘19; Gurvits & Barnum ‘02)
A state ωSR is non-entangled whenever
‖ωSR − σ ⊗ τ‖2 ≤ λmin(σ)λmin(τ) for some states σ and τ . Here,
‖X‖2 :=

√
tr[X †X ] and λmin(X ) is the smallest eigenvalue of X.

This is enough to finish the proof:
4. Since N n ⊗ idR(ΩSR) n→∞−−−→ σ ⊗ τ , for n large enough, it

holds that

‖N n(ΩSR)− σ ⊗ τ‖2 ≤ λmin(σ)λmin(τ) = 1
d λmin(σ).
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Summary of the proof

SEP
-

-

-

-Ionp••o④t-
-

-

or

where SEP is the set of unentangled states (i.e. separable states).
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The question

We’ve seen that any quantum channel N with the long-time
convergence behavior

N n(ρ) n→∞−−−→ σ ∀ρ on S (?)

is entanglement-breaking in finite time (i.e. eventually
entanglement-breaking, EEB). Intuition: it forgets the initial state,
and hence initially-present correlations too.

So what happens if N is not primitive? I.e., N does not satisfy
(?)?
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What happens if N is not primitive? (I)
Recall: primitive means for some full-rank σ,

N n(ρ) n→∞−−−→ σ ∀ρ on S (?)

I Maybe such channels are never EEB: since N doesn’t
completely forget the initial state, it can always retain some
entanglement.

No: Consider if HS = H1
S ⊕H2

S , and N = N1 ⊕N2. That is, for a
state ρ on S,

N
((

ρ11 ρ12
ρ21 ρ22

))
:=
(
N1(ρ11) 0

0 N2(ρ22)

)
where each ρij is a block-matrix, namely the part of ρ mapping
Hj
S → Hi

S . Then, if both N1 satisfies (?) with some σ1 and N2
satisfies (?) with some state σ2, then similarly as before, N is EEB.

But,
N n(ρ) n→∞−−−→ tr[ρ11]σ1 ⊕ tr[ρ22]σ2,

so N does not satisfy (?) (final state still depends on the input).
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What happens if N is not primitive? (II)

I Ok then, maybe: N is EEB iff N is primitive, or is the direct
sum of primitive channels.

No: consider if for some k, N k is the sum of primitive channels,
but N itself is not. E.g.

N
((

ρ11 ρ12
ρ21 ρ22

))
:=
(

tr(ρ22)σ1 0
0 tr(ρ11)σ2

)

for some full-rank states σ1, σ2. Then

N 2
((

ρ11 ρ12
ρ21 ρ22

))
=
(

tr(ρ11)σ1 0
0 tr(ρ22)σ2

)

is the direct sum of primitive channels. (Note: N 3 is again not a
direct sum of primitive channels. But still, (N 2)k is EB for some
k, and hence N 2k is EB, so N is still EEB).
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What happens if N is not primitive? (III)

I One more try: N is EEB iff N is eventually the direct sum of
primitive channels

Yes! That is true, at least under the assumption that N is faithful,
that is, N has a full-rank invariant state σ, i.e. N (σ) = σ.

Note: this assumption is much weaker than primitivity; we do not
require N n(ρ) n→∞−−−→ σ, and σ may be non-unique.

A channel N being not faithful is equivalent to saying there exists
an orthogonal projection π such that for every state,
tr[πN n(ρ)] n→∞−−−→ 0.

So a faithful channel is one which does not eventually move every
state out of some subspace, i.e. there is no transient subspace.
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When is a channel EEB?

In fact, we can say a bit more:

Theorem (H., Rouzé, Stilck França ‘19)
Let N be a faithful quantum channel. Then the following are
equivalent:

1. N is eventually entanglement breaking
2. Nm is the direct sum of primitive channels for some

m ≤ d2
H exp(1.04 ∗ dH)

3. N d2Z is the direct sum of primitive channels, where Z is the
least common multiple of the periods of the irreducible
components of N .

Note: we aren’t sure what happens in the non-faithful case.



20/ 22

When is a channel EEB?

In fact, we can say a bit more:
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Irreducible components?
N is irreducible if only trivial blocks preserved, i.e.

N (PB(H)P) ⊆ PB(H)P =⇒ P ∈ {0, I}

for orthogonal projections P. Here, B(H) is the set of matrices on
H.

Any faithful channel can be decomposed into irreducible
components, in the following sense:

Lemma (Carbone & Pautrat 2016)
Let N be a faithful quantum channel. Then there exist orthogonal
projections P1,P2, . . . ,PN such that

1.
∑

j Pj = I,
2. Block-preserving: N (PjB(H)Pk) ⊆ PjN (B(H))Pk ∀j , k
3. N|PjB(H)Pj is irreducible



21/ 22

Irreducible components?
N is irreducible if only trivial blocks preserved, i.e.

N (PB(H)P) ⊆ PB(H)P =⇒ P ∈ {0, I}

for orthogonal projections P. Here, B(H) is the set of matrices on
H.

Any faithful channel can be decomposed into irreducible
components, in the following sense:

Lemma (Carbone & Pautrat 2016)
Let N be a faithful quantum channel. Then there exist orthogonal
projections P1,P2, . . . ,PN such that

1.
∑

j Pj = I,
2. Block-preserving: N (PjB(H)Pk) ⊆ PjN (B(H))Pk ∀j , k
3. N|PjB(H)Pj is irreducible



22/ 22

Period?

An irreducible channel has a period. It turns out, given an
irreducible channel N there exists an orthogonal family of
projections π1, . . . , πz for some number z such that

N (πiXπj) = πi−1N (X )πj−1.

The number z is called the period. Note the nice property that by
repeatedly applying the above,

N z(πiXπj) = πiN z(X )πj .

That is, N z preserves these blocks.
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